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Les volumes des contributions au S6minaire de Structures

Alg6briques Ordonn6es rendent compte des activit6s principales
du s6minaire de l’ann6e indiqu6e sur cInque volume. Les
contributions sont pr6sent6es par les auteurs, et publi6es avec
I'agr6ment des 6diteurs, sans qu'il soit mis en place une proc6dure
de comit6 de lecture.

Ce s6minahe est publi6 dans la s6rie de pr6publications de
l’Equipe de Logique Math6matique, Institut de Math6matiques de
Jussieu–Paris Rive Gauche (CNRS -- Universit6s Paris 6 et 7). II
s'agit dorIC d’une 6dition informelle, et les auteurs ont toute libert6
de soumettre leurs articles a la revue de leur choix.

Cette publication a pour but de diffuser rapidement des
r6sultats ou leur synthase, et ainsi de faciliter la communication
entre chercheurs.

The proceedings of the S6minaire de Structures Alg6briques
Ordonn6es constitute a written report of the main activities of the
seminar during the year of publication. Papers are presented by
each author, and published with the agreement of the editors, but
are not refereed.

This seminar is published in the preprint series of the Equipe
de Logique Math6matique, Institut de Math6matiques de Jussieu–
Paris Rive Gauche (CNRS -- Universit6s Paris 6 et 7). It has the
character of an informal publication aimed at speeding up the
circulation of information and, hence, facilitating communication
among researchers in the field. The authors are free to submit to
any journal the papers preprinted in these proceedings.





HABITS NEUFS POUR DDG.. .

Trente ans apras sa cr6ation, les organisateurs du s6minaire
s’interrogeaient sur son avenir : Ie continuait-on, ou bien
2015 6tait-iI le bon moment de l’arr6ter ? La question fut
r6solue en faveur de la poursuite du s6minaire, et cela pour
deux raisons.

D’abord, une large majorit6 de colldgues et amis familiers du
pass6 du s6minaire –-dont beaucoup 6taient pr6sents a
Luminy–- a encourag6 sa poursuite.

Ensuite, en Juillet 2015, Tamara SERVI, dont le travail
scientifique est proche de certains des themes couverts par le
s6minaire, a 6t6 nomm6e MaTtre de Conf6rences i
l’Universit6 Paris Diderot (Paris 7). Tamara a accept6 de nous
rejoindre, amenant ainsi au s6minaire un apport bienvenu de
sang nouveau.

Depuis Octobre 2015 le surnom du s6minaire est DDGS.



NEW CLOTHS FOR DDG

Thirty years after its foundation, the future of the seminar
after the 2015 meeting at CIRM (Luminy) was a concern for
the organizers: should we continue, or was 2015 the right
moment to stop? The question was eventually resolved in
favor of continuing the seminar for two reasons.

First, by the encouragement of colleagues and friends familiar
with the seminar's past work – many of them present at
Luminy -- who by a large majority favored continuing the
seminar.

Second, by the appointment in July 2015 of Tamara SERVI as
a Lecturer at the University Paris Diderot (Paris 7), whose
scientific work is close to some of the seminar’s themes, and
who gladly joined us, providing a welcome influx of young
blood.

Since October 2015 the seminar’s nickname has been DDGS
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Liste des expos6s

01/12/15 Frangoise DELON (Equipe de Logique, IMJ-PRG, Paris 7)
Un langage qui donne les boules.

08/12/15 Esther ELBAZ (Equipe de logique, IMJ-PRG, Paris 7)
Anneaux de Grothendieck et fonctions de paires,

12/01/16 Erik WALSBERG (IMJ-PRG, Paris 6)
Geometry over first order expansions of the ordered field of real numbers that do not
define the integers

19/01/16 RafCLUCKERS (Universit6 Lille 1)
Real , p-adic, and motivic oscillatory integrals

09/02/16 Journ6e sp6ciale en llhonneur du 70Eme anniversaire de F. Miraglia
(d6di6e principalement aux formes quadratiques)

10h00 - 11 1l00. Vincent ASTIER (Univ. College Dublin, Irlande)
Signatures of hermitian forms and positive cones on aIgebras
with involution

llh 15 - 12h15. Danielle GONDARD (IMJ-PRG, Paris 6)
Towards an abstract description of the space of valuation fans .

14h 15 - 15h15. Max DICKMANN (IMJ-PRG, Paris 7)
Faithfully quadratic rings; an overview

151l30 – 161l30. Eberhard BECKER (TU Dortmund, Allemagne)
Sums of powers in function fields in one variable over R



15/03/16 Margaret THOMAS (Universit6 de Constance, Allemdgne)
Smooth parameterization in o-minimal structures

31/05/16 Jos6 Fernando GALVAN (Univ. Complutense, Mddrid)
On the substitution theorem for rings of semialgebraic functions
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Hommage a Frangois Lucas



+



En novernbre 2009 une journ6e scientifique en I'honneur de Frangois Lucas avait 6t6
organis6e a Angers. Qu'il avait 6t6 doux alors d'6crire, des maths ou d’auUes mots, pour
Frangois. Qu'il est taste de le faire aujourd'hui. Frangois nous a quitt6s en avril 2016 et
nous souhaitons lui rendre hommage dans cette 6dinon 2015-2016 du s6rninaire sur les
Structures Alg6briques Ordonn6es, s6minaire dont iI aura toujours 6t6 un participant
assidu et un orateur r6gulier, et ce dds sa cr6ation en 1984. Les themes des recherches de
Frangois reldvent en effet tous des th6matiques de ce s6minaire et la chronologie de ses
expos6s et de ses publications scientifiques nous permet de penser que notre s6minaire a
rempli un de ses buts auprds de Frangois : aider intervenants et auditeurs a metRe au
point leurs id6es, qu'il s’agisse de recherches personnelles, ou de la compr6hension de
th6ories ou r6sultats, classiques ou tout r6cents.

Si nous avons peut-eue 6t6 utiles a Frangois dans sa recherche, lui aura certainement
jou6 un r61e scientifique moteur dans notre petit groupe, en organisant des journ6es
th6matiques a Angers ou des renconues a Luminy. 11 nous aura aid6 par son dynamisme
et sa borne humeur, m6me aux heures les plus sombres de sa maladie, par sa simplicit6
et son int6ret pour le monde, sous tous ses aspects. II avait toujours une exposition ou un
coin des bords de Loire a nous montrer, toujours un geste ou un mot gentil.

Sa curiosit6 intellectuelle et sa passion pour les arts 6taient imrnenses. II pratiquait lui-
meme la gravure, au seLn d'une association qu'il avait cr66e avec des amis, ce qui 1’a
amen6 a chercher1 quand un local, quand une presse... Nous reproduisons a la fin de cet
hommage une de ses gravures, linogravure image de sa Bretagne aim6e.

I1 6tait trds actif dans Ie milieu associatif et syndical – iI a repr6sent6 les math6maticiens
au CNU autour des ann6es 2000.

Les sites suivants component quelques photos

Pour ses activit6s syndicales :

http://www. angers.mavllle.corn/actu/actudet_„--l-universite-creve-et-on-veut-reforrner-
vite-_9-426373_actu.Htrn

http://www.snesup.fr/deces-de-francois-lucas
http://www. lemp7.cnrs.fr/reportaqes/Cite-des-

Sciences France_Culture/F_Lucas,,31rnars2007.htm

Pour ses activit6s artistiques :

http://impression-expression.com/mernbre/francois-lucas/
http://apar-gravure.corn/wp-content/UplOads/2015/11/EMG 20150604_190408.jpg

Les actes de la rencontre d'Angers avaient 6t6 publi6s par les Annales de la Facult6 des
Sciences de Toulouse1. Leur introduction contient en particulier une br6ve description
des travaux math6matiques de Frangois, que nous reprenons ci-dessous pour l’essentiel.

Voir http://afst.cedram.org/afst-bin/feuilleter?id=AFST_2012_6_21_2



Frangois soutient en 1977 sa thdse de 3dme cycle, < Equivalence 616mentaire et
produits », 6crite sous la direction de Gabriel Sabbagh. Sa premidre publication, [1], en
est directement issue.

11 Uavaille ensuite avec Frangoise Delon sur les groupes ab61iens ordonn6es, [2],
collaboration dont le travail sur les paires de groupes ab61iens ordonn6s divisibles reste a
achever.

Puis il collabore avec Michdle Giraudet sur des structures proches : groupes
cycHquement ordonn6s et groupes a moiti6 ordonn6s, [4].

Frangois rencontre alors, a I'autre bout du monde, Daniel Gluschankof, qui va devenir
son grand conaborateur et qui sera recrut6 mEtre de conf6rences i Angers en 1993. A
Curagao en 1988 Frangois Lucas et Daniel Gluschankof commencent a 6tudier ensemble
les groupes ab61iens r6ticu16s. Apr6s avoir 6tabli les th6ordmes de repr6sentation
ad6quats, iIs axiomatisent des classes qui restent actuellement Ies plus larges connues,
voa [5] , [9], [101 et aussi Ies articles de Daniel sur le sujet. On trouve une bibliographie
de Daniel dans les actes de ce s6minaire, pr6publication num&o 66, publi6s en Avril
1998, qui contient un hommage a Daniel

Puis en collaboration avec Roberto Cignoli, [7], sur la question toujours ouverte de la
repr6sentabilit6 des spectres de £-groupes, iIs r6duisent sensiblement 1'6cart entre
conditions n6cessaire et suffisante.

En 1995-98, en collaboration avec Max Dickmann et Daniel Gluschankof, Frangois
6tudie Ia version < r6elle » (et purement ordinale) d'un probldme classique de
Kaplansky ; ils d6terminent Ie type ctordre des spectres r6els des anneaux (commutatifs,
unitaires) pour I'ordre parhel de sp6cialisation, [8]. Ce travail fut achev6 quelques jours
avant la mort brutale de Daniel en f6vrier 1998.

En 1996 Frangois soutient son habilhaUon [6], < Th6orie des moddles des groupes
ab61iens ordonn6s ».

Aprds la disparition de Daniel Gluschankof, Frangois entame une nouvelle collaboration
et un nouveau th6me de recherche. Depuis 1995, a I'initiative de Daniel Schaub, Mark
Spivakovsky vient r6gulidrement a Angers, oil il donne une s6rie d'expos6s sur la
r6solution des singularit6s dans le s6minaire de G6om6trie Alg6brique. Frangois, trds
int6ress6, participe r6guli6rement a ce s6minaire, oil iI est largement question de th6orie
des valuations. Aprds quelque temps et quelques expos6s de part et d'autre, Mark
propose un sujet qui pourrait rapprocher g6ometres et th6oriciens des moddles : la
conjecture de Pierce-Birkhoff. Celle-ci stipule que, sur Ie corps des r6els, toute fonction
polynomiale par morceaux s'obtient en prenant Ia borne sup6rieure des bornes
inf6rieures d'une famine finie de polyn6mes. James Madden en a donn6 une formulation
purement spectrale qui permet de la consid6rer au-dessus d'un anneau r6ticu16 arbitraire
et non des seuls anneaux de fonctions. L’6nonc6 extr6mement simple de la conjecture et
sa reformulation par Madden poussent Frangois, Mark et Daniel S. a s'attaquer au sujet.
L’int6r6t de Frangois pour les spectres des l-groupes, la comp6tence de Mark sur les
valuations et les singularit6s, et I'int6r6t de Daniel S. pour la g6om6trie alg6brique r6elle
soudent cette 6quipe (voir [11] et [lSD. 'l'ous trois collaboreront 6galement avec James
Madden. IIs 6noncent en particulier une conjecture de « connexit6 d6finissable » du



spectre, [12], dont iIs montrent qu'elle implique Ia conjecture de Pierce-Birkhoff et qui
devient ainsi un critdre de satisfaction de celle-ci. La technique dite des racines
approch6es leur permet alors de montrer que de larges classes d'anneaux sadsfont Pierce-
Birkhoff en dimension 2 (voir [13] et [14]).

BIBLIOGRAPHIE SCIENTIFIQUE DE FRANqOIS LUCAS

[15] Lucas, F., Schaub, D., Spivakovsky, M., On the Pierce-Birkhoff conjecture. J.
Algebra 435 (2015), 126158.
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SELECTED METHODS FOR THE CLASSIFICATION OF CUTS.
AND THEIR APPLICATIONS

F..V. KUHLMANN

ABSTRACT. We consider four approaches to the analysis of cuts in ordered
abelian groups and ordered fields, their interconnection, and various appli.
cations. The notions we discuss are: ball cuts, inv8riance group, invariance
valuation ring, and cut co6n&lity.

In these notes we deal with (Dedekind) cuts in ordered abelian groups and in
ordered fields. (For the dellnition of the notion of a cut and other notions used in
this Introduction, see Section 2,) We introduce the reader to four approaches to
their classifIcation, the links between them, and several applications. The reader
should observe that a cut in an ordered field is at the same time a cut in its
additive group. Hence even in the cme that one is predominantly interested in cuts
in ordered fields, up to a certain point their study can be fruitfully carried out in
the setting of ordered abelian groups and does not need to make use of the field (or
ring) nrultiplication. At the same time the reader should keep in mind that ordered
abelian groups appear in field theory also as the value groups of valuations. III
this case, cuts in the value group can for instance be generated by pseudo Cauchy
sequences in the valued field. If the field is ordered and its valuation is the natural
valuation induced by the ordering (see below), then it is essential to study the
connection between cuts in the field and induced cuts in the value group

The first approach to the classification of cuts is to ask whether a cut in an
ordered abelian group is the upper or lower edge of a convex subgroup, or of a coset
thereof. This has been used and studied more or less explicitly by many authors,
and various names have been given to such cuts. We call them ball cuts. They
appear implicitly or explicitly, sometimes with surprisingly different definitions, in
[13, 14, 15, 16, 39] for the study of cuts in ordered fields, in [49] for the study of
cuts in ordered abelian groups, and in several other papers cited in the references,
Ball cuts will be introduced and discussed in Section 3.

Spaces of IR-places (i.e., places with residue fields clnbccldab]e in R) of ordered
fIelds are not well understood. It is a longstanding open problem which topological
spaces appear as spaces of IR-places. Recently, ball cuts have been used to study
these sp,ices (cf. [33, 33, 37, 26]). We describe sonle results in Section 3.2.

T\vo well knowlr deep open problerns in positive characteristic are
1) resolution of singularities in arbitrary dinrension

2) dccidability of the field Fr((t)) of Laurent series over a finite Held

1. INTRODUCTION

Data'. 28. 2. 2017
The author would like to thank K&tarzyn& Kuhlrnalrn alrd Marcus Tressl for useful suggestions
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Both problenrs are connected with the structure theory of valued function fields
of positive characteristic p. The main obstruction here is the phenomenon of the
defect. Via ramification theory, the study of it can be reduced to the study of
purely inseparable extensions and of Galois extensions of degree p. Ball cuts are
essential for a classification of Galois extensions with nontrivial defect which is
introduced in [30]. It will be discussed in Section 3,3

Hon’ “broad” is a given cut? One n’ay to answer this question is to associate
to the cut the nlaximal set of elenrents that can be added to the cut sets without
changing the cut. This set turns out to be a convex subgroup of the ordered group;
\ve call it the (additive) invariance group. This notion was introduced by the
author in his thesis ([27]) in order to handle valued fields with non-archimedean or.
dered value groups in connection with the model theory of valued fields. Invariance
groups were also introduced by hI. TYcssl in his thesis ([45] ), this time for the study
of the model theory of ordered fields (a quick example for Tressl’s use of invariance
groups is given in Section 4.4). Later, A. Forn®ero and XI. N'lalnino ([10]) used
them in a detailed investigation of cuts of ordered abelian groups, which they then
applied to study so-called double ordered monoids. Moreover, they have been im.
plicitly used by several other authors (e.g. by R. Rolland in [42]), or even explicitly
defined under different names (e.g. by F. Wehrung in [49], and by D. Kijima and
M. Nishi in [22]). A main link to baII cuts is the fact that invariance groups can
help to identify them (see Theorem 4.3 below). We win discuss invariance groups
in Section 4.

In mathematics, objects tllat are maximal with respect to a certain property are
often of particular interest. In valuation theory, this is so for maximal valued
fields, which have the property that every proper extension will necessarily enlarge
value group or residue field. Ordered abelian groups and fields carry natural
valuations which are canonically derived from their ordering. In Section 4.2 we
describe a characterization of certain ordered fields rnaximal with respect to their
natural valuation, given by Kijima and Nishi; it makes essential use of invariance
groups. Further, we discuss a generalization of this result, due to H.- J. Haper, to
the case of valuations whose valuation rings are convex under the given ordering.

In Section 4.3 we discuss an analogue for the case of ordered abelian groups. We
present the Cohen-Goffman Theorem and a related result by P. Ehrlich, both of
which (implicitly) use invariance groups.

The author’s attention was drawn to the irllportance of invariance groups in the
study of ordered fields by a question of J. NIadden. During the Special Semester
in Real Algebraic Geometry and Ordered Structures, Baton Rouge 1996, Xladden
showed Irirn the definition of what \ve now call the invariance valuation ring
and asked for the rneaning of it. The answer to his question was first given in tIre
manuscript [28] . Again, the invariance valuation ring was independently introduced
and applied by Xl. ’IYessl (see [45, 46, 47] ). The construction ofinvariance valuation
rings appears already in Rolland’s paper [42], but not in full generality.

Looking at a cut in an ordered field K , one may ask whether it originates in
sollre way from a cut in the residue field of K with respect to some real place. That
is, one would like to know whether the cut can be translated into soine “normal
position” such that for some coll\’ex valuation ring (9 of K with maximal ideal Jul ,
it induces a (Dedekind) cut in the ordered residue Held O/ M via the residue map.
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If so, one would like to determine how this translation can be done. The inv&riance
valuation ring is a key tool to answer these questions (see Section 5.1)

Further, in the paper [21] F. Jahnke, P. Simon and E. Walsberg introduce certain
invariance valuation rings to exhibit definable valuations in ordered fields which are
not dense in their real closure. The details u,ill be discussed in Section 5.2

A remark by M. Marshall made it clear to the author of these notes that some
of his earlier results were actually a special case of a more general setting which we
will now sketch. Every ordered field ;( has a natural valuation u, whose residue
field is an archimedean ordered field; its valuation ring O„ is the smallest of all
convex valuation rings of K. Then every convex subgroup of the ordered additive
group of K is an O.-module.

In the present paper, we use the additive Krull notation for valuations, i.e., the
ultrametric triangle law reads o(a + b) ? min{u(a), uCb) } and the value group is an
additively written ordered abelian group whose nonnegative elements are precisely
the values of the nonzero elements of O, . In this notation, the map

M o (uK \uM ,uRI) ,

where uK is the value group of (K, u) and uM := {ua o 74 a e M}, is a bijection
between the convex subgroups M of it and the cuts in the value group vI< . This
holds more generally for any (Krill]) valuation u of an arbitrary Held K and the
set of all O„-modules 1\1 C K. Information about A/ can be read off from the
invariance group of the cut (uK \ uM, uM). One can also define the invariance
valuation ring of an O„-module. The invariance valuation ring of a cut can then be
understood as the invariance valuation ring of the in%riance group of the cut.

TYessl introduced the author to the definition and main properties of the mIll-
tiplicative invariance group of a cut in an ordered Held, that is, the invariance
group of the cut taken in the multiplicative group of the field. For its properties,
see [32] , where a detailed study of ball cuts, invariance groups and invariance valu-
at,ion rings is presented. Detailed studies of cuts using these concepts appear also
in Tressl’s papers [45, 46, 47] and T. Galdenberg’s thesis [181.

After ball cuts, invariance group and invariance valuation ring, the fourth ap-
proach to the study of Dedekind cuts is to consider the pair of cardinal numbers
(n, A) where x is the connality of the lower cut set dn(i X is the coinitiality of the
upper cut set. Recall that the coinitiality of a linearly ordered set is the cofinality
of this set under the reversed ordering. Recall further that cofinalities and coini'
tialities of ordered sets are regular cardinals. We call (8, A) the cofinality of the
cut; also the name character Iras been used in tIre literature,

In his groundbreaking and comprehensive work, Hausdorff constructs for any
given collection of cofinalities (x, A) which satisfy some necessary conditions, a
totally ordered set where this collection is exactly the set of cofinalities of the cuts
appearing in this ordering. One aim of the already cited paper [42] of Rolland is to
construct ordered fields which realize a prescribed set of cut cofinalities,

A rrluch studied property of ordered abelian groups or fields is that of being all
Il„-set , which is equivalent to the absence of cuts of cofilrality (h, A) with bOt;hE alrd
A smaller than Na . \Ve discuss a characterization of such ordered abelian groups
and fIelds, due to N. AIling, in Section 6.1

In Section 6.2, we present some work of N. Yu. Galanova and G. G. Pestov which
illvolvcs cut cofinalities and ball cuts,



NIore recently, a new aspect of cut cofinalities has been discovered. Trans-
ferring the concept of spherical completeness from ultrametric spaces to other
spaces equipped with distances or topologies, the authors of [34] asked the question
whether there are ordered fields, apart from the reals themselves, in which every
chain of closed bounded intervals has a nonempty intersection. This happens ex-
actly when ,LII appearing cut cofinalities (n, A) satisfy R + A. The positive ans\ver
to the question was first given by S. Shelah in the paper [43]. In joint work with
Shelah and K. Kuhlmann, the author of these notes gave an alternative construc.
tion and a cornplete characterization of such fields in [36]. We will discuss some
details in Section 6.3

These notes are not intended to be a comprehensive survey on the general theory
of cuts. However, the author hopes that they will initiate discussion and feedback
so that more comprehensive information can be gathered and later be put together
in a monograph on cuts,

2, NOTATION AND PRELIbIIN ARIES

For general background from valuation theory, we recommend [9]. For back
ground on ordered neIcis, see [38, 40].

2.1. Cuts. Take any ordered set (S, <) (by “ordered” , we toilt ahltags mean “totally
ordered”) . If Sl, 52 are nonempty subsets of S and a C S, we will write a < 52 if
a < b for all b e S2, and we will write Sr < 52 if a < 52 for all a e Sl

A subset S’ of S is called convex in (S, <) if for every two elements a, b C S1
and every c e S such that a $ c $ b, it follows that c e S’. A subset Sl of S is
an initial segment of S if for every a e Sl and every c C S with c $ a, it follows
that c e Sl . Symmetrically, 52 is a final segment of S if for every a e 52 and
every c e S with c ? a, it follows that c e 52 . Note that Sr is an initial segment
of s if and only if 51 is convex and sl < S \s1 . Note also that a < S and S < a
by definition; so a is an initial segment as well as a final segment of S.

If Sl g S arId 82 g S are such that sI < 52 and S = Sr U 52, then we will call
(Sl, 82) a cut in S. Then Sr is an initial segment of S, 52 is a final segment of S,
and the intersection of 51 and 52 is empty. \Ve n’rite At = S1 , AR = 52 , and

A = (AL, AR)

A cut (At, Ax) with Ab 7£ g and An 74 D is called a Dedekind cut. If A is a cut
in S, (T, <) is an extension of (S, <) and a e T is such that At $ a $ AR, then we
\yjII say that a realizes A (in T)

For any subset A/ g S, we let A/+ denote the cut

M+ = ({$ c S ] Im c M = $ $ 1n} , {s e S 1 s > n/})

That is, if A/+ = (Ab, AX) then At is the least initial segment of S which contains
If, and AR is the largest final segment having empty intersection with X-f . If
A/ = O then AL = O and AR = 1/, and if A/ = S, then AL = A/ and An = a
Symmetrically, \ve set

A/- = ({s e S 1 s < A/} , {$ c $ 1 17rt e hI ; s ? m})
That is, if A/– = (Ab, Ax) then Ab is the largest initial segment having empty
intersection with A/, and An is the le&st final segment of S which contains Af. If
n/ = a then At = n/ and AR = O, and if A/ = S, then At = a and AR = A/
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If M = {a}, we will write a+ instead of {a}+ and a- instead of {a}– . These two
cuts are called principal. Hence if A/ has a largest element a, then M+ = a+ is
principal, and if a/ has a smallest element a, then A/– = a– is principal. The cut
( AL, AR) is principal if and only if AL has a largest element or Aa has a smallest
element. In the literature, a principal cut is also called realized or filled, a non-
principal cut is called a gap, and a cut for which Ab has a largest element and
Aa has a smallest element is called a jump. In [7], Ehrlich calls a cut (Ab, A#)
continuous if At is principal but not a jump.

2.2. Valuation theory. Take an ordered abelian group G. Two elements a,b are
archimedean equivalent if there is some n eN such that r&jai ? jb; and nIbI ? jai
The equivalence class of a is called archimedean class of a and is denoted by
[al. The set {[a] ! o + a e c} is totally ordered by setting [aJ < [b] if and only if
IaE / njbl for all n e N, Then the elms of o is the largest element in the set, and it
only contains the element 0. The map u : aH ua := [a] is the natural valuation
of G. It satisfies the triangle inequality u(a + b) ? min{ua, ub} and u(-a) = ua
We call {ua 1 o + g € G} the value set of G (under u)

If G is the additive group of an ordered Held K , then by setting [a] + [b] == [aD]
\ve obtain an addition on the set of archimedean classes that is compatible with the
ordering, and the natural valuation becomes a field (i<run) valuation

Take any e>dension (EIK,u) of valued fields, that is, an extension LK of fields
and a valuation u on L. By ul and uK we denote the value groups of u on L
and on K, and by Eu and Ku the residue fields of u on Z and on K , respectively.
Similarly, tu and zu denote the value and the residue of an element z under u

A valued field (K, u) is called henselian if the extension of u to every algebraic
extension Held L of K is unique, or equivalently, (K, u) satisfies Hensel’s Lemma.
A henselization of (K, u) is an algebraic extension of (K, u) which is henselidn
and can be embedded over if in every other henselian extension Held of (K, u)
Henselizations exist and are unique up to valuation preserving isomorphism over
K. Therefore, we will speak of Me henselization of (K, o) and denote it by Kh.

Assume that IIK is finite and the extension of u from K to L is unique. Then
the Lernlna of Ostrowski says that

where p is the characteristic exponent of Ku, that is, p = char Ku if this is pos-
itive, and p = 1 otherwise. The factor d = p’ is called the defect of the extension
(LEX, u). If d = 1, then we call (LIK, u) a defectless extension; otherwise, \ve
call it a defect extension. Note that (EIK, u) is always defectless if char Ku = 0,

We call a henselian Held (K, u) a defectless field if every finite extension of
(K, u) is defectless. An arbitrary field is called a defectless field if its henselization
is defectless

The extension (L[K, o) is immediate if for each z el \\K there is c C if such
that u(z – c) / bIZ; this holds if and only if the canonical embeddings of uK in ul
and of Kv in Eu are onto,

(1) [L ; Kl = p" ' (ul ; uK) . [Eu ; Ku] with u ? o

For z C L, \ve de6ne

u(z – K) {U(Z – c) [ c e x} C ubU {OO}
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If (LK, o) is imlnediate, then u(z–K) is a subset of uK without a maximal elernent ,
and even more, it is an initial segment,

Immediate extensions of valued abelian groups can be defined as in the case of
valued fields. Valued abelian groups and valued fields are called maximal if they
do not admit proper immediate extensions.

2.3. Pseudo Cauchy sequences. A pseudo Cauchy sequence in a valued
abelian group or Held is a sequence (a„)„,,A of elements, indexed by a limit ordinal
A (which is called the length of the sequence), such that for all p < a < 7 < A

In this case, u(a, – ap) = u(%+1 – ag) . If (a„)„<x is a pseudo Cauchy sequence,
then the sequence of values (u(n,+1 - a„))„<x is strictly increasing. The set {b b
Vw < A : uCb) > u(a,+1 – a,)} is called the breadth of the sequence (a,)„<x. An
element a (in some valued extension group or field) is a limit of the sequence if
u(a – a„) = u(a,+1 – a„) for all u < A. If a is a limit of the sequence, than also a/
is a limit if and onjy if a – a/ is an element of the breadth

A valued abelian group or field is called spherically complete if it admits
a limit for every pseudo Cauchy sequence. If the valued abelian group G1 is an
immediate extension of the valued group G, then every element a C G1 \ G is the
limit of a pseudo Cauchy sequelrce in G that does not have a limit in G. Hence,
every spherically cornplete valued abelian group or field is maximal. The converse is
also true; in the case of valued fields this is shown by I. Kaplansky in [24] , n’here the
theory of pseudo Cauchy sequences (which he calls “pscuduconvergent sequences” )
is nicely laid out.

If a is an ordinal, then a is called a-maximal if every pseudo Cauchy sequence
in G of length less than No has a limit in G.

U(aa – ap) < V(a, aa)

2.4. Hahn products and power series fields. Given a linearly ordered index
set I and for every 7 e I an arbitrary abelian group al , we define a group called
the Hahn product (also called Hahn group), denoted by Hl€r Cl. Consider
the product [[Ie/ Cv and an element c = (cl)Icr of this group. Then the support
of c is the set supp c := {7 e 1 1 cl 74 o}. As a set, the Hahn product is the subset of
FIler CI containing all elements whose support is a wellordered subset of 1, that is,
every nonempty subset of the support has a minimal element. The Ilahn product
is a subgroup of the product group. Indeed, the support of the (componetrtwise)
sum of two elements is contained in the union of their supports, and the union of
t\\'o wellordered sets is again wellordered

The support of every nonzero element c in the Hahn product has a minimal
element Io . This enables us to define a group valuation by setting uc = to and
tO = oo; this is called the canonical valuation of the Hahn product Hl€101

If the Cl are (not necessarily archimedealr) ordered abelian groups, we obtain the
ordered Hahn product, also called lexicographic product, where the ordering
is defined as follows, Given a nonzero element c = (Ca)lcr , let la be the minimal
element of its support. Then we take c > 0 if and only if ci, > 0. If all al are
archinredean ordered, then the canonical valuation of the Hahn product coincides
with the natural valuation of the ordered IItlhn product. The Hahn Embedding
Theorem states that every ordered abelian group G can be embedded in the Hahn
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product with its set of archimedean classes as index sets and aII al equal to the
ordered group of real numbers,

Take any ordered abelian group G. If HE H1 are convex subgroups of a
such that the ordering induced on HI I A is archimedean (and hence H1 IH can be
seen as an ordered subgroup of the reals), then H1 IH is called an archimedean
component of a. If a = H7€/ aI and all av are archimedean ordered, then the
Cl are precisely the archimedean components of a

Take a Held k and an ordered abelian group G. Then h((G)) := H7£G k is
a valued abelian group. Since all supports are wellordered, a multiplication can
be defined as follows: (cg)gec ' (4)gcc = (Eh+h,=gcb - c},,)g€G . Then A((G))
becomes a valued Held, called a power series Held.- The canonical valuation of
the underlying Hahn product makes it a valued field with value group G and residue

Under their canonical valuation, all Hahn products and all power series 6elds
are spherically complete and hence maximal. All maximal fields with residue fields
of characteristic o are power series fields, but for positive residue characteristic this
is not true

fIeld A

We say that a cut A = (Ab, AR) in an ordered abelian group is a group +-cut
if it is induced by the upper edge of a convex subgroup /7 of G, i.e., if A = H+
\Ve will say that A is a group –-cut if it is induced by the lower edge of a convex
subgroup if of G, i.e., if A = H– . In both cases, we will call A a group-cut. Note
that 0+ and 0– are the only principal group-cuts. We call A a ball +-cut (or a
ball –-cut) if it is induced by the upper edge (or lower edge, respectively) of some
coset of a convex subgroup II of G, i.e., if it is of the form (g + H)+ (or (g + /7)–,
respectively) for some g e G. Ball +-cuts and ball –-cuts are called ball-cuts, and
cosets if +g of convex subgroups H are also called balls. Note that all group-cuts
are ball-cuts.

B,III cuts are called asymmetric cuts in [13, 14, 15, 16, 39]. This name is
unfortunate; it may have been chosen by the authors after they observed that there
are no cuts in ordered fIelds that are at the same time a ball–-cut and a ball+-cut
But the situation is different in ordered abelian groups, as the following example
shows. Consider the !exicographic ordering on Z x Z, Then {(0, m) [ m C Z}+ =
{ ( llm) I m c Z}

In Tresbii’s paper [47], the ball+-cuts are the cuts with signature 1, and the
ball–-cuts are the cuts with signature –1. All non-ball cuts have signature 0
Galdenberg also uses signatures in his thesis [18], but defines them in a slightly
different way.

3. BALL CUTS

3.1. Monoids of cuts. On the set of cuts in an ordered abelian group, an addition
can be defined in various ways. The two immediately obvious ways to define Al + A2
are the following:
1) set A1 + A2 := (A{ + M)+ = {a + Pja c Af, pc Af}+
2) set Al + A2 := (Af + Af)–
The tu'o additions are usually not the same, but their properties are very similar
TIle following fact is easy to prove
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The idempotent elements in these mono als are precisely the group cuts.

Xlonoids of cuts are studied in [49], [18], [10] and [11]. In the latter paper,
the results are used for the intrinsic construction (without the use of embeddings in
power series fields) of towers of complements to all (possibly fractional) ideals of the
valuation ring in henselian valued fields of residue characteristic 0, and in Kaplansky
fields (i.e., valued fields satish'ing “Hypothesis A” in [241) which do not admit
proper immediate algebraic extensions. They are also used by N. AIling in [1] for
the characterization of rh ordered abelian groups and fields (see Section 6.1 below)
Ailing gives credit to A. H. Clifford ([d) for introducing the monoid structure (but
it had very probably already been observed before, when Dedekind completions of
ordered abelian groups were considered)

3.2. Applications to spaces of IR-places. For any forlnally real (i.e., orderable)
field K, the question arises which orderings induce the same natural valuations.
The places associated with natural valuations are called R-places as their residue
fields are archimedean ordered and can thus be embedded in IR. We will therefore
always assume that the residue field of an IR-place is a subfield of IR. The above
question was answered in [33] for an interesting special c&se

Take a real closed field R. There is a one-to-one correspondence between order-
ings p of RCX) and cuts of R (see [17]). The cut Ap = ( AB, AP) corresponding to
p is given by Ag = {a e R I a <? x} and AP = {b e R [ b ,-r x}. Conversely, if
A is a cut in R, then the set

p = {/ e RCX) i la e At lb c Aa vce (a, b)

is an ordering of RCX) with Ar = A (here, R = R \ {0})
In [35] the following result is proved

/(C) c i2}

Theorem 3.1. Two distinct orderings of /?(X) induce the same IR-place if and
only if they c07Tesp07td to the upper and lower edges of the same ball, that is, there
is a convez subgroup H of the additive group of R and c e R such that one of the
places corresponds io (H + c)– arid the oLheT to (H + c)+

This means that the space of IR-places of RCX) is obtained from the line R by
identifying the upper and lower edges of balls. If this is done for R = IR then we
obtain the circle (up to homeomorphism). But if R is a non–archimedean ordered
fIc]d, then the structure is much more complex; it may be thought of as an infinite
pearl necklace in which every pearl contains a pearl necklace that is similar to the
n'hole necklace. The rich self-similarities of this space have been exhibited in [371
by observing that the transformations a -+ a+c, a a ca and a b+ a–1 all transform
balls into balls

The following result is also proved in [35]

Theorem 3.2. Take an otrlertng OTt RCX) IDtitch eILends the ordering of R, and
take v to be the natural valuation on RCX) ul.r.t. this ordering. Then x induces
in R a cut oj the form Qc + H)- OT (c + H)+ (as in Theorem 3.1) if and only if
uR S vR(X), and if the former is the case, then vCX – c) is TatioTmLLg independent
over uR.

From this theorem \ve conclude that a cut of R is a ball cut if and only if
the natural value group uR(X) of the corresponding ordering on RCX) satis6cs
[ 71R.(X) : 2uR(X)] = 2.
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In the paper [26J p. Koprowski and K. Kuhllmann consider the more general case
of an algebraic function field F of transcendence degree 1 over a real closed field R,
Choose any smooth projective model of F, i.e., a smooth, projective algebraic curve
over R with function Held P. In [25] M. Knebusch shows that the curve consists of
finitely many semialgebraic connected components, each of which can be endowed
with a cyclic order, in [26] this is used to define cuts in these components; the
collection of all of them is taken to be the set of cuts on the curve. The following
result is proved:

Theorem 3.3. The space of aLL cuts on the curue (endowed uhth the order topoLogy)
is homeomorphic to the space of aLI orderings on F (endouled ulith the Harrison
topology )

Take any ordering of F and let u denote the natural valuation of F w.r.t. this
ordering. Note that the value group uR of u on R is divisible since R is real closed.
Therefore, as trdeg FIX = 1, there are only two possible cases:
a) uP = uK, which implies that (uP : 21/F) = 1,
b) uP = uK O Za for some cr C uP \vIC, whence (uF ; 2uF) = 2
By the Baer–Krull Theorem, in the fIrst case there is no other ordering on F that
induces the same place as the given one. In the second case there is exactly one
other ordering that induces the same place.

Now consider the cut that corresponds to the given ordering according to Th&
orem 3.3. In analogy to the case of a rational function field discussed above, the
authors of [26] call this cut a ball cut if the second case holds. The following
argument justifies this definition. Pick any element X cF \ K. Then FIX(X) is
algebraic, thus uP/uK(X) is a torsion group. This implies that case b) holds for F
with the given ordering if and only if it holds for RCX) with the restriction of this
ordering, as the corresponding natural valuation on RCX) is just the restriction of
the natural valuation on F. From this one obtains

Proposition 3.4. The foILowing are equivalent
1) the cut corresponding to the giuen ordering on F is a ban cut,
2) for some x e F \ K , the cut induced by x in R under the restriction of the
OTdering to RCX) is a baLI cut,
3) for each x eF \ K , the cut induced by x in R under the restriction of the
ordering to n(x) is a ball cut.

All results above can be obtained in an abstract setting for abstract real curves.
However, once we embed the curve in an affine space we obtain a clearer picture.
Note that every n-dimensional affine space k"R over R is an ultrametric space with
the ultrametric generated by the natural valuation u of R. The ultrametric distance
between points (rr , ..., #„) and (gr , ..., y „) can be defined and computed as folio\vs:

2'((£lt ...t ,n>, (gl, .-,yn)> = min{„C'i – u)} = {„ (E(£i – yi)2)
Therefore we can consider ultrametric balls in AnR. We say that an ultrametric
ball B in KT'R cuts a curve ( if B n C + 0 and (An R \ B) n C + O. In this case
8 determines a cut (al\v,lys more then one) on the curve. In [26] it is shown that
such a cut is a ball cut, and the following theorem is proved

Theorem 3.5. Every ball cut on a smooth and complete real aBme curt;e in A" R
is induced by some uttrametric batt. If the orderings corresponding to hoo ball cuts



induce the same R-place, then there is an 'uttrumetric ball in A"R which induces
both cuts on the currie

The converse of the second assertion is not true, a counterexalnple is given in
[26]. The ball mentioned in this assertion can \veII induce more than tivo cuts on
the curve. It is an open question how to deternrine the pairs of cuts that induce
the same R-place.

3.3. ClassifIcation of Artin-Schreier defect extensions. An Art;in-Schreier
extension is a field exterlsion tIff of degree p of fields of characteristic p generated
by an element 19 that satisfies aP – O C K. Such an ex+ension has nontrivial defect
if and only if it is iminediate. In this case, the cut u(0 – K)+ taken in the divisible
hull of uK enables us to distinguish tu'o types of Artin-Schreier defect extensions.
\Ve call such an extension dependent if it can be derived by a transformation from
a purely inseparable defect extension of degree p, and independent otherwise. In
[30] the following result is proved

Theorem 3.6. An Artin-Schre{er defect CItension is independent if and onLy if the
cul z/(0 – K)+ is a group– -cal

This classification of Artin-Schreier defect extensions is important because work
by M. Temkin (see e,g. [441) and by the author indicates that dependent defect
appears to be more harmful to the above cited problems than independent defect,
In the paper [6] , S. D. Cutkosky and O. Piltant give an example of an extension of
valued function fIelds consisting of a tower of two Artin-Schreier defect extensions
where so-called strong monomialization fails. As the valuation on this extension is
defined by use of sbcalled generating sequences, it is hard to determine whether the
Artin-Schreier defect extensions are dependent or independent. However, Cutkosky,
L. Ghezzi and s. EIIIitti show that both of them are dependent (see e.g. [81); this
again lends credibility to the hypothesis that dependent defect is the more harmful
one

l\,roreover, the classification is an important tool in the proof of the following
theorem in [30]

Theorem 3.7 . A valued fIeld is henseticm and defectless if and only if each purely
inseparable e3tension, is dejectless and the fIeld does not allow any proper immediate
algebraic ertensions.

This theorem in turn is used in [29] for the construction of an example showing
that a certain natural axiom system for the elementary theory of Fp((t)) (“henselian
defectless valued field of characteristic p with residue field Fp and value group a
Z-group”) is not complete

It would be desirable to have a clmsification of Galois defect extensions of prime
degree and an analogue of Theorem 3.7 also in tIle case of valued fields of mixed
characteristic (i.e., valued HeLls of characteristic 0 with residue fields of positive
characteristic). The obvious problem is to End the suitable definition of “clepen-

dent”, since there are no purely inseparable extensions. Some guidance can be
obtained from the tlleory of perfcctoid 6elds, as these allow an exchange of in-
formation between the mixed characteristic case and the case of equal positive
characteristic. If we follow this guidance, then all Galois defect extensions of prime
degree of perfectoid fields should be called independent. An indication that this
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Is the right choice comes from the fact that perfectoid fields are deeply rarnified
fields in the sense of Section 6.6 of [121 ; recent work of the author of these notes
indicates that when 19 is a suitably chosen generator of any Galois defect extension
of prime degree of a deeply rarniRed Held, then as in Theorem 3,6, uCd - K)+ is a
group–-cut.

3.4. Approximation of elements in henselizations. Complete valued fields of
rank 1 (i.e., with archimedearl ordered value group) are henselian, but for valuations
u of arbitrary rank this does not hold in general. However, there is a connection
between Hensel’s Lemma and completions, but these completions have to be taken
for residue fields of suitable coarsenings of u. This connection was worked out by
P. Ribenboim in [41] who used distinguished pseudo Gauchy sequences to
characterize the so called stepwise complete fields; it had been shown by Krull
that these fields are henselian

Take any immediate extension (LK ,u) of valued fields and z e L \ K. We
call z weakly distinguished over K if u(z – K)+ is a ball+-cut, and we call
z distinguished over K if it is a group+-cut. The latter name is chosen since
distinguished elements are limits of distinguished pseudo Cauchy sequences.

Now' take an arbitrary valued field (K, o) and extend its valuation u to its al-
gebraic closure i<. Then K: contains a unique henselization Kh with respect to
this extension. The following result is proved in [31], answering a question from
B. Teissier. It has recently been reproven by Teissier using methods from algebraic
geometry.

Theorem 3.8. Each eLement in Kh \ K is weakly distinguished over K

Note that if (K, u) is of rank 1, then its henselization lies in its completion and
every element a e Kb \ K is distinguished over if (with u(a – K)+ = (uK )+)

By “a \ u(a – K)” \ve mean a /- u(a – c) for all c e K. Theorem 3.8 is used in
[31] to prove the following result

U(a – Z) > u(aK K)

for some a e Kh . Then Kh and K(z) are not LinearLy disjoint over K , that is,

[Kh(z) : Kb] < [X(z) ; K]

Theorem 3.9, Take z C K \ K such that

and in par{icular, K(z)IK is not purely inseparable

This theorem has a crucial application in [30] to the cldssi6cation of ArUn-
Schreier defect extensions which \ve discussed in the previous section. The classi-
ncation nus originally obtained in [27] under the additional assumption that the
neIcis in question are henselian. \Vith the help of Theorem 3.9 this assumption can
be dropped, and so the clkssification becomes available for valued function fields

For every cut A in an ordered abelian group G, we define

g(A) := {g eG F A' +g = A'}

4. THn INVARIANCE GROUP



and call it the invariance group of A; other authors (e.g. Ehrlich in [7], following
KijiIna and Nishi [221) call it the breadth of the cut A. Note that Ab + g = Ab is
equivalent to AB + q = Ax

The proof of the following facts is straightforward (see e.g. [32])

Lemma 4.1. Take an ordered abelian group (; and a Dedekind cut ,\ in G . Then
G (A) is a conve3 subgroup of G, and G is the disjoint union of the three convea
SIt)sets XL – An , g(A) and XR – XL , with

At – Ax <’ g(A) < Alt – Ab

Coronary 4.2. The £7&va7ia7rce group of A is tht"ial if and only if
AR _ hl = (11>0

The following theorem is proved in [32], but has also been stated (nrore or less
explicitly) by other authors:

Theorem 4.3. A cul A in an OTrlered abelian group is a ball cut if and onLy if it
is the upper or Lower edge of a coset of its invurtance gu)ap, i.e., if there is some
g e (; such that A = (q + g(A))+ or A = (g + g(A))–
Remark 4.4. R. Baer ([3]) introduced the notion eigentlicher Schnitt, that is,
a Dedekind cut A in an ordered abelian group G such that for every positive geC
there are a e Ab and b e An such that b – a < g. By Lemma 4.1 this condition
is equivalent to the invariance group of a being trivia]. Ehrlich ([7}) calls them
Veronese cuts, and Galarrova and Pestov call them fundamental cuts. The
non-principal cuts with trivial i11variance group are called dense in Trcssl’s papers
46, 47]

Several authors, e.g, Rolland in [42] and Wehrung in [49}, \york with the ball+-
cuts g(A)+ rather than the invariance groups themselves. The set of all of these
cuts in an ordered abelian group G coincides with the set of cuts H+ where if runs
through all (proper) convex subgroups of G. (Note that a itself is the invariance
group of the two cuts (G, a) and (a, G), which are not Dedekind cuts.)

If A is a cut in an ordered Held a: and is positive (i.e., 0 e At), then it is also
a cut in the ordered abelian nrultiplicative group of positive elements of K. Its
n\'ariance group there is called the multiplicative invariance group of A, and

u-e denote it by gx (A)

't.1. Invariance group and pseudo Cauchy sequences. From what ive have
said about irnnrediate extensions and pseudo Cauchy sequences in Section 2.3, or-
dered abelian groups or fields that are nlaxirnal with respect to their natural valu-
ation contain limits for all pseudo Cauchy sequences. This is why several authors
employ pseudo Cauchy sequences to study and to characterize such ordered abelian
groups or fIelds. Certain cuts can induce, or be induced by, pseudo Cauchy se-
quences. For example, if (a„),,',A is a pseudo Cauchy sequences which is also strictly
increasing, then it is coHnal in the lo\ver cut set of the cut A = {a, 1 u < A}+, and
the following holds:

Theorem 4.5. The ill,oar+nncc grohp oF {a,, b I/ < A}+ is equal to the brertdLIL ol
the pseudo Cauchu sequence (a„),rA

If the pseudu Calrchy sequence lies in an ordered abelialr group G, then it induces
a Cauchy sequcllce (i.e_, a pseudo Cauchy sequence with breadth {o}) in G/g(A)
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4.2. Ordered fields with maximal natural valuation. Take an ordered Held

K. We will denote the ordered additive group of K by K+ . In [22], Kijima and
Nishi use the invariance group for the following result

Theorem 4.6. The foILowing assertions are equivalent.

I ) the naturul valuation of K is mauirrrul and its residqe fIeld is R
2) for each cut N = (Al ,A#) inK , the induced cut (Ab /g(A), A/t/g(A)) in the
ordered abeLian group K+/g(A) is principal.

Here, the induced cut is ({a/g(A) 1 a e Ab} , {b/G(A) ] b c AX}); note that the
two sets are disjoint by the defining property of g(A)

This theorem also holds for any ordered abelian group G in place of the ordered
Held if if we replace “its residue field is R” by “all of its archimedean components
are isomorphic to IR” ; see the next section

In his thesis [20] HUper considers ordered fields with arbitrary compatible vaIn-
ations (i.e., valuations whose valuation ring is convex, or equivalently, contains the
valuation ring of the natural valuation). We will cite one of his main results; in its
formulation he uses a notion that is derived from Baer’s ''eigentlicher Schnitt” (see
Remark 4.4) without explicitly using invariance groups. But using them as follows
puts the result in a wider context:

Theorem 4.7. Take an ordered held K with a compatibLe valuation v. Then the
foLlowing assertions are equivalent:
1 ) the valuation v is maTimal,
2) if Ii is a O.-submodt&le of K not contahed in a larger Ou-subrrtoduLe Ht such
that there is wo O„-submo(Ide property between H1 and H , and if N is a cut such
that FV A == N' / H , hIt [ H) is a Dedehind cut in K+/ H kath trivial £r&uariarzce
group, then N/ H is principal.

Let us evaluate this theorem for the case of u being the natural valuation. In
this case, condition 2) can be reformulated as follows:

2’) if H is a camel sqbgroup af K uInch is not contained in a larger conver
subgroup H1 such amt H' fH is archimedearl entered, and if x is a cut such that
rv A := (Ab / A , NR / A) is a Dedektrtd cut in K+/ H VfLtt\ trivial inuununce group,
then N/ H is pnncipul.
Condition 2’) can be further reformulated and thereby sirnplified by using the foI-
lowing two facts:

Lemma 4.8. Take a Dedekind cut A in an ordered abelian group G and a proper
conve3 subgroup H of G. Then the foLlowing assertions hold.

a) N/ H is a DeciekiTui cut in G [ H ii and only if H g g(A)
b) gLNI H) = $1\ if and only if g(A) EH .

In view of these facts, condition 2) is equivalent to
2”) if H is a convez subgroup of K+ which is not contained in a Larger conue3 sub.
yTOUP H’ such that Hf / H is cbrchimedean ordered, and if A is a cut with inuariance
group H , then N/ II is principal.

What is the role of the assumption on A in conditions 2’) and 2”)? Well, if H’
is a larger convex subgroup of K + such that H' IH is archimedean ordered, then
// : II is an archimedean component of K + and tlrerefore isomorphic to tIre additive



F.-V. KUHLNI ANN

group of Ku. As the theorem does not assume that the latter is equal to IR, A' IH
may have a non-principal Dedekind cut, which then gives rise to a non-principal
Dedckind cut of G/H. So if we are only interested in maximality, then we have
to take this case into account. However, if we assume in addition to condition
1) that Ku is equal to R, then all Dedekind cuts in archimedean components are
principal, and we can drop the assumption on A. This shows that Theorem 4.6 is
a consequence of Theorem 4.7.

Remark 4.9. In [23], the authors state that “the notion of maximal ordered fields
was first introduced” in earlier papers of theirs, the earliest published in 1987
by Kijimi and Nishi. This statement is correct only as far as it concerns results
published in journals, as the work of Haper shows

4.3. Archimedean complete ordered abelian groups. An ordered abelian
group (G, <) is called archimedean complete (a notion introduced by H. Hahn)
if every proper ordered abelian group extension (G/, <) of (G, <) introduces new
&rchimedean classes, or in other words, the natural valuation on (C' , <’) has a largcr
value set than on a. Hence the archimedean complete ordered abelian groups are
precisely the ordered abelian groups that are maximal w.r.t. their natural valuation
and whose archimedean components are as large as possible, that is, isomorphic to
the additive group of real numbers, Hahn shows in [19] that archinredean complete
ordered abelian groups are precisely the ones that admit an order preserving isa
morphism onto a so-called Hahn product with all of its archimedean cornponents
equal to the additive group of real numbers. (Hahn products are the analogues for
ordered abelian groups of the power series fields.)

Archimedean complete ordered abelian groups G are characterized in the paper
[5] by L. \V. Cohdn and C. Goffman as follows

Theorem 4.10. An ordered abelian group (G, <) is urchimedeuTt conbpleLe if and
only if for euerq proper conve3 subgroup H , the ordered factor group G F H is dense
and everu cut in G [ H uith trivial £nvar£arrce group is principut

Ehrlich revisits this topic in [7] . Relying on the Theorem of Cohen and GoRman,
Ehrlich proves

Theorem 4,11. An ordered abelian group (G, <.) is urchirr\edcrm complete if and
onLy if jOT every cut !\, the induced cut in G/g(A) is principal, but not a 3\Imp

Since ordered fields admit no jumps, this theorem can be seen as an analogue of
Theorem 4.6. Ehrlich shows that the induced cut has trivial invariance group; this
is a special case of part b) of Lemma 4.8,

We recorninend Ehrlich’s paper [7] for interesting historical remarks and a de.
tailed list of references.

4.4. Model theory of ordered fields with cuts. In [45, 46, 47], Tressl studies
the model theory of real closed fields with a fixed cut. Given a model nJ of an o-
minimal extension T of the theory of real closed fields in a language C, he determines
the model theoretic properties of A/ in the language £(D) where :D is a predicate
for the left cut set Ab of a fixed cut A in M. If (A/1, A{) and (M2, A#) dre two
structures obtained in this way, conditions are found for (A/1 , A{) and (Ah , A#) to
be elementarily equivalent in the language £(D) enhanced by parameters from a
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cornlnon elementary substructure of Nl and A//. The main result is rather technical
in nature, but for special classes of cuts, the situation is much easier. To illustrate
this, the following theorem is taken from [47]

Theorem 4.12. let ,4 < Mr,M2 be modeLs of T and let Al, A2 be non-principal
cuts in NII, A/2 respectiveLy, with trivial inuariance groups. Then (M1, A{) =x
(M2, Nb if and only if the restrictions of hI and b to A coincide

The invariance valuation ring of a cut A in an ordered field K is defined as

0(A) := {b crI bg(A) g g(A))

We denote its maximal ideal {b e K [ ba(A) S g(A)} by MCA)
According to Lemma 4.1 g(A) is a convex subgroup of the ordered additive

group K+ of K , and ive have already noted in the Introduction that every convex
subgroup of K+ is an O.-module, where u denotes the natural valuation. In this
way, the above definition becomes a special case of the following.

Take any valued field if with valuation ring O„ and an O„-module M in K. The
invariance valuation ring of an O,-module M in K is defined as

O(M) := {b e K 1 bNf g 4/}
The relation between multiplicative invariance group and in\'ariance valuation

ring is determined in [32]. AIso TYessl and Galdenberg obtain results on this topic.

5. TH8 rNVARIANC8 VALUATION RINa

5.1. Projecting cuts into residue fields. Take a convex valuation ring (9 of an
ordered Held K, with rnaxiInal ideal M. Its residue field C) IM is again an ordered
Held, with the ordering induced tllrough the residue map. We will say that the cut
A can be projected into the residue field O/M if there are elements a, cc K
such that c > 0 and cA + a induces a Dedekind cut

(2) ( ((cAb + a) n O\ IM , ((cAli + a) n O)/M )

in C) IM via the residue map
The following theorem shows for which convex valuation rings (9 a cut can be

projected into the associated residue field. For a proof, see [32]

Theorem 5.1. JJ Take any conue= ualuation ring o of tK , q . If O(A) $ o,
then the cut A can be projected into the residue AeLd O/M. If OS O(A), then it
cannot be pm}ected into DIM
2) The cut A can be pmjected into O(A)/M(A) if and only if (ug(A))- is a ball+
cut

5.2. DefInable valuation rings in ordered fields. It is obvious that if a cut
(that is, its lower cut set At) is definable in some extension of the language of
ordered rilrgs, then so is g( A). It tllen follows tlrat also tlle invariance valuation
ring is definable.

This observation is put to work in [21], \where tIle following is proved

Proposition 5.2. Take an ordered fIeld K with real closure R. If I< is not dense in
R, then K admits a nontrivial valuation defInable in the language of ordered rIngs.
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The idea of the proof is as follows. If K is not dense in R, then there is an element
r c R \K and a positive element a c R such that Fr – c] > a for all c e K. Since
R\ K is algebraic, the set K >a of positive elements in K is coinitial in R>o , so we
can choose a e K. If \ve set Ab = {c c /f E c < r}, then we obtain a cut A such
that An– AL S K>o . By Corollary 4.2, its invariance group is thus nontrivial. This
implies that the invariance valuation ring is not all of K, so the associated valuation
s nontrivia1. Since r lies in a real closure of K , the set Ab = {c C K c < r } is
definable, and by what \ve said above, so are the invariance valuation ring and thus
also the associated valuation

The above arguments also prove the following general principle:
If the lower cut set of some Dede Icind cut with nontriuiat invariance group in an
ordered fIeld is defInable, then the Feld admits a nontrivial defInable uaLuation ring.

Similarly, if an O,-module if in a valued field (K, u) is definable, then so is
lts invariance valuation ring O(M). If K + M 74 {0}, then O(M) is a nontrivial
valuation ring. This yields the following general principle:
If a proper nontriv ial O„-module in a vaLued $eId (K, v) is defInable, then the $eId
admits a nontrivial defInable valuation ring containing O,

Note that if a cut A is definable in the value group uK in a suitable language of
valued fields, then the O„-module {a c K I ua e An} is also definable, and it is
proper and nontrivial if and only if the cut is a Dedekind cut.

Recall that by the cofinality of the cut A u’e mean the pair (4, A) where & is
the cofinality of AL, and A is the coinitiality of AR.

6. CUT COFINALITIES

6.1. Ordered abelian groups and fields that are qQ-sets. Take any ordinal
a. An Oa-set is an ordered set S such that for any two subsets A g S and B g S
of cardinality less than Ra with A < B, there is some s e S such that A < s < B
This is equivalent to saying that S does not adrrrit any cuts of connality (h, A) where
both rc and A are smaller than N, . In [1], AIling proves:

Theorem 6.1. a) An ordercd abelian group A an Ha-set if and only if it is a-
marimal, its value set to.r.t. the natural valuation is an na-set, and all of its
aTChimedean components are isomorphic to Z or IR,
b) Art OTriered fIeld is an aa -set if and only if it is cr-ma=£ma£, its vaLue group u].r.t
the natural valuation is an n,.-set, and its residue fIeld is R,

Every No-saturated ordered abelian group or field is an 77„-set. For the converse,
the reader may note that divisible ordered abelian groups and real closed fields
are o-IrliniInal. This implies that for theln, the property of being an 7)a-set is
equivalent to that of being Na-saturated. For results on the variety of 77. ordered
abelian groups or fields, for fixed a, see [2].

Ball cuts and invariance groups do not appear explicitly in [1] or [2]. But Rolland
draws a connection in [42]. He states that an ordered abelian group is an rF„-set if
and Ollly if its value set is an na-set and for every Dedekind cut A with nontrivial
invariance group g(A, the coinitiality of the upper cut set of g( A)+ is not less than
N
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6.2. Cuts in ordered power series fields. The papers [13, 14, 15, 16] ofGalanov&
and Pestov are devoted to the study of cuts in power series fields and in restricted
power series fields (in the latter, the cardinalities of the supports of the power series
are bounded by a given cardinal number). \Ve cite three theorems from [16]. The
cardinality of a set S is denoted by ISI, and ISI+ denotes its successor cardinal

Theorem 6.2. Take any entered abelian group G. Then all cuts in the power series
fIeld IR((C)) are ball cuts

The proof of this theorem in [16] is long and technical. Let us give the sketch
of a shorter and more conceptual proof. We write K = IR((C)). Every cut A
in K: is realized in some ordered field extension L of K (for instance, if L is a
[K j+-saturated elementary extension of the ordered Held K). As a power series
field, K is maximal w.r.t. its natural valuation. Extend u to the natural valuation
of L. Then it follows that for every = e L \ K there is some a c K such that
u(= – a) = max{u(n – c) I c c K } since otherwise, z would be a limit of some
pseudo Cauchy sequence in K without a limit in K, contradicting the fact that if
is maximal. The value u(z – a) can only be maximal if either u(r – a) { uK or
there is d e K such that ud = u(= – a) and d-1 (= – a)u q Ku, But the latter
cannot be the case: since Ko = IR and u on L is a natural valuation, we must have
that Eu = Ku. Hence I == u(z = a) { uK. We leave it as an exercise to the reader
to show that A = (a + {b c K 1 ub > 7})+ or A = (a + {b c K 1 ub > 1})-

Theorem 6.3. Take any ordered abelian group (; and a cardinal number N such that
No < 1; < IOI. Denote by IR((C, n)) the subReld o/ IR((G)) consisting of all power
series tritE support of cuTriinahty less than n. Take a non-ban cut in R((G, d) of
COPUtIlity V, A). Then x is equal to the cofw\aRty of bt, in panicatar, if h is regular,
hen J

Theorem 6.4. Take a non-principal cut A in some ordered fIeld K with trivial
invariance group, and let (x, +c) be its cof\nahty. Then tc is equal to the cojmalitu
of K

In [42], Rolland states the existence of power series fields that admit cuts with
preassigned cofinalities (xi, A,'), i e /, where the hi and Ai are infinite regular
cardinals. The proof he gives is insufficient, but the result also follows from the
work \ye will discuss in the next section. He uses it to show, the existence and to
(partially) characterize the ordered lields which admit a closed bounded interval
and a continuous function which is unbounded on this interval

6.3. Symmetrically complete ordered abelian groups and fields. A Dede-
kind cut with cofinality (h, A) is called symmetric if n = X, and asymmetric
otherwise. Note that the notion of symmetry used by Galanova and Pestov is quite
different from the one defined here. However, Pestov states in [39], without proof
or reference) that if a cut in an ordered field is symmetric in their sense (i.e., it is
not a ba]I cut), then it is also symmetric in the sense of the above definition. A
proof is given by Gala110va in [13]. In [42], Rolland states the same in full generality
for non-ball cuts in ordered abelian broups. The staternent is correct, but his proof
appears to have a serious gap

A linearly ordered set (J, <) is called symmetrically complete if every v'm
metric cut in 1 hms coHndlity (1, 1), i.e., is a jump. In dense linear orderings (and



hence in ordered fields) there are no jumps. Consequerrtly, a dense linear ordering
is synlmetrically colnplete if and only if all of its cuts are asymmetric.

For example, Z and iR are symmetrically complete, but (Q is not. In Z and IR,
every Dedekind cut is principal; in Z all of them have cofinality (1, 1), and in IR
they have cofinalities (1, No) and (No, 1). In contrast, in Q the Dedekind cuts have
cofinalities (1, No), (No, 1) and (No, No)

In [36] it is shown that a symmetrically complete ordered abelian group is spher-
ically complete \v.r.t. its natural valuation and hence a Hahn product, with all of
its archimedean components isomorphic to IR. Similarly, a symmetrically complete
ordered field is sphcricall)' complete \\’.r.t. its natural valuation and hence a power
series field, with residue field IR. For Hahn products with all of its &rchimedean
components isomorphic to IR the set of all cut cofinalities is computed from the set
of all cut cofinalities of the value set of its natural valuation , and a similar computa-
tion is done for power series fields with residue field IR. Based on this computation,
a full characterization of symrnetrically colnplete ordered abelian groups and fields
s obtained. We will cite a selection of the main results.

We call an ordered set strongly symmetrically complete if it is symmetrically
complete and does not have any cuts with coflnalities (1, No) or (No, 1)

Theorem 6.5. A non-archimedean OTrleTtd fIeld is suTrrrrreLricaILu complete if and
only if it is sphericaLly complete u.r.t. its natural valuation, has residue fIeLd R and
a dense strongly sy7n7netricalty complete value group,

A nontriv£at densely ordered abelian group is symmetricalty complete if and only
if it is spherically complete tv. r. t. its natuTUl valuation v, has a dense strongly
symmetricatLy complete value set, and all archimedean components are £somoTphic
to R. It is strongLy symmetricaLLy complete if and onLy if in addition, the value set
has Ibn.coun,table ccfInah.t.ly .

In particular, it follows that symmetrically complete ordered abelian groups are
divisible and symmetrically coInplete ordered fields are real closed

Further, it is shown in [36] that every ordered set can be extended to a dense
strongly symrnetrically complete ordered set with uncourrtable conn ality. The
reader may note that this result is not explicitly stated in Hausdorff ’s work. The
authors of [36] also tried to give a construction that is as short as possible. It
turns out that the constructed orderings are thernselves lexicographic, as are the
orderings on Hahn products and power series fields. Such orderings deserve to be
studied in more detail

Using the above results and the fact that every ordered set is the natural value
set of some Hahn product with all components isomorphic to IR, and every ordered
abelian group is the natural value group of some power series field with residue Held
R, the following result of [43] is rcproved

Theorem 6.6. Euery ordered FeLd can be embedded in a symmetrioaLty compLete
ordered Feld. Ellery ordered abelian group can be embedded in a symmetricalty
com,ptete ordered abelian group.
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A SURVEY OF QUANTITATIVE BOUNDS ON THE BETTI
NUMBERS OF REAL AND COMPLEX VARIETIES AND

APPLICATIONS

ABSTRACT. We survey old results as well as recent developments in the quan-
titative study of topology of real algebraic varieties and serni- algebraic sets.
We also indicate the newer dpplications of these results, especially in the fields
f b ld d te geometryt

Throughout the paper we denote by R a real closed field, and C the algebraic
closure of R. We can even assume that R = IR, and C = CC without any loss of
generality, since all the results of the paper follow for arbitrary real closed fields
(resp. algebraically closed fields of characteristic 0), from the corresponding result
for IR (resp. C), by an appropriate use of the Tarski-Seidenberg transfer principle
(resp. Lefschetz principle) (see for example [!?, Chapter 7]). We also fix a field IF
to which the coefficients of the various cohornology groups considered in the paper
will belong.

For any held K, and 6nite subsets P c K[X1, . . . , X„], let Z(P, K") be the set of
common zeros of P in K”. Similarly, for 6nite subsets of homogeneous polynomials
P c K[Xo, . , . , Xn], \ve denote by Z(P, Pk) be the set of common zeros of P in
IP;}, Given a real or complex variety X, we denote by II’(X, F) (resp, H,(X, F),
HI(x, IF)) the Z-th cohomology group (resp, i-th homology, i-th cohomology group
with compact support) with coefficients in the field IF. (We refer the reader to
[ 12, Chapter 6] for the definition of homology/cc)homology groups of semi-algebraic,
sets defined over arbitrary real closed fields, noting that they are isomorphic to the
singular homology/cohomology groups in the special case of R = R.)

\Ve denote by btfX, F) (resp. bi(x, IF)) tIle dimension of H'(X, IF) (resp. H:(X, IF)),
and by b(KIF) = El,oF(xI IF) (resp- bc(Xt F) = Eizo u,tx! F)>

1. INTRODUCTION

2.1. Bounding the sum of the Bett;i numbers of varieties. The problem
of bounding explicitly the Betti nunrbers of real and complex varieties have been
considered for a long time and there have been many applications of these bounds
in combinatorics and discrete geometry (see for example, [1 1 ] for a survey)

2. X,IETHOD Or CRITICAL POINTS

Date: April 101 2017.
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The first results are due to OleYnik dnd PetrovskH [ 1:1], Thorn [nB] and h’lilnur
[ITl who proved the following bounds.

Theorem 1. [ 19, al, 'IT] Let p c R[X1,...,xkl be a RTtiLe set polynomiaLs of
degrees at most d, and let Y = Z(P,Rt). Then,

(2.1) b(r, F) $ ARR(b, d) := dC2d – 1)h-1 = (0(d))h

Theorem 2. 119, IS, IT] Let P c R[Xo, , . . , Xk] be a Butte set homogeneous poly

n omials of degrees at most d, and let Y = Z(P, IPR). Then

The bound in Theorem I also holds in the projective case

(2.2) b(I/, F) $ ProjR(h, d) := d(2d – 1)k–1 = (OCd))k

The main technique used in proving these bounds are infirritesimal perturbations
and bIorse theory. An initial perturbation is Ina(Ie to the real variety, so that
the given (possibly highly singular) variety has the same Betti numbers &s a semi-
algebraic set defined by a single polynomial inequality, which moreover has a smooth
boundary. TIle problem of bou11ding the Betti numbers of tIle original variety then
reduces (via Alexander duality) to the problem of bounding the Bett;i numbers
of this hypersurface. The sum of the Bet;ti numbers of the hypersurface is then
bounded by the number of critical points of a generic linear ftlnction and Bezout’s
theorem

There are several important points to note,

( A) Firstly, because of the obvious fact, that any finite set of polynomial eqa-
tions over R can be replaced by one polynomial defining the same real
variety by taking a sum of squara; (at the cost of doubling the degree), the
bound on the BetH numbers of real varieties is independent of the number
of defining polynomials.

(B) On the other hand, taking a sum of squares leads to losing important inf01
mat;ion about the degrees as well as the Newton polytopes of the defining
polynomials (the degree of the slrms of square is twice the maximum degree
of the given polynomials). Thus, this method is unsuitable if one wants to
obtain bounds with a more refined dependence on the degree squence, as is
needed in recent applications in incidence questions,

(C) The method does not yield any better bounds on the individual Betti num-
bers

(D) The bounds are (for every fixed d) singly exponential in the number of
variables A. Nloreo\’er, tllis exponential dependence on h is unavoidable CvcII
if the variety V is a non-singular hypersurface defined by Olle polynomial,
and \ve consider just a single Betti number of V (for example bn(V, F) or
bk_1 (Y, F)) instead of their sum, as the following examples show

Example 1. Let p = FF=1 xF(xi – 1)2 – r, with o < = « 1, and ph
denote the Iromogenization of p. Let I/ = z(p, Rk), and ph = Z(Ph , IPR).
Now notice that deg(P) = 4, and

bo(Y, IF) = bk-1(V, F) = bk–1(Vh, IF) = 21;,

bn(rh, F) = 2k+1
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2.2. Bounding Bett;i numbers of complex varieties. \\7hile Theorems 1 and
2 deal only with real varieties, they can be used to bound the Betti numbers of
complex varieties, since every complex affine variety in Ck defIned by r polynomials
of degrees bounded by d, can be considered after separating the real and imaginary
parts of the defining polynomials as a real affine variety in R2k defined by 2r
polynomials of degree at most d. It then follows directly from Theorem 1 that

Theorem 3. Lel p c c[z1, . . . , ZhI be a Bnite set polynomials of degrees at most
d, and let Y = Z(P, Ch). Then,

(2.3) b(y, F) $ Anc(k, d) := d(2d - 1)2k–1 = (OCd))2k

Using an argument involving the Hopf fibration and the Gysin exact sequence
one also derives a similar bound in the projective case.

Theorem 4. L,etP c c[zo, . . . , ZhI be a set of homogeneous polynomials oF degrees

at most dZ 2, and let Y = Z(P, IPg). Then,

(2.4) b(Y, IF) $ Projc,(A, d) := Ad(2d – 1)2k+1 = (OCd))2k+2,

Proof. Let S2k+1 c Ck+1 = R2k+2 denote the unite sphere defined by :Za 12 + . ' - +
lzkl2 = 1. Consider the Hopf nbration @ : S2k+1 –> Pg, defined by (zo, . . . , ze) F)
(;o : . . . : zk). \Ve denote by y = +-1(Y). We have the following commutative
diagram:

Note that F is a 6l-bundle over U. It follows from the G)’sin exact sequence [--III,
page 2601 of this bundle that for each n = o

h"(y,F) $ bn–2(y,F) + bn(P, F)

$ b”–4(y, F) + b”–2(V, F) + b”(?, F)

It follows that

2k

b(Y, IF) $ 1rI(2h – 1)/21 F(Y, F)
( 1

$ 40(k1 F).

’I'llc tllcorellr Ilo\v foIIo\vs frollr Tlreorelrr I

Runrrrk 1. With a little more care (for example, using [I fi, Theorem 32] instead of
Tlreoreln I as in the proof above), it is possible to prove a bound of (OCd))21; on
b(Y, F). This would also improve the bound on b(V, F) in Theorem -1 to (OCd))2k

D



SAUGATA B ASU

3. XI A\’ER-VIETORIS IIIEQUALITIES AND BOUXDIXC THE BETrI XUbIBERS Or
SEMI-ALGEBRAIC SETS

In certain applications, such as in applications in discrete geometry and for
proving lo\ver bounds, one needs bounds not just on the Betti numbers of real
varieties but also on those of more general semi-algebraic sets – i.e. subsets of Rk
defined by quantifier-free Boolean formulas u'hose atoms are of the forn1 P N, 0,
P e R[Xl, . . , , Xk] and N is one of =, >, r

\Ve first introduce a few notation,

Notation 1. For any finite family of polynomials P c R[X1, . . . , Xh], we call an
element a e {0, 1, –1}P, a sign condition on P. For any semi-algebraic set Z c Rk,
and a sign condition a c {o, 1, –1}?, \ve denote by RCa, z) the semi-algebraic set
defined by

{x e Z 1 sign(P(x)) = aCP), P e P} ,

and call it the realization of a on Z. Alore generally, we call any Boolean formula
'D with atoms, P N, 0, PC ? where N, is one of =, >, or <, to be a P-jorrrrula. We
call the realization of O, namely the semi-algebraic set

R(Q,R') = {X eR* I a,(x)}

a P -serra-algebraic set. Fi11ally, u’e call a Boolean formula without negatiorrs, and
with atoms P h, 0, Pe P where N, is one of $, Z, to be a P -cLosed formula, and
\ve call the realization, RCd), Rk), a P -closed semi-algebraic set.

Findlly, if Q C R[X1,...,X1,] is another finite set of polynomials, and (> a P
(resp. P-closed) forrnlrla, \ve call the formula

q == F\kQ=qbNq
QeQ

is called a (Q,P) (resp. (Q, P)-closed) formula, and \ve call the realization, R(W, Rt ),
a (Q, p) (usp. (Q,P)-closed) semi-algebraic set.

It turns out semi-algebraic sets which are evidently closed by virtue of tIle sllape
of their defining formulas, i.e. the P-closed semi-algebraic sets. are much easier
to handle, since the problem of bounding their Betti numbers can be reduced reI-
atively easily to the same problem for algebraic sets discussed in Sy.1 above. The
nlain technical tools are certain infinitesimal perturbations coupled with the follow.
ing inequalities which are derived from the XIayer-Vietoris spectral sequence of a
covering of a closed semi-algebraic sets, by a finite number of closed semi-algebraic
subsets. \Ve first recall these inequaities

3.1. Mayer-Vietoris inequalities. Let S\, . . . , sN (_ RA, ,V ? 1, be closed semi
algebraic subsets of Rt, For J c [1, n], we denote

sJ

SJ

fI SJ 1
jeJ

Usj.
j€J

Proposition 1. .4. FoT i ? 0,
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(3.1)

B.

i+1

bt (51l’-II F) $ = E_, bt-j+1 (S./, IF)
j=1 JC{1,...,s)

card ( J) =j

(3.2)
bt(StI„),F) $ E JCr.,#} bI+j–1(S',F) + (A : I)bA(SO,F).

card ( J) =j

Proof. See [12, Proposition 7.33], 0

3.2. Bounding the BettIi numbers of (Q,P)-closed semi-algebraic sets. Us-
ing certain certain infinitesimal perturabtion arguments and Proposition 1 one ob-
tains the following bound

Theorem 5. Let g and p 74 g be fInite subsets of R[X1,...,xhJ. Let z =
Z(g, Rh), and let k1 > 0 he the dimension of Z = Z(g, Rk). Suppose Lhal card(P) =
s, and the degrees of the polynomials in PU Q are bounded by d. Then for any
( Q, P)-closed semi-algebaric set S ,

b ( iS 1 ]]F ) S ; ; ( S ; 1 ) 6 j d ( 2 d 1 ) k 1 H

A second result proved using similar techniques is sometimes useful in practice
(see for example, [sl for a recent application),

Theorem 6. Let Q and p + a bc fInite subsets of R[X1, . . . , Xk]. Let z =
Z(Q, Rh ), and let k/ > 0 be the dimension o/ Z = Z(Q, Rh). Suppose hal card(P) =
s, and the degrees of the polynomials in PU Q are bounded by d. Then,

C{O}_1}Pb.VIta, Z)IF) $ 1S:_I OF'IPd – 1)'–1

3.3. Bounding the Betti numbers of arbitrary semi-algebraic sets. Surpris-
ingly, the problem of proving singly exponential bourlds for arbitrary semi-algebraic
sets remained open for a long time. The technique of using N'layer-Vietoris inequal.
it;ies to reduce to the algebraic case, while controlling the number of algebraic sets
to consider, could not be applied directy since inequalities in Proposition 1 require
the sets involved to be closed. This problem was finally relned jed by Gabrielov
arId Vorobjov, who showed that all arbitrary (Q,P)-senri-algebraic set is selni.
albebraically homotopy equivalent to a certain (Q,P1)-closed selrri-algebraic set,
where P1 is a set of polynomials of cardinality only siglltly bigger than that of P,
and having the same maximum degree as P. The problem of bounding tIle Betti
numbers of arbitrary (Q,P)-selni-algebraic sets, can then be reduced to bounding
the Bett;i numbers of this (Q, P/)-closed semi-algebraic set, for which one can use
Tlleorcllr S.



3.3.1. Approrimation of an aT'bitT'ary semi- algebraic set by a closed one. In fact
Gabrielov and Vorobjov gave t\vo different constructions of the (Q, P’)-cIo':ed semi-
algebraic set mentioned above, with the cardinality of the new set of polynomials
been slightly different in each case. We describe below the second of their two
constructions

Let Q.P c R[Xl, . . . , A’hI be finite sets and (1', a (Q, P)-formula. Then, O is a
disjunction of fornulas of the kind

(3.3) [\\LQ =nIN F\ t? =q h F\ LP > qh [\ UP <q..
Q€Q PC?_ PCP, PC?,

where ? is a disjoint union of P= , P< , P>
For d, c C R, u’e denote by 'ba,, the formula obtained by replacing in each disjunct

(3.3), P = 0 by –e S P g e, P > 0 by P ? d and P < 0 by P g –8,
The following theorem is easily derived from the main theorem in !;}.-,)

Theorem 7. FoT each (Q,Pj-fUrrrLUl& o, r > o, and o < co « do « c1 <’
81 « . . . « em « 6., « 1, denoting by Qm = VEn Qd,1,1, IOT OSI < m,
IIi (R(Q A (!EXI lz g r)iRb ) I IF) = Hi (R(Om A (lxl 12 s rI Rk)I IF)

Remark 2. Notice that On, is a (Q, Pm)-closed formula, where Pm UFo {p I a ,el I
P e P}. Notice that card(Pm) = 4(m + 1)card(P), and mm{pcp deg(P) =
max/IC?In deg(P)

Flreorern 7 yields in conjunction with Theorem 5 the following theorem

Theorem 8. Lcl Q and p 74 a be Bnite subsets of R[Xl, . . . , x/,] . Let z =
Z(Q, Rk), and let k1 > 0 be the dimcItsion of Z = Z(Q, Rh). Suppose that card(P) =
s, and the degrees of the polynomials in PU Q are bounded by d. Then for any
( Q, P) -semi-aLgebraic set S ,

b ( s I F ) S t f ( 4 ( k + J ) 9s + 1 ) 6 j d ( 2 d 1 ) E 1 a

Fheorem 7 has other applications as well. For example, it is a crucial ingredient
of the extension of previously known lower bounds on membership-testing in locally
closed semi-algebraic sets in terms of the Betti numbers of such sets ([$9, -1b]) to
arbitrary semi-algebraic sets [Bei]

Another approach for bounding the Betti numbers of real varieties has been via
conrplex algebraic geometry and Smith inequalities. In this approach, one makes
use of the fact that the Bctti numbers of non-singular complex projective complete
illtersection varieties are determined only by the degree sequence of the defining
pol)’nolnials. The main idea is to prove an upper bound on the Betti numbers of
a given real variety (possibly highly singular), in terms of the Betti numbers of
some IIon-singular conrplete intersection varieties. The Z2-Betti numbers of the
complexificat;ion of the latter varieties, which are deterrnined only by their degree
sequence can then be used in conjunction with Smith inequalities to bound the Betti
llulnbcrs of the original real variety. This approach llas proved to be particularly
tlscful in contexts n’here one needs bounds depending in a more refined way on the
sequence of degrees of the polynomials deHIIilrg a real variety, rather than a bound

4. NIETHOD OF PERTURBATIONS AND SRtITH INEQUALITY
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depending only on the maximum degree as in Theorem 1 above.
thought is that this approadh produces bounds only on the Z2-Betti numbers

One example, of the above method is the following theorem

One drawback

Theorem 9. [G]

Suppose that

2 S dl $ 6 S nd3 $ d& $ $ n &
Then,

ba(b) < 0(1)“ E
T=(ToITl9...tTe- 1 ) F ( k ) T ) ( d ;e 1 E ! ( ( A Ti 1 + 1 ) d i ) rf 1 T1 )

where the sum on the right hand side is taken over all T e Nt , with k = To ? T I ?
2 T,_, Z 0, and a $ ki, for each i, IS i < /, and

F (k 1 T ) = ( A T= t H 1 ][ 1 ) ( To T1 1 T1 ! i ) :: T : 7f 2 rr 1 )

This implies that

bo( b) <

0 ( 1 ) r 0 ( A ) 2 A ( 1 ]1 f dJ J 1 kJ ) d )T / 1 )

and in particular if C '; k ,

b o ( b ) $ o ( k ) 2 k ( 1 P< / d;T1 1 kJ ) d ; z 1 a

Aside from its applications in discrete geometry (particularly, in incidence prob-
lenIS tackled using the polynomial partitioning method [fin, T A), Theorem 9 also
remedies a well-known anomaly – which is that the naive statement of Bezout in-
equality, that tIle rrurnber of isolated solutions in C7' of a system of n polynomial
equations in n variables is bounded by the product of their degrees is no longer
true for isolated solutions in R”. This is illustrated by the following well kIrou'n
example [31]

Example 2. Let A = 3, and let

QI

C:22

2

X3

QB = X: [ [[(xi –i)2 )

The real variety defined by {Q1, (?2, q3} is OdimernJondl, and Inn d2 isolated
(in R3 ) points, whereu; the degree sequence is (d1 , d2, d3 ) = (1, 1, 2d), and thus the
bound predicted by the naive Bezout inequality is equal to 2d

X3 ,

The technique behind proving Theorem 9 involve successive approximations of
possibly singular varieties with ones which are non-singular complete intersections.
The llumber of connected component.s of these are then bounded using classical
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formulas (coming from complex algebraic geometry) expressing the Euler-Poincar6
characteristic of non-singular complex complete intersections in terms of degree
sequences, and Smith inequalities. The main difficulty though lies in showing that
the nulnber of connected components of the given variety is bounded by the number
of connected components of (the real part) of these complete intersections. The
approximation scheme used in Theorem 9 is rather complicated and the following
example and pictures are for illustrative purposes only. The following figures show
tlrese approximation varieties in a special case

Example 3. Let k = 3, f = 3, and

QI (Xf + Xj + X: – 1)(X: + (Xi + !X: – 1)2),

Q2 (Xi + (x: + !xi – 1)2)1

X: + Xj + (Xl – 1)2,Q3

@

O @ @

,@
FIGURE 1. The successive approximating varieti&s.

The variety YI (shown in tIle top line of Figure 1) is boulrded, and equal to the
ulrion of the unit sphere S C R3 (sho\yn in orange), and an ellipse, C (shown in
green), contained in the plane span(er , c2), \nth SrlC = {(11, 0, 0)} (shown in red)
The variety b = o, and 1/3 = {(1, o, o)}. The succu;sive approximation varieties in
this case is shown in the second line (see [fi] for details). The anal approximating
variety to 73 (red points) coIrsists of a curve with 4 connected coInponents (in blue
told purple)

It is easy to see froIn Figure 1 that the approximating varieties, while approx-
inratilrg the given variety in the sense of IIausdorfT limit (which is sufficient for
proving a bound on tIle nur'nber of connected conrponents), do not approximate the
topology of the given variety. Thus, using this technique one is not able to prove
a sirnilar upper bound as in Theorem 9 on the suln of all tIle BetH numbers - as
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in the case of the original bounds of Oleinik and PetrovskF [-iII), Thom [33] and
Milner ['1 T].

Remark 3. Note that since the real dimension of each variety Yi is at most the
complex dimension of %, Theorem 9 remains true if we replace real dimension
by complex dimension in the statement. This observation is important in the
application of Theorem 9 to incidence problems (see [i 9])

Theorem 9 helped to make progress on several incidence questions. For example,
it plays a crucial role in Zahl’s new proof of Szemeredi-Trotter theorem over the
complex numbers [ljII] (i.e. Szemeredi-Trotter theorem for points and complex lines
in C2), as wren ,ni in recent work on bounding point-hypersurface incidences in R4

The bound in Theorem 11 has also been extended to the semi-algebraic case,
With the same assumptions &; in Theorem 9, suppose additionally that ? C
It[Xl, . . , , Xk] is a finite family of polynomials with deg(P) $ d for all P c P,
and card(P) = s, and suppose that dz g Ad

[l!'l

Theorem 10. [b]

(4.1)
aC{O,1,– 1}P

II)IItre A is cIeSued by

E bo(RCa, Yz)) :“(;)'"*

F ( k I r ) d r f ( L E ( ( ( h Ti 1 + 1 ) d t ) T f 1 T 1 )Q )

where the sum is taken oiler all 7 C Nz+1, with A = to ? 71 Z . .
Ti $ ki, for each i, 1 gig E, and

2 re ? o, and

J][ b ( k I T ) = ( k re + 1 ) ( To r1 1 f1 ] ; 1 : .–:–„)
This implies that

E
aC{0,1,–1}P

bo(RCa, b)) <

IIC) ) ( 1 ) e 1C) ( A ) 2 k ( s d ) k ( f r1 d f J 1 k J I

\r gj g/ )

In particular, if & g k,

E_- ba(R(cr, Pr))
aC {0,1,–1}P

g

0 ( k ) 2 b ( s d ) R e ( 1 ]1 f d fj 1 kJ )

With the same msumptions ds in Theorem in, let for P e P, dr = deg(P), and
fur any subset Z C ? let

(4.2) dr ( k + 1 ) ( r h ;d 1 ) + ( h f c 1 L r (1 z ) ( c & r d r 1 ) ( 11 dpI ( T# dp ) hca rUg\PCI I
\\"e have the following variant of Theorem ] (1 (the extra precision with respect to the
degrees of polynomials in P might be useful in applications in incidence geometry)

UsiIlg notation introduced in Tlrcorem IO and ('1.2) above
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. dEF

Theorem 11. [IiI

Er b„(RCa,vc)) $ X/ 4JO(1)£0(k)24dz fII(,-1-b)
Ia r 1: { 0 1 1 1 1 } +F) J = c f&eF g h f \ 1 S j S t /

In certain applications one is interested in tight bounds on the Betti numbers
of real varieties and semi-algebraic sets in terms of more finer im'ariants than the
total degrees of the polynomials – for example, one might want to have a bound
in terms of the degrees of the polynomials in each variable. Such a bound is useful
when the degrees of the polynomials in different variables are very different. The
following raiuks n'ere obtained in [lri].

5. l\IuLTID£GREE BOUNDS

Notation 2. Given, k = (hl,
by b = = f=1 &i and

kp),d = (dI , dp) C NP, and J > 0, we denote

G„„(d'k’j> = 1*(–1)*’"*(*–i*2>’(i 1 1) (:)–:X4' , d5,

Theorem 12. [ 1 th] Let Q = {01, . . . , Qe} c R[X(1), . . . , X(p>] be a #rtiLe set oj

polynomials u/it/l g ~> o, ulhcre for 1 s i s p, x(i) = (x!'>,...,x£:)), and

degxt,> (c?) $ di, di = 2, for all e c g. Let also F = z(Q, Rh), where A = = f=1 h
Denote by d = (dl , . . . ,dp) and k = (hr , . . . , kI,). Then,

b(y, Z2) < C;mill (dt ki Z)

o(1)kp3kdf1

where ami„(d, k, Z) equals

<

n 1 i 1 1 ( 3 + i ( +S ) p• ( G g c r 1 ( d r 1 k I J• ) + G g LF 1 ) ( d rik ; j + 1 ) ) 14 % n ( 2 dl kI 1 ) )

d[ = (d{ , . . . , dl), and Jor 1 S i $ p, d: is the leasl ejlen integer Z di

Theorem 13. [ II1] Eec p = {pl, . . . , p'} c R[X<1>, . . , , X<?)I &e a Bnite set al

polynomials with s > 0, where jOT 1 S i g p, X(i) = (X£!),...,X£!)), and
degxt,> (p) g d„ d, z 2, jor all p e p. Dr.note by d = (dl, . . . , dp) and
k = (bl, . . . , kI,). Then, for each i, 0 Si $ h – 1,

E
aC{0,1, - 1 }?

b{(R(aiR~ ), ZZ)
g : (; ) r1 / 1G m ! [ 1 ( d 1 k I JF )

S O(1)ksl;–ip3/=d{1 . . . dip

FuTtltermore, if S is any P-closed semi-algebraic set., then

bCS, Z2) E t ( sb : 1 ) 6 ]• G 1 11 i n ( d ) k ) j )
O(1)kgh //kd{1 - - ' dp<
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Remark 4. Theorems 12 and 13 are proved using a framework which can be sum-
marized as follows. Using infinitesimal perturbation, and inequalities derived from
the Mayer-Vietoris exact sequence, the problem is reduced to bounding the sum of
the Z2-Betti numbers of a particular class of semi-algebraic sets, to bounding the
same for a set of real algebraic varieties, which are non-singular complete intersec-
t;ions in affine space. The perturbations need to be chosen carefully so that the
degree dependencies of the various blocks of variables in the original set of pol)'na
rnials are preserved. One then uses Smith inequalities and a result of KhovanskiY

[.In] to bound the Z2-Betti numbers of these varieties. Similar techniques for the
simpler problem of bounding the number of connected components of real algebraic
varieties w’as used earlier by Benedetti, Loeser and Risler [YI ]

Semi-algebraic sets defined by few quadratic inequalities are topologically sim-
pIer, This was first noticed by Agrachev [ ii, 2, 1] who proved a bound which is
polynomial in the number of variables and exponential in the number of inequali-
ties for generic quadratic inequalities. The technique introduced by Agrachev was
very inrportant in later developments as \veII. Independently, using a different tech-
nique (closer to the spirit of Morse theoretic arguments) Barvinok [7] proved the
following theorem (no genericity a'sumption is required).

6, QUADRATIC CASE

Theorem 14. [7] Let Sc Rk be dcRnecl by a = 0, . . . , e, Z 0, deg(Pi) $ 2, 1 S
! $ s. Then,

This bound was later sharpened in [9], where the authors using the technique
discussed in §4 prove tIle following bound.

bCS , Z2) $ to(')

Theorem 15. [Y] Lel P = {Pr
defIned by

C,} C R[Xl, , Xk], $ $ A Let S C Rk Ge

with deg(P,) $ 2

Pl ? 0, ...,P, za
Then, for a $ i Sk – 1,

'„,„,' ! ('’':'’g–” c)(~;:)=')
„„:',' ;,;(~:=) ' ! (V)’

This \vai further sharpened in the case of algebraic sets by Lerario in [11, The-
oreln IS], where the following nearly optimal result \vas proved.

in part,icktar, JoT 2 '; s '$kj2, we have

Theorem 16. [ 13] Let (2 c R.[Xn, . . . , Xk] be a set of e quadratic forms, and
P = Z(Q, IPR) be the projective varIety defIned by Q. 'l’hen,

D(V“lZ2) $ (0(k))'–1
A striking aspect of the above bounds that the dependence on the dimension A is

polylrolnial for fixed nullrber of c(IUiIt ions. This is very speci ill to the quadratic cine
In higher degrees, the real variety defined by one polynomial can have exponentially
large (in k) BetH numbers.



One natural question is whether there exists common generalizations of the singly
exponential bounds as in Theorem 1, and the polynomial bounds in the quadratic
case as in the above theorems.

Finally, in [1 d] the authors also prove a result that generalizes the bounds on Betti
nunlbers of general semi-algebraic sets (defined by s polynomials having degrees
bounded by d, cf. Theorem .3), as well as the bounds in the quadratic case (cf.
Theorems 14, 13, 16). 1\lore precisely they prove:

Theorem 17. [1 .-] Let pl c R[Xl , . . . , Xk,], a fInite set of polynomials with

degx (P) S d, P e Pr , card(Pl ) = s,

and let p2 c R[Xl , . . . , Xk, , YI , . . . , Fk,], a BniLe seE of polynomials with

Let S c Rk=+k2 ae a (Pl u Pa -closed semI-algebraic set. TheTI

degx(p) S d,degr(p) $ 2, P e P2, card(72) = m,

(6.1 ) bCS, Z2 ) $ kg(o(b + s + m)hd)kl+2'”

In particular, for m $ A2, bCS, Z2) 5 kg(OCs + b)k;2d)kl+2'"

Remark 5. In particular, if in Theorem 17, Pl = a (and hence s = 0), and m, Al <
A2, we get

(6.2) bCS,z2) $ Rf OCm + k2)k2d)k\+2ln

Using different techniques, akin to those described in §4, the following theorems
are proved in [IIi]

Theorem 18. [III) PYi£fi the same rtuLuLiurr as in Theorem / 7, for each i, 0 S i $
k – I and assuming m $ F:2,

bCS, Z2) (O( b))kl+'"+3(O(sd))k1 , for m, A1 < A2$

Theorem 19. [ 1 ii] Let Q = {Ql, . . , , Or} c R[X1, . . . , Xk, , 71, . . . , Fk,] be a Fnite
set of polynomials with p \, o, degx(a) s d, d ? 2, and degy(0) $ 2 for all
Q c Q. Lel Y denote z(Q, Rk) . Then, IIlith e, k1 $ k2,

(6.3) b(YIZ2) $ (O(k2))€+k=dk1

For projective varieties in IPR defined by a fixed number of homogeneous qua-
dratic polynomials \ye have the following bound that is asymptotic tIlly a slight
ilnprovement over the tightest bound known previously [ 13, Theorem 15] (narnely,
the bound (O(A))£-1 )

Theorem 20. [IIi] POT each fIled g > 0, and IOT each set P c R[,Yo,
homogeneous polyn07niats of degree 2 of card (P ) $ C,

, Xk] Of

b ( z ( 1p > p h ) = ( 1c) ( ; ) )
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7, TOPOLOGICAL COhIPLEXITY OF 1 bIAO ES OF SEMI- ALGEBRAIC SETS UNDER

POLYNOMIAL A IAPS

As a consequence of the Tarski-Seidenberg principles, semi-algebraic sets are
closed under taking images under polynomial maps. It is often of interest to have
good bounds on the Bett;i numbers of images of semi-algebraic sets under polynomial
maps (often just project Sons on a subset of the coordinates). Now, since there are
kllown effective bound on the complexity of real quanti6er elimination, on possible
approach to having such bounds is to first obtain a a semi-algebraic description
of the image of the given set, and then use the bounds described previously to
bound its Bet;ti numbers. This approach often leads to non-optimal upper bounds
Moreover, in certain case, when the complexity of a polynomial is measured by
some quatity other than the degree (for example, the number of monomials), no
effective bounds might be known on the description of the image in terms of such
a measure (see for example [:+ iI)

Gabrielov, Vorobjov and Zell [; iii] introduced a different technique relying on a
certain spectral sequence argument to prove directly a bound on th eBetti numbers
of th eimage without going through effective quantifier elimination. The advantage
of this method is that it applies even in situations when effective quantifier elim-
irration is not available (for example, in the case of sets defined by fen’nomials or
more generally by Pfaffian functions)

The main topological tool used is the following theorem

Theorem 21. [x 3] Let fIX –+ Y &e a proper seTILr-algebraIC map
n ? o,

Then, for each,

bn(/(X)) F) < E, N'(PVr(X)IF)I
p+q=n

where

(p+ 1) – times

is the Lp + V-fold ftbeT product of X over f

IP/(X) = X x/ x/ X,

Remark 6. The assumption of properness can be relaxed slightly but cannot entirely
be done away with

Theorem 22. [J::] Let p c R[Y1,...,Y„„X1, . . . , X#I be a family of polynomials
and with deg(P) S d, P C P, card(P) = s. Let a : R'n+k A R"1 be the projection
map to the $rst m co-ordinates, and let S be a bounded P-closed semi-atgebmic set.
Them,

b(„(S)IF) = (0('d))(k+1)’”

\Vith Theorem 21 at hand it is possible to prove the following theorem

The polynomial map 7r under which the image taken in Theorem 22 is a pro-
jection and is thus a linear in llp. Solnet.IInes, it is useful to make a distinctiolr
between the degree of tIle map, and the degrees of the polynonrials defining the
scnri-algebraic set S. TIle foIIo\ring theorem which nlakes tllis distinction is proved
using the salne topological tool (namely, Theorem 21 ), but uses a multi-degree
arbtllllelrt to bound the Betti lrtIIIIL)ers of the nbered products



Theorem 23. [1'1]. Let F = {Fl, . . . , F,„}, g C R[Xl, . . . , Xk], with deg(F) $

d, F e F, and deg(G) g D, G c g, and let card(g) = s. Let F : Rh –> N- denote
the polynomial map = u (a(z), . . . , Fm (#)), and let T C Rk be a bounded g -closed
semi-algebraic set. Suppose also that d ED

Then, for as i '; m,

bt(F(T),Z2) g O(i)C='(m + s)'X'd(:+1>kD’71

where ai = (i + 1)h + m

Another topic that has attracted attention recently in the area of quantitative
serni-algebraic geometry is the study of symmetric real varieties and semi-algebraic
sets defined by symmetric polynomials of fixed degrees. It is easily seen that such
varieties can have Betti nurnbers which are exponentially large in the dimension of
the ambient space. Nevertheless, it is possible to prove a polynomial upper bound
on the equ£uariant Betti numbers of such varieties. In this simple situation the
equivariant Betti numbers are equal to the ordinary BetH numbers of the quotient
H/6 b (see [131 for more details)

The following theorem is proved in [1 3] ,

Theorem 24. Let p c R[X1, . , . , xl,] be a symmetric polynomial of degree d and

F a fIeld of characteristic a. Th,en, the sum of the Gk -equ£va7 lunt Bett£ numbers of
Z(P, Rk) is bounded by Ao(d) . Moreover, the equivaria7tt Beth numbers vanish; in
dimension greater than 2d

The proof Theorem 2'1 relies on prior work of Riener [311] and Timofte [afi, STl on
the so called “degree principle” (which states that if a real symmetric polynomial
in Rk of degree bounded by d has isolated real zeros, then the number of distinct
coordirlates in each such zero is bounded by d), in addition to some some non-trivial
perturbation argurnents and equivariant Nlorse-theory.

Xlore recently, Theorem 24 has been strengthened and generalized in several di-
rections. Essentially tight bounds on the vanishing and on the equivariant Betti
numbers, which improve the bound in Theorem 2'1 has been proved in [] --1] using
results of Arnold [-1], Giwnthal [37] and Kostclv [.III on the topology of Vander-
monde varieties and hyperbolic polynomials, as well as certain perturbation and
Xlayer-Vietoris type arguments. In another direction, the polynomial bound on
the equivariant Betti nulnbcr in Theorem 2-1 has been extended to a bound on the
lrlultipliciLies of all irreducible representations of ak (i.e, the Specht-modules) that
appear in the isotypic decomposition of H*(Y, F) as an ak-module [1 :i]

There are appplications of these results in a non-equivariant setting as well – for
example, irnpro\'ing the best known bounds on the Betti numbers of projections
of semii-algebraic sets when the degree is fixed (cf. Theorem 22). The main idea
belrind this application is that in Theorem 21, the fibered products that appear can
be replaced by their quotients under the action of appropriate symnletric groups
and the results on bourlding the Betti numbers of these quotients can then be used
instead of the standard bounds,

8. SYMMETRIC SEbII-ALC£BRAIC SETS

9, FEWNONiIAI,$ 1 ADDITIVE CONIPLEXITY

9.1. Fewnomial Bounds. Real algebraic geometry is distinguished from coInplex
algebraic geometry in that it is possible to bound the number of real zeros of a
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polynomial P e R[X] in terms of the number of monomials appearing with non-
zero coeHlcients. By Descarte’s rule of signs (see for example [ IZ, Chapter 2]), if
the number of monomials in P with non-zero coefficients is m, then the number of
real roots of P cannot exceed '27rt – 1

A generalization of such a result to the multi- mriate case was was proved by
Khov&nskK ['12, 41] as a special case of a much more general result on Pfafban
functions

Theorem 25. [-12} A system of k polynomials in IR[Xl, , . . , Xk] having m + k + 1

distinct monomiaLs has at most 2(m;k) (k+ 1)m+k non-degenerute positive solutions

The main technical tool is a generalized Rolle’s theorem [12]
It has been a long-standing open problem in real algebraic geometry to improve

I<hovanskiY’s bound, and find an analog of Descartes’ rule in the multi-variate case.
But this turned out to be a difficult problem and only partial progress has been
made so far

BRian considered real polynomial systems in R[Xl, . . . , Xk] supported on cir-
cults. This means that the exponent vectors appearing in the monomials with
non-zero coefficients in the polynomial system is of cardinality k + 2 and span Rk
A circuit C C Rk has a unique minimal aHinely dependent subset, and denote by
mCC ) the dimension of the affine span of this subset

The following theorem appears in [22]

Theorem 26. [221 The nbTrrbcr of positive solutions to a generic rcal poLynorniul
system supported on a circuit C c ZI' is at most mCC) + 1. Therefore, the number
of real solutions to a generic real polynomial system supported OIt a circuit C C Zk
is at most 2k(mCC) + 1). These bounds are tight

Using a tool from convex geometry, namely Gale-duality, Bihan and Sottile
[2.il improved the bound in Theorem 23 (with certain added assumptions) to
O(1)2(T) km . They also extended their bound to sums of Betti numbers using strat-
ned Morse theory [23]

Very recently Bihar! and Dickenstein [2:i] obtained an analog of Descartes’ rule
in the multi-variate case, where the exponent vectors a C Ze form a circuit. The
matrix of coeficients of a system of A polynomials in R[XI , . . . , Xk] with support
'4 induces an ordering on '4. They sho\v that under certain additional constraints
on the set of coefficients, the number of real zeros of a system of A polynomials in
R[XI , . . . , XI,] with support in a circuit , is bounded by the number of sign variations
of the corresponding ordered sequence of coefficients in any affine relation of the
given exponents A. The main ingredients of their proof are a generalization of
Descartes rule of signs for vectors spaces of analytic real-valued functions, and the
clhssical Gale duality.

Special systems of polynomials where all but one of the polynomials are trina
rrrials \vere considered by Li, Rojas and Wang [40] . They proved that

Theorem 27. [If i] The number of non-ctegcncr-de p05iLiue real solutions of the
system

Fl F r Fk a

rnttcre each a c IR[Xl , . . . , Xk], and F\, . , . , Fk_\ are Lrinomials, and Fk has ai
most m monom{als in its support, is bounded by k + k=Z + ' ' ' + Am– 1



NIotivated a connection between the problem of proviIlg IIg lower bounds in
colnplexity theory and upper bounds on the number of solutions of almost sparse
polynonlial systems, Kc>iran, Portier and Tavenas lIB] obtained a generalization in
another direction

Theorem 28. [.1: i] Let P, Qe R[X, Y], where 0 < deg(P) S d and the number of
mon.c)mints in Q bounded by m. Then,

ba(Z({P, Q}, z2) = OLd3m + d2m3'.

The main technical tool used is bounding the number of real zeros of a sum of a
finite number of real analytic functions (in one variable) in terms of the number of
real zeros of their Wronskians. No genericity is assumed, but note the restriction
that deg(P) > 0

9.2. Additive complexity. A notion of “complexity” that generalizes that of mea-
suring the complexity of a real polynomial by the number of monomial$ in its
support, is that of “additive complexity” . Roughly speaking the additive complex-
ity of a polynomial (see [2tt]) is bounded from above by the number of additions
in any straight line program (allowing divisions) tllat computes the values of the
poly110mial at generic points of IRb

Additive complexity of real univariate polynomials was first considered in the
context of computational complexity theory by Borodin and Cook [26] , who proved
an effective bound on the number of real zeros of an univariate polynomial in terms
of its additive complexity. This result was further improved upon by Grigoriev
[:h] and Risler FIll who applied KhovdnskiT’s results on fewnomial s [l=J to obtain
sirlgly exponential (in the additive complexity and A) bounds on the nurnber of real
solutions of systems of polynomials in RA

A surprising fact conjectured in [2l:'], and proved by Coste [:7] and van den Drias
[=1\], is that the number of topological types of real algebraic varieties defined by
polynornials of bounded additive conlplexity is linite.

NIost of the quantitative bounds described in the previous section were on the
topology of semi-algebraic sets. A related but different problem is to prove quan-
titdtive bounds on the number of distinct topological types occuring amongst the
fibers of some semi-algebraic map

Suppose that S C Rk is a semi-algebraic set and Its : S –> Rn be a semi-algebraic
map. \\’e can assume without any loss of generality that as is the ra;triction to S
of the projection map 7 : IRn’+n A R”, where A = m + n

The following statement is a version of Hardt’s triviality theorem

Theorem 29 ([: ijI, 211]). There erisis a Fade partition oIl" into semi-algebraic
sets {T,},c/ such that S is semi-nLgcbraicaLLy tricial over each Ti

'rlreoreln 21i ilnplics that for each i e I and any point y C :Fi, the pre-image
Til (B) is senri-algebraically horneomorphic to njl (y) x n by a fiber preserving
homc01110rplrisrn. Ill particular, for each i C I, all fibers a;1 (y),y e Ti are semi-
albcbraic',ally homeoIrlorphic.

Hardt’s theorenr is a corollary of the existence of cylindrical algebraic decomposi-
L'i07ts of semi-algebraic sets. Since the decompositions can be effectively computed

10, BOUNDS ON TOPOLOGICAL TYPES
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(see [ II J}), this implies a double exponential (in mn) upper bound on the cardinality
of I and hence on the number of semi-algebraic homeomorphism types of the fibres
of the map xs. Apparently, no better bounds than the double exponential bound
are known, even though it seems reasonable to conjecture a single exponential up-
per bound on the number of semi-algebraic homeomorphism types of the fibres of
the map yrs,

In [17], the authors consider the weaker problem of bounding the number of
distinct semi- algebraic homotopy types, occurring amongst the set of all fibres of
xs. The main results of this paper are single mponential upper bounds on the
semi-algebraic homotopy types, occurring amongst the set of all fibres of is

Theorem 30. [IT] L,el p c FiW1, . . . , Xm, 71, . . . , Y„], with deg(p) $ d faT each

P ep and camhnal£ty +P = s. Then, there e=ists a fInite set A cRTI, with

# A $ (smnd)O(n'")

such that for even Y e w1 there e££sts z e A such that for every P-semi-ut9ebrale
set S C R'n+n, the set 7;1 (y) is semi-algebraicalty homotopy equivalent to yr;1 (z)
In particular, for any fued P-semi.algebraic set S , the number of diferent homot,epg
types of fIbres zr;1(y) for various y e TCS) is also bounded by

(Sm nd) O('"")

Notice that the bound in Theorem 30 is single exponential in min. The following
example shows that the single exponential dependence on m is unavoidable.

Exarnple 4. Let P C R[Xl
fined by

, X„,] L> R[Xl, . . . , X„„ Y] be the polynomial de-

m d

p ;= X' [1(xi –i)2
i=1 j=1

The algebraic set defined by P = 0 in Rm+1 with coordinates X1, . . . , Xm, Y,
consists of dm lines all parallel to the Y axis. Consider now the semi-algebraic set
S C R”'+1 defined by

(P = 0) A (0 S r $ XI +dX2 + d2X3 + + d’"-1 Xm)

It is easy to verify that, if 7r : R7”+1 –> R is the projection map on the Y co-
ordinate, then the fibres xi1 (y), for y e {o, 1, 2, . . . , dl" – 1} c R are 0-dimelrsional
and of difFerent cardinality, and hence have different homotopy types.

Various uniform finiteness results in semi-algebraic geometry, such as the finite-
ness of the nulnber of connected componellts or more generally Betti numbers etc.
of semi-algebraic sets, actually hold in the more general context of uminimal struc-
Lulu; [Is]. It is thus a natural question whether there exists extensions of quanti-
tatlive bounds in semi-algebraic geometry to the more general context of ominirnal
F,COII let ry.

11. O-NlINIi\IAL BOUNDS



11.1. Combinatorial vs algebraic. Notice that in the bounds on the Betti num-
bers of semi-algebraic sets discussed in gB, the bounds can be split into a product
of two parts. One part that is a function of the rrunlber of polynomials used in the
definition of the semi-algeraic set, and the other part that depends on the degrees.
\Ve refer to the part that depends on the number of polynomials as the the com-
binatorial part of the bounds, while the part that depends on the degrees as the
algebraic part.

In the context of an arbitrary uminimal structures (urrlike for example, in the
case of semi-algebraic or semi-Pfaffian sets), there is no way to associate a “complex.
ity” rneasure (such as the degree or sparsity of a polynomial) to arbitrary definable
hrnctions. Thus, the notion of “algebraic complexity” does not generalize in an
useful way to arbitrary o-minimal structures. However, it is possible to recover the
“combinatorial part” (i.e. the part of depending only on the number of polynomi.
als) of the various bounds on the Betti numbers of semi-algebraic sets in the general
context of o-rninilnal structures

\Ve consider definable sets which are defined using unions and intersections of at
most n fibers of some fixed definable map (in an o-Trrinimal structuTe) r : T a R£,
\\’here T C RI;+z is a definable set

One can can obtain tight boUIldS on the Betti numbers terms of n and k. The
role of the algebraic complexity is played by a constant that depends only on the
particular definable family. In this way, we are able to generalize tIle notion of
combinatorial complexity to definable sets over an arbitrary uminirnal structure.
For example, the following ru;ult is proved by the Pl in [8]

Definition 1. Let SCR) be an o-nrinimal structure on a rea.I closed field R and let
T C Rh+Z be a de6nable set, Let T1 ; Rk+£ –> Rk (resp. x2 ; Rk+£ –> R£), be the
projections onto the first h (resp. last f) co-ordinates

\\Fe will call a subset S of Rk to be a (T, 71, Q )-set if

S = „I(„;1 (y) n ’r)

for some y e Re , and when the context is clear IVe \viII denote Ty = Tl(Gl (y) nT)

Definition 2. Let a = {51 , . . . , S„}, such that each S, c Rk is a (T, 71, b)-set
For / c {1, . . . , n}, \ve let a(/) denote the set

(11.1) n SI n n R'\S,.,
iC/C[1...n] ] ejI...IIIV

alld \ve \viII call sucl1 a set to be a basic X-set. \Ve will denote by CCA) the set of
non-enrpty connected compolrerlts of all basic X-sets

\Vc will call definable subsets S C Rk defined by a Boolealr formula u’Ircise atorlrs
are of the form, # c Si, 1 $ { $ n, a .A-set. A X-set is thus a union of basic
A-sets. If :r is closed, and the Boolean forlnula defining S has no negations, then
S is closed by def]llitiorr (silrce cac II Si being IroIneolnort)llic to the illtersection of
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T with a closed set r-1(y) for some y e R€ is closed) and we call such a set an
.A-closed set

Moreover, if y is any closed definable subset of Rk, and S is an X-set (resp
A-closed set), then we will call S nY an (X, Y)-set (resp. (X, 1/)-closed set)

Theorem 31. iN} Let SCR) be an o-minimal structure over a real cLosed Feld R and
let T C Rk+z be a closed defInabLe set. Then, there e=ists a constant C = CCT) > a
depending only on T , such that for any (T,nI,nI)-Jama A = {51, . . . , Sn} of

subsets of Rk the fottouJing holds
FoT ellery i, C) $ i g k,

Ed b,(D) $ c. rJ
Dec(X)

Let Y be a closed definable subset of Rk of dimension k’ S k. For any (T, n , T2)-
family, A = {Sl, . . . , S„}, of subsets of Rb, and I C {1, . . . , n}, we let X(J, F)
denote the set

(11.2) V n n & n n Rh \ sj,
ie/c[1.. .n] JC [1.. .n]v

and we call a connected component of A(J, V) a cell of the arrangement restricted
to V

Let C(.A, Y) denote the set of all non-empty cells of the arrangement a restricted
to Y, and we call the cardinality of C(.A, Y) the combinatorial complexity of the
arrangement A restricted to V. Similarly, we define the topological complexity of
an arrangement a restricted to Y to be the number

A

E E':(”)
Dec(A, V) i=O

Theorem 32. [S] Let SCR) be an o-mirtirnal structure OIler a real closed AeLd R
and let T C Rk+z, 1/ C Rk be closed defInable set.s toith dim(V) = k/. Then, there
esists a constant C = CCT, Y) > a depending only on T and V , such that for any
(T,T1,T2)-/ami@ ,4 = {s1, . . . , Sn}, of subsets of Rk , and IOT ellery i, o s i $ #[,

X / bitD) $ c . nk' -L
Dec(.A, V)

We have the following generalization of Theorem 31

Now, let as before SCR) be an o-minimal structure over a real closed field R, and
let T c Rk+z, I/ c RA be closed definable sets with dim(Y) = k/

Theorem 33. [8] Lel SCR) be an o-minimal structure over a real closed held R,
and let :r (_ Rk+Z, I/ c Rk be closed defInable sets with dim(1/) = k1 . Then, there
exists a constant c = CF, v) > Q such that for any (T, TI,xa-famiLy, A with
IAl = n, and an A-closed set Sl C RA, and an A-set 52 C Rk,

k

E/ bi(51 n Y) $ c - nh' and
i=0

kq

XJ b,IS2 n 7) $ a . n2h’



It is also possible to study cylindrical decoInposition quantitatively in the o-
nUnirnal setting,

The fact that given any finite family A of definable subsets of Rk, there exists a
cylindrical definable cell decomposition (cdcd) of Rk adapted to A is classical (see
JR, l>]). The following theorem is a quantitative version of this result

Since we need to consider several different projections, we adopt the following
convention. Given m and p, p g m, n,e n,iII denote by denote by 7# : R'n –> RP
(r&sp. 7jP : R'n –> Rm–p) the projection onto the first p (resp. the last m – p)
coordinates

The following theorem appears in [n}

Theorem 34. lb] Lel SCR) be an o-minimal structure OIler a real closed Beld R,
and let T cRI=+t be a closed defInable set. Then, there e:ist constants cI, C2 > Q
depending onLy on T, and defInable sets,

{n}icr, T, C Rk x R2C2k-1)'£

dependIng only on T, with 1/1 S OI,
srch that for any (T, r1 , r2)-/arnily, A = {sl,

i $ n, some sub-coLlection of the sets
, S„} tvith Si = TV..Vi C RI, IS

T if2 ( 2 k + 1 ) H e ( IIT iI1 2 ( 2 h 1 ) H ( 1 ( 11r i 1 7

i e /, 1 g iI,
in,„,_,,) n n) I

IZ2(2k – 1) $ n>

form a cdcd of Rk compatible with A. Moreover, the cdcd has at most C2 . a2(2k–1)
ceLls

The combinatorial complexity bound in Theorem 3'1 coInpares favorably with
the combinatorial parts of similar quantitative results on cylindrical decomposition
of semi-algebraic sets (see for instance Section 11.1 in [I11]), us \veil as sub-PfafHan
sets (see main result in [321 )

i\Ioreover, since a doubly exponential dependence on h is unavoidable (see [311]),

the complexity bound in Theorem 34 is very close to the best possible.

Remark 7. There are several applications of the o-minimal bounds described above
The bound in Theorem :31 implies bounds on the Vapnik-Chervonenkis dimension
of definable families of sets in an uminilnal structure. which is related to not
having the independence property (NIP) of a-minimal theories. 'I'heoreln B1 implies
amongst other things that bminimal theories are distal, and the precise quantitative
bound leads to combinatorial theorems about graphs with edge relations definable
in an uminilnal structure. We refer the reader to the survey by Scanlon [52],
and the Bourbaki-seminar article by Starchenko [h iI for more details about these
connections with combinatorics,

1. A. A, Agrachcv &rld R. V. Galnkrclidze, C07nputat£on of the ctrter characteristic of i7rter
sections of real quadrics, Sov. Math., Dokl. 37 (1988), no. 2, 297-300 (Russian, English)

REFERENCES

2. A. A. Agrachcv, llomoLogy of intersections of rtal quadrics, SOY. \lath., Dokl. 37 (1988) , no. 2
493-496 (Russian, EnLlish). II

3. _ , Topology of quadratic rnaps and Hessians o! smooth maps, Algebra, Topoloby, Ge-
onlt:try, Itogi Nuuki i Tekhniki, Al<ad. Nduk SSS;It, Vsesoyuz. Inst. Naucl-In. Tcklln. Illform



QUANTITATI\'E BOUNDS ON THE BETTI NUN IBERS OF VARIETIES

vol. 26, VINITI, Moscow, 1988, IYanslated in J. Soviet Mathematics. 49 (1990), no. 3, 990-
1013., pp. 85–124 (Russian, English). II

4. V. I. Arnold, Hyperbolic polynomials and VanderrIronde mappings, Funktsional. Anal. i
Prilozhen. 20 (1986), no. 2, 52-53. bIR 847139 1.1

5. Boris Aronov, Edward Y Miller, &nd Micha Sharir, ElimInating depth cycles among triangles
in three dimensions, Proceedings of the Twenty-Eighth Annual ACM-SIAM Symposium on
Discrete Algorithms, SIAM, 2017, pp. 2476–2494. 5

6. SaI Barone and Saugat& Basu, On a real analog of Bezout inequality and the number of
connected components of sign conditions, Proc. Lond. Math. Soc. (3) 112 (2016), no. 1, 115-
145. MR 3458147 7, 8, 9, 10

7. A. I. Barvinok, On the Betti numbers oS semiatgebmic sets defIned by Icu) quadratic inequal-
dies, Math. Z. 225 (1997), no. 2, 231–244. MR 98f:14044 11

8. S. BasII, Combinatorial compleritv in o.minimal geometry, Proc. Inndon Math. Soc. (3) 100
(2010), 405–428, (an extended abstract appears in the Proceedings of the ACM Symposium
on the Theory of Computing, 2007). IS, 19, 20

9. S. BasII and M. Kenner, A sharper estimate on the BetH numbers of sets defIned by quadratic
inequalities, Discrete Comput. (;cum. 39 (2008), no. 4, 734-746. 11

10. S. B&su, R. Pollack, and M..F. Roy, Algorithms in real algebraic geometry, Algorithms
and Cornputation in Mathematics, vol. 10, Springer-Verlag, Berlin, 2003, Revised version of
the first edition opline at urlhttp://perso.univ-rennes1.fr/marie-francoise.roy/. MR 1998147
(2004g:14064) 171 20

, Betti number bounds, applications and algorithms, Current Trends in Combinatorial
and Computational Geornetry: Papers from the Special Program at hlSRI, XISRI Public&
tions, vol. 52, Cambridge University Press, 2005, pp. 87-97. 1

Algorithms in real algebraic geometry, Algorithms and Computation in Mathematics,
vol. 10, Springer-Verlag, Berlin, 2006 (second edition). MR 1998147 (2004g:14064) 1, 5, 15
S. Basu and C. Riener, On the isotypic dcconiposition of cohomotogy modules of symmetric
semi-algebraic sets: polynomial bounds on muLtiphcities, ArXiv e-prints (2015). 14

, On the equ£uaria7rt Betti numbers aS symmetric semi-algebraic sets: vanishing,14. , „ . _
bounds and atgoritlrms, ArXiv e.prints (2016). II

Bounding the cquiuariant Betti numbers of symme£r£c semi-algebraic sets, Advances
in Mathematics 305 (2017), 803-855. ll

algebraic sets and applicatIons, ArXiv eprints (2015). 3, 10, 12, 1.1

Lc)nd. Math. Soc. (2) 76 (2007), no. 3, 757–776. RIFt 2377123 17
18. Saugata Basu, Dmitrii V. Pasechnik, and b<larie-F}angoise Roy, Bounding the Beth num-

bers and conrputing the BIlleT.Poincar6 characteristic of semi-a19ebtaic sets defIned by partly
quadratic systems of polynomials, J. Eur. Math. Soc. (JEIYS) 12 (2010), no. 2, 529–553,
bIR 2608951 (2011(i:14102) 12
Sauguta B&su and Marti n Sornbra, POlynoTnial partitioning on varieties of codimension two
and point-hypersurjacc incidences in JoIn dimensions, Discrete Comput. (leom. 55 (2016),
no. 1, 158-184. MR 3439263 7, 9

20. R. Bcnedetti and J.- J. Risler, Real algebraic and send.algebraic sets, Actualit6s
Nlath6lnatiques, Hermann, Paris, 1990. 16
Riccardo Benedet;ti, Frangois Loucr, and Jean-Jacques Risler, Bounding the number oS con-
nected components oi a real algebraic set, Discrete Comput. (;eoin. 6 (1991), no. 3, 191–209.
XIII 1090179 (92e:14053) ll

22. Flederic Bihan, Polynomial svstetn3 supported on circuits and dessi7ts d ’cnfants, J. Lond
Nlath. Soc. (2) 75 (2007), no. 1, ll(b132. AIR 2302733 13

23. 1+6(16ric Bilrun and Alicia Dickenstein, Descartes ruLe of signs for polynam laI systems sup
portcd on circuits, Intcrndtional Nlathcmutics Research Notices (2016), rnw199. 13

24. Fr6d6ric Bihan and Frank Sottilc, New fCurroTnial uppcr bounds ham Gale dual polynolnial
systcTrts, blosc. NIath. J. 7 (2007), no. 3, 387–407, 373. \IR 2343138 IS

25. _, Betti number bounds for feutnomial hypersurfaces via stratifIed Morse theory, Proc
Alllcr. NInth. Soc. 137 (2009), ilo. 9, 2825–2833. MR 2306438 IS

26. Allan Borodin and Stephen Cook, On the number of additions to compute specific polynonriaLs,
SIANT J. Cc)Input. 5 (1976), no. 1, 146-157. NIR 0395313 (52 #16110) 16

17. S. BasII and N. Vorobjov, On the number of homotopy types of $bms of a defInable map, J

12

16. S. B&su and A. Rizzie, Nf ulti- degree bounds on the Betti numbers of real varieties and semi-



hI. Caste, Topological types of jetunomiaLs, Singularities Symposium–l,ojasiewicz 70 (Krak6w,
1996; \\farsau', 1996), Banach Cellter Publ., vol. 44, Polish Acad. Sci., \Varsaw, 1998, pp. 81-
92. MR 1677331 (200C)b:14075) It;
Xlicllel Coste, An introduction to o-minimal geometry, lstituti Editoriali e Poligrafici Inter-
nwionali, Pisa, 2000, Dip. Mat. Univ. Pisa, Dottorato di Ricerca in hlatematic&. 'JO

, An introduction to semi.algebraic geometry, Istituti Editoriali e Poligrafici Inter-
nazionali, Pisa, 2000, Dip. Mat. Univ. Pisa, Dottorato di Ricerca in Matematica. 16
J. H. Davenport and J. Heintz, Real quantifrer elimination is doubly eTponentiat, Journal of
Symbolic Computation 5 (1988), no. 1/2, 29–35. 20
\V. Fulton, Intersection theory, second ed., Ergebnisse der Mathematik und ihrer Grenzgebi.
etc. 3. Folge. A Series of Modern Surveys in Mathematics [Ruults in Mathematics and Related
Areas. 3rd Series. A Seriw of Modern Surveys in Mathematics] , vol. 2, Springer-Verlag, Berlin
1998. bIR 1644323 (99d;14003) 7
A. (;abrieIov and N. Vorobjov, Complerity of cylindrical decompositions of sub-pja8lan sets,
J. Pure and Applied Algebra 164 (2001), 179–197. 20
A. Gabrielov, N. Vorobjov, and T. Zell, Beth numbers of semialgebraic and sub-P/afran sets,
J. London blath. Soc. (2) 69 (2004), no. 1, 27–43. MR 2025325 (2004k:14105) 13
Andrei G&brielov, Countere=amptes to quantifrer elimination for jeulnomial and e=ponential
erpressions, Mosc. Math. J. 7 (2007), no. 3, 453–460, 574. MR 2343142 13
Andrei Gabrielov and Nicolai Vorobjov, Appro=imation of defInabLe sets by compact families,
and upper bounds on homotopy and homology, J. Lond. blath. Soc. (2) 80 (2009), no. 1,
35-54. MR 2520376 6

, On topological lower hounds for algebraic computation trees, Found. Comput. Math.
17 (2017), no. 1, 61-72. MR 3600849 ti
A. Clivental, Mornents of random variables and the equ£uar£ant Tnorse lemma, Russian Math.
errlatical Surveys 42 (1987), no. 2, 275–276. 14
D. Yu. Grigor/ev, Lower bounds in the algebraic comple=itV of computations, Zap. Nauchn.
Sem. Leningrad. Otdel. Mat. Inst. Steklov. (LOMI) 118 (1982), 23–82, 214, The theory of the
conlplexity of computations, I. MR 659083 (8'lj:68021) 16
R. H&rdt, Semi-algebraic LocaL-triuiahty in sen\i-uLgebr'cac mappings, Amer. J. Math. I02
(1980), no. 2, 291–302. MR 564475 (81d:32012) 10
A. G. HovanskiY, Newton polyhcdra, and the genas of complete intersections, Funktsional.
Anal. i Prilozhen. 12 (1978), no. 1, 51–61. MR 487230 (80b:14022) II
A. G. KhovanskiY, FeumorMals and PfaB manifoLds, Proceedings of the International Con-
&regs of Mathematicians, Vol. 1, 2 (Warsaw, 1983) (Warsaw), PWN, 1984, pp. 549–564,
bIR 87d:58014 13

, Fewnom£aZs, Translations of hIathematical Nlonographs, vol. 88, American Mathb
matical Society, Providence, Rl, 1991, Translated from the Russian by Smilka Zdravkovska.
bIR 921l:14039 ] 3, 16
Pascal Koiran, Nat acha Portier, and sebastien Taveniu, On the intersection of a sparse curue
and a low-degree curue; a polynomial uersion of the lost theorem, Discrete Comput. (;earn
53 (2015), no. 1, 48-63. MR 3293488 16
V.P. Kostov, On the geometric properties of uanderrnonde ’s mapping and on the problem of
moments, Proceedings of the Royal Society of Edinburgh: Section A Xlathematics 112 (1989)
no. 3-4, 203-211. l'I
A. Lerario, Complerity of intersections of real quadrics and topology of symmetric detcrmi'
na7rta[ varieties, ArXiv e-prints (to appear in J. Eur. Math. Soc.) (2012). 11, 12
Tien-Yien Li, J. Maurice Rojas, and Xiaoshen Wang, Counting real connected components
of trinomia! curue intersections and m-nomial hvpersurfaces, Discrete Comput. Geom. 30
(2003), no. 3, 37W14. MR 2002964 IS
J. blilnor, On the Betti numbers of real varieties, Proc. Amer. Xllath. Soc. 15 (1964), 275–280.
RIFt 0161339 (28 #4547) 2, 9
J. L. Montafra, J. E. Nlorais, and Luis M. Pardo, Lower bounds for arithmetic networks.
II. Sum of Betti numbers, Appl. Algebra Engrg. Comm. Comput. 7 (1996), no. 1, 41-31
bIR 1464537 (98j,68060) 6
1. G. PetrovskiT and o. A. OlcYnik, On the topology of teal algebraic surfaces, Izv%tiya Akad
Nauk SSSR. Scr. 1\lat. 13 (1949), 389–402. bIR 0034600 (11,613h) 2, 9

28

29,

30

36,

37

38



QUANTITATIVE BOUNDS ON THE BETTI NUMBERS OF VARIETIES

Cordian Riener, On the degree and haLf -degree principle for symmetric polynomials, J. Pure
Appl. Algebra 216 (2012), no. 4, 850–836. MR 2864859 14
J.-J. Risler, Additive compLerity and zeros of real poLynomiaLs, SI AbI J. Comput. 14 (1985)
no. 1, 178–183. MR 774937 (86g:68081) 16
T Scanlon, O-rranimality, Gazette Math6matique 149 (2016), 33–39. 20
Edwin H. Spanier, Algebraic topoLogy, 1\ CIc(;raw-Hill Book Co., New York, 1966. MR 0210112
(35 #1007) 3
S. Starchenko, Mp, keisLer measures and comb£natorics, Seminaire BOURB AKI (2015-2016)
no. 1114. 20
R. Thom, Sur I'homoLogie des uari6t6s alg6briques r6elles, Differential and Combinatorial
Topology (A Symposium in Honor of Marston hlorse), Princeton Univ. Prws, Princeton
N. J., 1965, PP. 255–265. MR 0200942 (34 #828) 2, 9
Vlad Timofte, On the positivity of symmetric polynomial functions. 11. Lattice general results
and positivity criteria for degrees 4 and 5, J. Math. Anal. Appl. 304 (2005), no. 2, 652–667.

MR 2126538 (2006&:05168) 14
On the positivity of symmetric polynomial Iunct£ons. III. E=tremal polynomiaLs of

degree 4, J. Xlath, Anal. Appl. 307 (2005), no. 2, 565–578. bIR 2142445 (2006d:05183) 14
L. van den Dries, Tame topology and a-minimal structures, London Mathematical Society
Lecture Note Series, vol. 248, Cambridge University Press, Cambridge, 1998. MR 1633348
(99j:03001) 161 171 20
Andrew Chi-Chih Yao, Decision tree complerity and BetH numbers, J. Comput. System Sci,
55 (1997), no. 1, part 1, 36–43, 26th Annual ACM Syrnposiurn on the Theory of Computing
(STOC ’94) (N:lontreal, PQ, 1994). MR 1473048 (99b:68106) 6
Joshua Zahl, A Szerrrer€di- Trotter type theorem in R4, Discrete Cornput. Geom. 54 (2015),
ilo. 3, 513-572. MR 3392965 7, 9

52
53

54

56

57

DErARTMENT OF MATHEMATIcs, PURDUE UNrv£ksrTy, W£ST LAFAv£TTE, IN 47906, U.S. A
E-mail address: sbasu©mat;b. purdue . edu





Un langage qui donne les boules

Frangoise Delon

Un corps alg6briquement cjog ou un corps r6els clos elimine les imagi-
naires : les quotients par des relations d’6quivalence d6finissables peuvent
etre d6finissablement assimi16s i des e16ments du corps. II en va diff6rem-
ment pour les corps valu6s alg6briquement clos. Ainsi une valuation ou un
616ment du corps de restes n’a(Imet pas de repr6sentant canonique dans le
corps : il n’existe pas d’injection d6finissable uK q K" ou K Iv q K"'
Haskell, Hrushovski et Macpherson ont montr6 qu’il est suffisant d’ajouter
une infinit6 de sortes, dites g6om6triques, qui sont des images lin6aires de
certains produits de boules. Des langages naturels ofr consid6rer Ies corps
valu6s sont dorIC les suivants, rang6s par richesse croissante :

£di„ = £,i„,7 U {chu}, a une seule sorte, pour les 616ments du corps valu6

Z:r, a deux sortes, pour les 616ments du corps valu6 et ceux du groupe de
valuation,

Z:r/?, a trois sortes, pour les 616ments du corps valu6, du groupe de valua-
tion et du corps r6siduel,

z:B.,z,,, a trois sortes, pour les 616ments du corps valu6, les boules ou-
vertes et les boules ferm6es,

[<, avec une infinit6 de sortes, les sortes g6om6triques

Le langage Z:r/? est inclus dans cB.ut„ puisque les valuation peuvent etre
identifi6es aux boules ferm6es contenant 0 et les restes aux boules ouvertes

de rayon I contenues dans la boule ferm6e de ra)'on 1 contenant l’origine. Le
langage que nous allons d6crire, £;„..j, est interm6diaire ent;re /:r et £8.„ 1,,. II
a trois sortes, pour les 616ments du corps, ceux du groupe de valuation et pour
les boules ferm6es de l’anneau de valuation. La pr6sence de 1’inverse du corps
rend n6cessaire de se limiter a des boules de rayon born6 si 1’on veut s6parer
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boules ouvertes et boules ferm6es. En effet, si B := {# e K; u(z) ? I}, alors
tB \ {0})–1 = {2 C K; u(z) $ –7}, dont le cornp16mentaire est une boule
ouverte, d6finissable sans quantificateurs a partir de B. L’int6r6t de £;„.j est
une pr6sentation uniforme des anneaux quotients O/IO, oi O est l’anneau
des entiers de la valuation et TO l’id6al des 616ments de valuation ? I.

Tous ces langages ont le m6me pouvoir d’expression, au sens ofr ils ont
les m6mes imaginaires

Adapt6e aux corps p-adiquement clos, cette approche fournit une axioma-
tisation uniforme des anneaux quotients Z/p71Z (a p frx6, pour commencer)
C’est l’objet d’un travail avec Franziska Jahnke.



Elimination des quantificateurs
dans un corps valu6 alg6briquement cjog

dans le langage ILI,F.1

FranQoise Delon

R6sum6. Nous consid6rons les corps valu6s dans un langage a trois sortes,
pour les 616ments du corps, du groupe de valuation, et pour les boules ferm6es
de l’anneau de valuation O. Nous presentons une expansion par definition
dans ces sortes qui permet d’61iminer les quantificateurs dans les corps valu6s
alg6briquement cjog de caract6ristique r6siduelle nulle. Nous obtenons donc
la description de la structure induite par Ie corps valu6 sur 1’ensemble des
boules de O, qui n’est autre que l’arbre canonique de la C-relation sur O

1 Definition du langage £;„,j-
Dans un corps valu6, une boule B contenant O et de rayon valuationnel

positif est un id6al de l’anneau de valuation O. L’ensemble des boules de
O de meme ra)'on porte dorIC une structure d’anneau, isomorphe i O/B, et
I’ensemble de toutes les boules de O apparait comme le syst6me projectif
constitu6 par tous ces anneaux, lorsque le rayon varie. Cela explique l’intro-
duct;ion des objets d6finissables sui\’ants.

On commence avec le langage £„'! a deux sortes classique des corps valu6s,
qui comprend
- une sorte O pour les 616ments du corps, munie du langage {0, 1, +, –, ',–1 }
- une sorte F pour les valuations, munie du langage {0, +, –, S, m}
- un symbole de fonction pour Id valuation u : O > r.
Il est connu que les CACV non trivialement 61iminent les quantificateurs dans
z:.'I. Le langage £ I„.j que nous introduisons maintenant est une extension par

1



d6finition de ce langage dans laquelle ils les 61iminent 6galement, du moins
en caract6ristique r6siduelle nuDe.

Introduisons Ies objets d6finissables suivants : O := {= e C; uCs) = 0}, F+ :=
F>o, et pour chaque I e F+, TO := {s e C; u(r) ? "/} et O.'7 := O/IO
X4unis des projections 7r7,6 : O,.I –> O,,6, z + TO b> = + dO, pour I > d dans
F+, les O<1 constituent un systame projectif d’anneaux. Par abus de notation,
nous 6crirons 6galement, pour 1 > 8 > 0 dans F et I e TO, r +dO := 77,6(1)
Chaque o,.I porte la trace de la valuation : c’est 1’application VI : O '.I –>
Fri := {z e F; 0 g r < 7} U {oo}, rt TO A u(z) si g g TO, et qui envoie 0
sur l’iIlnni. Elle satisfait formellement les axiomes habituels d’une valuation,
mats prend ses valeurs non plus dans un groupe (sauf pour I = ao) mats dans
un segment initial du groupe ordonn6 uK, union l’infini. Sauf pour I = m
l’anneau OrI n’est plus intdgre, mais il h6rite de l’anneau de valuation O une
propri6t6 de divisibilit6

O <1 b Va, g lz [ m > til(r) ? ul(g) –> z = zy ].

Si z et z’ dans O<7 v6rifient tous deux z = zy = Ju alor s ul(z – z’) ?
I – ul(y). Donc z + (I – ul(y))O = z’ + (7 – ul(y))O, nous noterons ly–1
cet 616ment de (I – ul(g))O

Le langage £1„.j est compos6 de £,d auquel on ajoute une nouvelle sorte pour
1’ensemble des boules ferm6es de O, a savoir IS := {r + IO; n e O, 7 e Ft}
Cette sorte repr6sente dorIC 1’union disjointe des anneaux O<1. Le langage
Lp,.i donne ainsi une d6finition des O <7 qui soit sans quantificateurs et uni-
forme en I. On ajoute en outre des symboIes pour
- la somme (uniform6ment pr6sent6e et partielle) B x B –> B : (z + IO) t
(y + dO) est d6fini exactement lorsque Y = J et vaut alors (n + y) + TO ;
- le syrn6Lrique B –> B, z + TO b> (–z) + TO,
- la valuation 13 –> F+, z + TO o U_r(z) e Fri,
- la multiplication (totale) : (r + TO, y + dO) A :-g + cO, on e := min{I +
ud(y + dO), J + vl(I + IO)} ;
- 1’inverse binaire (partiel) qui i (z + TO, y t JO) avec uKs) g A(y) + m,
associe Un–\ e o,\d_,it,) ;
- la fonction O x F+ –> B, (7, 1) F> z + TO, qui repr6sente de fagon uniforme
la projection 77 : O A O ,.I,
- et ennn pour la fonction Bx F –> B, (r+'/O, d) b> =+ JO, d6finie pour 7 /, J
dans F+ et qui repr6sente de fagon uniforme lcs projections 77.6 : O ,'l d O.'i
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pour tolls I ? d dans F+

Tout corps valu6, disons ff, porte sa £w.rstructure Kv,,i := ((Ox)<7)lem+ ,
notation dans laquelle nous n’explicitons pas les fonctions h,6. Plus g6n6ra-
lement;, pour un sous-anneau A de O, Amd d6signe le syst6me projectif des
X<7 := Al A n IO, index6 par 7 e uA. Dans de tels systdmes, les fonctions
77,a sont surjectives. Ce n’est 6videmment pas Ie cas dans une £ I„.J-sous-
structure quelconque de Kp,.1

Th6or6me I. Les cacy non triuinLement et de caract€rLstique r6sidueLle nuZZe

£hminent les quant£frcateurs clans Le langage Cw.j

ICommentaire perso,
Pour r C Al, z 74 0, y e Ad, y 74 0 et 2 e Alt„(y) avec I + u(y) $ 6 + u(3),
la relation 2g = z doit 6tre d6finissable sans quantificateurs. Que le langage
contienne n6cessairement la fonction (r, y) F–> z ou (r, z) F–> g n’est pas clair
pour moi. N’est pas non plus clair ce que j’utilise de ces deux fonctions dans
ma preu\'e, certainement l’inverse binaire faible A7 x Al –> ArI.]

Les anneaux de la forme O<7 portent une application, que nous appelle-
rons valuation tronqu6e, qui satisfait les axiomes habituels d’une valuation
et prend ses valeurs dans G := C70{oo} ofr a est une structure plus g6n6rale
que Ie semi-groupe des 616ments positifs d’un gao.



2 Pre-semi-groupes ab61iens ordonn6s tronqu6s
D6nnition 2. On appetle semi-GAO Ze semi-gr-o'upe dbs £ldTrtents positifs
d’un gao, pr6-semi-gao une sous-structure d’un semi-GAO dans Le tangage
{0, +, <}
Un presse-GAOT (pour : pr&(semi-groupe ab61ien ordonn6) tronqu€) est ou
bien un prC-semi-gao, ou bien proprement tronqu6 ; t’addition n’est ators que
partietle et on ajo£nt d G un nouvet dt6ment, not;6 « oo », sur lequet on en-
uo£e toutes les somTrbes £nd6$rnes, pour donner une structure G == C;0{m}
du langage {0, x), +, <} , dont on reqhiert qu’elle soit mod€1e des aTiorrtes
(universels) suivants
1. + est une Loi b£naire, associative et commutative, dont 0 est 6t6merbt
neutIre,

2. < est un ordre t£n6a£re, dont o est te premier 616ment, et oo le dern£er,
3. z + oo = oo,
4 . r£gularit6 initiate
z < y –+ (= + z < y + z Vr + z = y + z = oo)

Exemple. Un segment [0, a[ ou [0, a[ dans un groupe ab61ien ordonn6, 6quipp6
de 1’« addition tronqu6e »

Quelques constatations.
0. z $ gHZ + z $ y + z ; z $ 2 + z
1. G est un monoTde r6gulier ordonn6 ssi il est stable par t.
2. Si 1 est un segment initial de G, I U {oo} porte une structure canonique
de presse-(IAOT : a + b est d6fini comme dans a si c’est un 616ment de I et
est sinon d6fini comme 6tant oo
3. Si 1 est un segment final de G, {0} U / est un presse-gaotte

Fait 3. Tout segment initial I non u£de et stable par addition de G daBnit sur
G une relation d’6quiualence compatible avce ta loi et t’oTdre (c’est a dire a
classes converes) : a et b < a sont 6quiualents lorsque I contient un 616ment
i pour Lequet a $ b + i. La structure quotient est an presse-G AOT note G/ 1

Notation. Par r6gularit6 initiale, 1’ensemble Ac := {= e G; AlleN nz 7£ cn}
est convexe et stable par addition. C’est Ie sous-mono'fde r6gulier maximal
de G

D6finition 4. Nous d£r07bs que G est archim6dien lorsque pour tolls z, y dans
G cltfl£renLs de 0, ii e=£ste un eIther n pour lequel nz / y , et brutalement

4



archim6dien torsque pour tout z > 0 dans G, ii eziste un ent£er n pour tequet
7Zg OC

Fait 5. La structure quotient G/ /\c, est brutalemerbt archim£d£enne. En par-
ticulier, si G est stabLe par aclthtion, alors Ac = G .

Toujours d’aprds l’axiome 4, pour a, bC (? avec a ? b, il existe au plus
un z e G v6rifiant a = b + z ; s’il existe cet 616ment sera not6 a – b. En
particulier a – a existe et est 6gal a 0.

D6finition 6. Nous diroTts que a est clos, ou bien qu’il est un a,4 OF, lorsque
a – b eziste pour t:OtIS a 2 b e G ; on a ators
a + (b – c) = (a – c) + b = (a + b) – c pour tolls a,bBc C G,
Pour # e G, si G n’est pas un monotde et si inf{y e G; I + y = oo} e=£ste,

on ie note oo – r. On cbt que G a une fonctian oo – z si oo – z e£iste paIn
tout s e C; et u€rifle oo – (m – z) = z

Remarque. Si mz 7£ 0, on a (m + 1)z – mz $ z. Mais 1*6galit6 peut etre
stricte lorsque (m + 1)z = oo. (Lorsque (m + 1)z = oo, (m + 1)z – am = z
ssi z = min{r e G; (m + 1)= = m}.)

Fait 7 . Un presse-G AOT G cjog a les propri6t6s suivantes.

1. Ac, est la partie positiue ci’un gao (ie c’est un semi-gao).

2. Si G est (Ie plus aTChim6(lien, ators ou bien it est {somorptIe d in seQ-
ment indial de (N, t) TrurTri de L’addition tronqude, ou bien it est dense
et de plus, pour tout I C G et tout entier n non nut, I t nG
(I + nG) U {g e G-,leg + nG} est dense dans G,

D6monstration. 1 est clair. Supposons maintenant G archim6dien
- Si 0 a un successeur, « 1 >, dans G, pour tout # C G, par c16ture de G, iI
n’y a rien entre z et = + 1. Ainsi, ou bien G est le monorde (N, +), ou bien iI
existe un premier entier > 0 tel que nI soit nuI dans G et alors G est (N, +)
tronqu6 a n.
- Si 0 est limite, disons d’une suite strictement d6croissante (ra)a<aG de
G, d6finissons Ia suite (y„)„eu comme suit : yo = £o et y„+1 est Ie plus
grand Za tel que (n + 1)y„+1 < y„, De cette fagan, pour taut entier no, la
suite (nag„)„ tend vers 0. Pour r, y e G, 0 < 1 < g < m, iI existe donc
z e G, 0 < noz < min{/, y – I} ; puisque G est drchiln6dien, iI existe un
entier JV tel que y < iVa,oz. L’existence d’un entier m v6rifiaut mnoz $ 7



et y S (m + 1)noz impliquerait y – z $ nt}z, ce qui est une contradiction ;
iI exist.e dorIC un entier m pour lequel z $ mnoz $ y ; ainsi noC; est dense.
Par c16ture de G, 1’application r p> z + T d66nit une bijection entre {£ C
G -.. r + 7 < m} et (T + G) \ {m}. En cons6quence, pour tout I C G, I + noC
est dense {I e G; I ? I}. La preuve est dorIC achev6e si, 6tant donn6 = C C+,
z < 7, nous trouvons g e G, v6rifiant rlog < 7 et 7 – nop $ z, ou encore
7 – z $ mug < oo. Or ’y – 1 < 7, dorIC par densit6 de noC iI existe g e G,
I – z $ n(jg $ 7. D

Reprenons tout cela du point de vue des anneaux,

3 Anneaux quasi valu6s
3.1 Valuations tronqu6es
D6finition 8. Soit ?in arincaa a, un presse- GAO T G et une application
u : A –> GU {cn}. On appel le u valuation tronqu6e lorsqu ’elle udrifre

u(a) = m ssi z = 0
„(„ + y) ? mirl{',(£),„(y)}
„(„y) = „(„) + „(y)

On (liTa que A est quasi-valu6.

Quelques remarques.
1. Une valuation tronqu6e u sur un anneau A est une valuation classique ssi
A est intdgre ssi uA \ {x} cst stable par addition
2. Comme classiquement (mais ici I n’a pas besoin d’etre stable par addi-
tion), si / est un segment initial de uA \ {oo}, PI := {2 e 4; u(z) > /}
est un id6al de ,4, u induit sur ,4/P/ une valuation tronqu6e a valeurs dans
i := / U {oo}, et Pr est premier ssi / est stable par addition. En particulier
pour / = {0}, AjP1 est un anneau intdgre, dont on dppelle la caract6ristique
caractdristique r6siduelle de ( A, u). On note /1/u := X/P{o} et, pour s e A,
z/u := z + P{o}
3. Tout segment initial I de u,4 \ {x} stable par addition d6finit sur /4 une
valuation tronqu6e, not6e u//, a valeurs dans vAl / ; on dit que ul I =: to est
plus grossiEre que u, et on note to $ u.
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3.2 Anneaux henseliens

Soit (,4, u) un anneau quasi-value

D6finition g. Un poLyn6Trte urbitaire P e /1[X] et rC A sont clits en position
de Hensel tongue z/v est racine r6s£duelle simple de P/v
(X, u) est chl henselien lorsque, pOUT tout P e X[X] et r C /I en situation de
Hensel, P a(Imei une (hnique) racine yeA de reste vIv = =/v .

Soit P unitaire e X[X], z, yeA deux racines de P ; on a ainsi dans A
0 = (z – y)(P/(z) + (g – y) . . . ). Si u(P’(z)) = 0 et u(r – y) > 0, alors
oo = u(z – y) +u(P’(z)) = u(z –y), donc z = y, cad qu’une racine r6siduelle
simple de P se reldve en au plus une racine de P. Cetite unicit6 est une chose
important;e puisque les anneaux consid6r6s ne sont pas int6gres.

Proposition 10. Soit un anneau quasi-uaJud (,4, u) duns lequel tolls les dlC-
ments de vaLuation nulle sorbt £nvers£bLes

1, Si v est brutalement archimddierLrte, alors eLle est hensel£enne

2. Soit I un segment initial de vA et D in valuation a valeurs dans I induite
par v sur A/ PI . ALors O est hensehenne si v t’est.
3. Si 1 est de plus stable par adciition et tv := v/l, alors v est henseL£enne
ssi d (qui est cLassique) et u Le sont,

D6monstration. 1. Si P et a sont en situation de Hensel et qu’on prend
g := z – P/(r)-lP(r) c ,4, alors P(y) = PCr)P’(z)–1(y – z)z avec z e A,
et u(P(y)) : u(z – y). En posant £o = = et z„ti = z„ – P’(z„)–1P(Zn), on
d6firrit comme classiquement une suite (z„)„eN de A qui v6rifie Zn/u = =/u
et v(In+1 – Zn) = u(P(Zn)) = mCP(z)), et donc statiorme sur un z6ro de P
rele\,',mt g/u. Cela montre le premier point de 1’6nonc6,

2. Si P e (A/PI) [X] et i C Al Pl sont en situation de Hensel pour 0 et qu’on
reldve P en P e X[X] unitaire et i en 2 e ,4, alors P et z sont en situation
de Hensel pour u,
3. Consid6rons d’abord Ie cas ofr I = Ac. Parce que to est brutalement archi-
m6dienne et grace au point 1, 1’6quivalence a prouver devient : u henselienne
ssi $ 1’est. Le point 2 a 6tabli une des directions, rest;e 1’aut;re. Si P et I sont
en situation de Hensel pour u, P/m et r/to le sorrt pour D, dOIIC iI existe une
racine y e AIm de Pi in qui v6rifie y/0 = (z/w)/0 = njt), et qui est n6cessai-
rement simple ; ainsi P/(t) est inversible dans A pour tout re16vement t e /1
de y, ce qui permet de construire une racine z C A de P de reste z/w = y,
dorIC z/u = z/u. Dans Ie cas g6n6ral, puisque I est stable par addition, il est



contenu dans Ac. Soit DAn la valuation a valeurs dans Ac induite par u sur
A/Pdc et tO $ %a a valeurs dans Ac//. Par le point 2, u est henselienne
ssi DAG 1’est, ssi (.4/Pr, D) et (,4/PAG, a) le sont (en effet toutes les valua-
tions en pr6sence sont ici classiques, et 1’6quivalence 3 est connue dans Ie cas
classique). Par le point 2, (A/PAG , a) est henselienne ssi (A, w) 1’est. n

Proposition 11. Un artneau quasi-valuE (A, u) v6rihanl u(z) $ u(y) + zIg
admet une c16ture hensetienne, unique a isomorphisme prds au-ciessus de A
A l’int6rieur d’un anneau valu£, cette c16ture de A est unique (pas seulement

a isomorphisme prEs)

D6monstration. Si A est intdgre, alors c’est un anneau de valuation et la th6c>
rie classique mont:re 1’existence et l’unicit6 de la c16ture henselienne de FrA
Soit dans le cas g6n6ra1 tu := v / A.a, qui est brutalement archim6dienne. Si
B est la c16ture henselienne de A := AlID (intdgre), B est obtenu par ad-
jonctions successives d’616ment de la forfne Z racine de P e ,4[X], E et P en
situation de Hensel pour O. On peut de plus supposer P de degr6 d minimal
sans racine relevant i/O. Il y a alors une unique faeon de valuer A[n] oi =
annule P e ,4[X] unitaire relevant P et r/u = i/O. En effet, si a C A[X] est
de degr6 < d(P) et si g e 4 est un coefficient de valuation (u !) minimale de
Q, par l’hypoth6se sur A, a s’6crit qR avec R e /4[X] et (R/m)(z/to) 7£ 0.
L’extension de A obtenue en ajoutant de tels z de faQon it6r6e est la c16ture
henselienne (pour u !) de /1. a

Proposition 12. So it (,4, u) an anneau quasi-valu6 de caract6ristique r6si-
duelle nulte, et ul := v/A„4.

I. Supposons que pour tolls z, ye ,4 avec to(r) = to(y) = 0 et u(z) $ u(g),
n dttlise y clans A. Soit Aa un sous-anneau cie A trivialement ualu6 par
ul et maximal pour cette propTi£t6. Alors LAo, v) est un rel&vement de
(A/„', „/'„)

2, S&pposorbs que pour tolls r, y e /4 auec tbl(r) = m(y) et u(z) $ u(y),
= diuise y dans A. Soit Ao un reLduement de A/to dans A com7ne ci-
dessus. Soit un anneau C contenant; A et portant une valuation tronqu6e
prolongeant tu , et un anneau intdgTe B , Ao E B E C et sur tequet tu
est tr£viale. Alors le sous-anneau de C engendr6 par B au-dessus cie
A est isomorphe d A caA, B , it y a une unique faQon cie le valuer en
6tendant tes valuations sur A et B . et son anneau r6s£d:uel modulo to
est canoniquement £somorphe d B
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D6monstration

Fait 13. Un anTLeau de valuation de caract6ristique D (ga n’est pas important
ict) s’obLienl a parlir d’un sous-anneau /l' := Q[ h, Dj; i e /, J e /], oa

Les ti sent alg6br£quement {nd6pendants et les bj ent£ers sur les ti (et Les bj
ant6rieurs), en lui ajoutarrt des elements de La jorme zu–1 oh z,y e Af et
',(£) ? „(y). I

L’6nonc6 pr6c6dent, plus le fait que (4, m) est brutalement archim6dien, per-
met;tent de reproduire la caract6risation classique des re16vements du corps
r6siduel dans un corps henselien de caract6ristique r6siduelle nulle

Pour la seconde partie 6galement, la preuve classique s’adapt;e. Le passage
au reste A –> A/w, r o r/to, induit un isomorphisme Aa = A lu, dont on
nomme a 1’inverse. Montirons par induction sur n qu’iI y a une seule fagon
de valuer une somme z := E:’laibi ofr ai C A et bi e B ; on petIt supposer
qu’on a u(a1) = ' - . = W(am) <' tv(am+1), . . ' , w(a„) pour un entier rn $ n,
et u(a1) $ u(ai) pour tout i g m ; on a alors

El'laibi = a1(b1 + E;r'(a£aj1)bi) + EL+laih =

al([61 + E;bia(a£aj1/to)] + El;bitaiaj1 – a(a£aj1/w))) + E;}L+la£bi;

si le terme entre crochets y (notez que y e B) n’est pas nuI, u(z) = u(al) +
u(y) et sinon nous sommes ramen6es & valuer une somme de n – 1 termes.
Cela montre 6galement a[Bo] = n 84, B et la dernidre assertion. n

3.3 Les questions de divisibilit6
Soit (A, u) un anneau quasi-v,LIU6. Comme on 1’a remarqu6 lors de la d6-

finition de Lp,,1 , pour r, y, z c A, si r = gz, la donn6e de g et y d6termine
z mod d pour tout d e aA tel que u(y) + d < m. Dans cette section, nous
utilisons syst6matiquement cet;te unicit6.

Un presse-GAO-T G 6tendant uA permet de d6finir le systdme projectif
des anneaux quasi-valu6s (A..,1)7ec„ oCr A27 := {r e A; u(z) ? I} et A<7 :=
AjA>,, 6quip6 de la multiplication et de la division mixtes (partielles)

Definition 14. On dil que A est inversible IOTSqU’it udrijre : uCs) $ u(y) + z
divise y
li est dit 0-irlversible [orsqu’it u6rifte : u(g) = u(y) + n d£v£se y .
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Supposons que dans A tolls les et6ments de valuation mIlIIe sont inuersibtes
On appelle systdme d’inverses binaires de ,4 un sustEme projectif d’anneauz
quasi-vaLues 13 = (Ba, xd,,),<acr, oh
- F est un seTrn-C;AOT dtendant uA, aoec fonction m – z
- La multipLication et les £nverses bina£res sont d£fmies partout dans le systdme

projectif des Ba, au sens oh, pour tolls = e Bl et y e Ba, on a des 6Ldments
IV e B, od : := m in{T + u(y), J + u(3)}, et yr–1 C Bi_,(d si u(z) $
v(y) , auec l’ussociativit6 et La distribhtiv£t6 de La multiplication part£etLe sur
La somme, et Les reLations (2g–1)y = =, (2g-1)z–1 = z(gz)-1, etc, chaque
lois que tous les termes de l’dgaLit6 sorbt d6frnis,
- B 6tenci le systEme projectif assoc£d d A et F ,
- B„„, = A

1. Pour une valuation u classique, A est inversible ssi A est 1’anneau de
1’unique valuation sur Ie corps des quotient;s de A qui prolonge u
2. A inversible ssi (A 0-inversible et uA cjog)
3. Si /4 est 0-inversible alors, pour tolls ae ,4 et d e uA v6rifiant d+u(a) < m,

la multiplication par a d6finit un isomorphisme [a] : (A=8, +) = (A=d+.(,) , +),
ofr X=6 := A>i/,4>i. On exprime cela en disant que ,4 « a toutes ses fibres
6gales ». R6ciproquement, si dans A tolls les 616ments de valuation nulle sont

inversibles, alors A est 0-inversible ssi tout;e ses fibres sont 6gales,
4. Soit 1 un segment initial de u,4 \ {m}. Si (,4, u) est inversible, alors
(A/Pr, O) 1’est. Idem avec 0-inversible,
5. Si /4 est inversible, ( X<7)Ie„a est un systCrne d’inverses binaires de A
6. Que A soit inversible n’implique pas que u,4 ait une fonction n A m – z.
L’hypoh6se que F ait une telle fonction n’est faite ici que pour simplifier les
6nonc6s, et bien sar parce qu’elle sera r6alis6e dans Ie context;e qui nous in-
t6resse

7. Un syst;ame d’inverses binaires suppose par d6finition que dans A tout
element de valuation nulle soit inversible. En particulier ,4/u est un corps

Le but est maintenant, 6tant donn6 un anneau quasi-valu6 6quip6 d’un
systdme d’inverses binaires, de le clore par inverses binaires de fagon cann
nique. Nous proc6dons par 6tapes.

Lemrne IS. So£e'rtt donn6s un anneau quasi-vatu6 A 6qu ipd d’un systlame
ci’£nverses binaires 13 = (B,)ver,, oil F est brutatement archim6dien. D6jmis-
sons Ba := inj lirn BA/ . It e£iste ators des eztens£ons A1 de A et B1 , 6gatement
tnde zi par F, de B, telles que 13' so£t un systdme ci’inuerses biTbaires de A1
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AF /v = Bo = BlIIv pour tout I cT , et vA = vA, et dont Le type d’iso-
morphisme atr-dessus de B est zn£quement d6term£nd. En particuher AF est
O-inversible.

D6monstration. Soit i ajouter & A un 616ment z v6rifiant u(z) = 0 et z Iv q
A/u. Si z/u est alg6brique sur Al v, on considere le polyn6me minimal uni-
taire p e A/u[X] de z/u sur ,4/u, qu’on re16ve en P e ,4[X], unitaire de
m6me degr6 ; puisque F est brutalement archim6dien, l’anneau a construire
est henselien, dorIC dds qu’on ajoute z/v & Al v, on ajoute a A la racine de
P de reste z/u ; on suppose done d6sormais P(z) = 0.

Assertion : Ie type d’isomorphisme au dessus de A de l’anneau quasi-valu6
A[z] est uniquement d6termin6 par P, z/u et le systdme des inverses binaires

Preuve. On doit savoir valuer Q(z) pour a e X[X], a de degr6 < celui de P
lorsque z/u est alg6brique sur Al v. Si g est le coefficient de plus basse valua-
tion de Q, q– IQ est d6fini dans Bm_„(g) [X], est de degr6 au plus 6gal i celui
de Q, et a un coefficient 6gal a 1 ; dorIC (q–10)/u + 0, (q–1Q(z))/u) + 0, ie
u(q–1(2(z)) = 0, et u(Q(z)) = u(g). On augmente Ies BI de fagon correspon-
dante : si raP a un z6ro zi e Bl de reste zI v, alors B4 = BI et %(z) = q ;
sinon cela signifie que z/u + BaIn, on ajoute alors %(z) a BI comme on a
ajout6 z a A, et iI y a une unique fagon de Ie faire. Il y a 6galement une et
une seule fagon d’6tendre les multiplication et division mixtes. a

Lemme 16. Soit un antieau quasi-valu6 A dont Ze corps de restes est de
caract£ristique nuLLe. Supposons A 6quip6 d’un systame B ci’inuerses binaires
o& T est brutatement &rchim6then et v6riflunt A/v = BaI v pour tout le
F. Alors A admet une unique c16ture £nuersible dont Le systEme projectV se
T>tonge clans B

Demonstration. Puisque F est brutalement archim6dien, la c16ture cherch6e
B sera henselienne. Par le lemme pr6c6dent on peut supposer J et les B7
0-inversibles, avec toutes leurs fibres non nulles 6gales. Nous de\'ons mainte-

nant djouter a A (et a certains Bl) de nouvelles valuations, le corps r6siduel
commun restera Ie mame. 11 en r6sulte que si un 616ment z C B a une valua-
tion ( te11e que n( e uA pour un entier n non nuI, alors il y a a e A tel que
v(a – z") > u(a) = u(z"), et donc a e B".
Nous cherchons a ajouter i ,4 un 616ment z v6rifiant y = zr avec r, y e /1,
7 := u(z) $ u(y) =: J et u(z) { oX. Cet 616ment est connu avec d’au-
t;ant plus de pr6cision que 7 est petit. Un premier 616ment de complication
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vient de ce qu’iI n’y a pas n6cessairement de J et 7 minimaux r6alisant
u(z) = J – T. Le deuxidme est illustr6 par 1’e>temple suivant : soil les anneaux
R := Q[Xq,X3Z, XZ2; qe Q>o] et A := RI R=1, A quasi-valu6 de faQon a ce
que cQ = 0, uX = 1 et u(Z) est irrationnel, 0 < u(Z) <~ 1, (dorIC X et Z sont
alg6briquement ind6pendants sur o) ; pour tout rationnel I > 1, 1’6quation
X Z2 = Xz2 (en z) d6termine Zz au-dessus de Al avec plus de pr6cision que
ne le fait 1’6quation X3 Z = X3 z

Au total, consid6rons l’information sur z contenue dans les relations sui-
vanties

v(z) d tIA
si nu(z) e un et iu(z) # uA pour i e {1, . . . , n– 1}, alors z” = y(") e ,4 ;
1\a<a, uT = zi rP pour tout entier d (i < n si z" C A et zi g A pour

i c {1, . . . , n – 1}) et des ##) , lg) c A\ {0} tels que oo / ucd)) ? u(rg)) =
IT, avec (t,ti))a/a, strictement d6croissante ; appelons Ji Ie segment final de

uA \ {oo} engendr6 par les a) ;
y 7£ zi = pour tOLIS s, yeA avec u(7) g &

Parce que /1 est 0-inversible avec Al v = Bllu pour tout 7 e F, la derniere
condition ci-dessus 6quivaut a ce que, pour tout = e ,4 avec uCs) { b, alors
u(r) + 2l1(z) ( uA. Si 0 est adh6rent a un des Ii (id est 0 = infl) dans F,
zi est connu mod m – e pour tout e e F>o, cad exactement, et on r6alise
d’abord z' avant de r6aliser z. Nous supposons dorIC d6sormais
(#) 0 n’est adh6rent i aucun Ji

Assertion : Ie type d’isomorphisme au dessus de A de l’anneau quasi-valu6
A[z] est uniquement d6terrnin6.

Preuve. La valuation de Q(z) doit etre impos6e, pour Q = EniXt C ,4[X],
de degr6 < n si z" e A comme ci-dessus. Si o(ai) ? u(£g)) pour un J g Z et
un a < aj alors, dans Bm_u(=g\) ,

aia = (ai(rg))(–l))(r£i)zi)zi–i = (at(lg))(–1))VP)zi–i

On dpplique cette r6duction pour i le terme de degr6 maximal de Q auquel elle
s’applique. On itdre par degr6 d6croissant. On se ramane ainsi a un polyn6me

Q qui, pour un d e Ui sd(Q) L, v6rifie : pour tout £ g d(Q), ou bien u(ai) ? d
ou bien u(ai) < u(z!!)) pour tous J < ! et a < aj. Ainsi les valuations des
mon6mes aiz' a\'ec u(ai) < 8 sont toutes diff6rentes : si u(a£zz) = u(ajzi) avec
J > i, alors u(ai) = u(aj) + (J – i)u(z) dorIC u(aj) e lji, contradiction. Il no
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reste une ind6terrnination sur u(Q(z)) que lorsque tous les coefficients de Q
sont de valuation ? d. On considdre alors comme pr6c6demment un coefii-
cient q de valuation minimale, et le polyn6me q–\ Q mod cn – u(g), auquel
on applique le raisonnement pr6c6dent. L’ind6termination ne petIt se repro-
duire ind6finiment a cause de l’hypoth6se (8) et du caractdre brutalement
archim6dien de F. a

Proposition 17. S oit un amr&eau quasi-valu6 A de caract6ristique r6siduette
7bulle et £quip6 d’tIn syst&me B = (BT)ver d’inverses bina£res. Soit Ba :=
inj lim By. Ators £Z eziste une e£tension £nversible X/ de A et une e£tens£on C
de B, 6galemertt £ndez6e par F, v£riAunt AF /u = Bo = Cl/u pour tout I e T ,
et tettes que AT„., j se ptonge dans C au-(lessus de Av,.j . It existe de telles
e£tensions minimales et etles sont toutes £somorphes att-dessus de B

D6monst;ration. Soit £\ Ie sous-monoTde r6gulier maximal de F et w S u la
valuation correspondante sur A et les Bl. ABn de nous ramener au cas archi-
m6dien, nous construisons canoniquement a part;ir de 23 un syst6me d’inverses
binaires de (A, m). Pour 1 = 7+A e F/ A, d6finissons B4 := inj lim6eA Bl+8
Les z7l8 induisent des 7vi
Premi6re extension de B

Ainsi B4 satisfait Ia condition de la proposition 12 (1) : si a(z) g u(y) e A
avec z, y C Bl, alors g£1 C Bl_,(,) , or I – u(z) = 1. On prend un sous-
anneau bl de BT trivialement valu6 par m, et on mont;re comme dans la
proposition 12 (2), mds en utilisant maintenant Ie systdme B, que l’anneau
quasi-valu6 (B{Fr(bl), u) est uniquement d6termin6. Pr6cisons. Le passage

au reste B4 –> B4 } u : z A z/to, induit un isomorphisme b7 = 4/m, dont
on nomme l’inverse a. On mont;re par induction sur n qu’il y a une seule
fagon de valuer une somme z := Ena,ci oa at C Fr(bl) et ci C 84 ; on peut
supposer tous Ies mCb) 6gaux non infini, soit d cette valeur commune ; on a
ainsi dans B’ ,

't

zT,A(E“a£c£) = aIM(c1 (al + E;'a£Qci1)) =

%,A(cl([al + E;aia(qcj1/m)] + E;ai(qcj1 – a(cic:il/w))))
si le terme entre crochets n’est pas nuI, u(r) = 8 et sinon nous sornmes
ramen6es a valuer une somme de n – ltermes. Nous sommes donc fond6es a

poser Bg := B; Bbl Fr (bl) , Parce que Fr(ba est unique au-dessus de bl, Bg
1’est au-dessus de B4. En particulier les Bg, + e F/A, forment un syst6me
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projectif. Les multiplication et division mixtes s’6tendent uniquement a ce
systdme. Par le lemme 16 (,4, to) admet une unique c16ture inversible A’
compatible a\'ec le systdme B". La c16ture cherch6e est {= e A'; uCc) ?
0} a

4 Preuve de 1’eq dans les cvac

Th6or6me 6. Les cacy non triv£atement et de caract6r£stique r6s{duette nutte
6hminent les quantijtcateurs dans le langage £p,.j

Ce th6oreme d6coule imm6diatement de la proposition suivante qui ra-
male I’eq dans £I„.J a 1’eq bien connlre dans £„. i

Proposition 18. Soit M un cacti non triuialerrteTtt et de caractdrtstique re-
s£duetle turtLe, et une Cm„j-sous-structure d6nombrable A g Mm.j . It ez£ste
alors un sous-corps K de M aVant les propwi6t6s suivantes .
- I< est d6nombrable,
- ,A g I(PT..i ,

- K se plonge au-dessus de A clans tout cacv \\1-satur6 M* tel que A gp„,j
M ;;roI

- Le type d’isomorphisme de K alt-dessus de A ne dEpend que de A

Le reste de cettc section est consacr6e a la preuve de cette proposition

Le corps valu6 M est consid6r6 dans le langage Lv,,i . Son anneau de va-
luation O(M) s’identifie & O...m, chaque O,hq(M) a une structure d’anneau,
de z6ro h(0) (1’image par 77 du 0 de O) et d’unita h (1), et porte la valuation
ul. Une £p,.j-sous-structure de Ml est de la forme K = <K, A, (AT),cA+>, oa
I< est un sous-corps de M, Z\ un sous-groupe de v A'/ contenant uK, chaque
Al un sous-anneau de O...kM), et le systeme des Al est stable par les fOIIc-
Hons de £ I„.j. Les (/41)leA, forment un syst6me projectif d’anncaru. La
pr6sence des inverses binaires dans le langage fait que ce s)'stlame contient,
pour chaque I, un syst6me d’inverses binaires de Al au seng de la section
2.4. Chaque A7/ul est en particulier un corps

Grace a la section pr6c6dente, on peut supposer Ie corps ;( et les anneaux
Al henseliens, et les Al inversibles. L’unicit6 des c16tures (propositions 17
et 11), la proposition 10, (2), et la remarque suivant la d6finition 14, (3),
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imposent la coh6rence avec le systeme projectif (projections, multiplications
et divisions : a v6rifier !).

(+) Pour d e A v6rifiant 1/2 (il existe dans uM) < d < 6 + 2£ < 7 et
z e ,47 avec uCs) = 8, la multiplication par z d6finit un isomorphisme

{# e Al; J $ v(y) < 8 + c} a {# C /17+6; 2d $ v(g) < 28 + c}

dorIC la translation +7 d6finit un isomorphisme du segment p, d + c[ de uAl
vers Ie segment [2d, 2d t c[ de uAl+d. Par inversibiht6 de 47, les segments
[8, a + c[ et [0, c[ de uAl sont isomorphes, de meme dans uAl+6. En cons6-
quence Ie segment [0, e[ est le mame dans uAv et u,47+d, et uAl = uAl+d [ 7,
La multiplication par r d6finit 6galement un isomorphisme entre la fibre en
6 de ,47 et la fibre en 28 de Av+d. Cela va suffire pour conclure dans Ie cas
archim6dien

4.1 Le cas archim6dien

Proposition 19. So it M an cacy non trivialement et de caract6ristique r6s£-
duelte nuIIe et A = (Al)lc&+ C Mp,.j , oh A est un sous-groupe archim6ci£en
de vM . It e=iste ators des SOUS-COTPS K de M henseLiens minirrbaur vdrif\ant
A g Kp,.j . Its sent tous isomorphes au-dessus de A et teur type d’£somor-
ph£sme est £nd6pendant de M . Its sont d6nombrabtes si les Al le sont.

Demonstration. On a vu que les Al peuvent etre supposes inversibles et
henseliens.

Si un uAl est dense, par application de %17/ tout uAl/ avec 1’ < 7 1’est
aussi. Mais c’est 6galement vrai pour 7’ / 7 avec de plus u,47 = uAv [ 7
parce que A est archim6dien, 7/ < 7 + nd pour un entier n, et (+) permet
de conclure par induction sur n. Si A est la limit;e projective des AT, alors
un [ 7 = uAl pour tout I. Par 1’argument analogue sur les fibres, tous les
AT et A ont meme corps r6siduel, A. Un reldvement de A dans A se projette
en un re16vement de k dans chaque Al. On petIt dorIC 6tendre Ies Al de
faQon a ce que leur corps de restes commun soit alg6briquement clos (par
la proposition 12 ?). Le semi-groupe de valuation U uAl de /4 se reldve en
un sous-semi-groupe multiplicatif G de A. Le corps des fractions de A est le
comp16t6 d’un corps K obtenu par induction i partir de A(G)h en r6alisant
des suites PC non C de type transcendant, parfaitement d6termin6es parce
que les Al le sont, et en quantit6 d6nombrable si les A,y sont d6nombrables,
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Ce corps if est Ie corps cherch6,
Si un U_rA_r., donc tout cIAl, est discret, Ie systdme A peut etre deg6n6r6 : on
appellera ainsi un syst6me engendr6 par multiplication mixte par un anneau
A2 = k + kX oa k est un corps et X un 616ment de valuation 1 ; on a
dans ce cas An+1 = k + kX" pour chaque entier n ; ce syst6me est clos
par division binaire, ses limit;es projective et injectlive sont k. D’une mani6re
g6n6rale, ou bien 43 = k + AA:2, alors A4 = h + AX3 sinon par divisibilit6
et multiplication (internes) A4 = k + kX + kX2 t AX3, contradiction, et par
induction A„+r = k + RX" et nous sommes face a l’exemple pr6c6dent, ou
bien .43 = k + AX + kX2 et par induction An+1 = k + kX + . ' ' + kX" . Dans
les deux cas, le corps if cherch6 est A(X)h

A est ici n’importe quel sous-semi-groupe de IR?o, avec alors A, = X[, I on [r]
est la part;ie entiare du r6el r. O

4.2 Le cas g6n6ral

Pour X = ( AI)leA et un sous-groupe convexe O de A, la restriction de
A & C est simplement le systame JL [ C = ( Al)ICC. Si a est un sous-groupe
convexe principal et si C' est son pr6d6cesseur, on d6finit (A F C) I C' de la
faQon suivante : c’est le systdme ind6x6 par LIC afl pour I = 1 + C avec
I e Ex et to = u/C, al := Al 847/w Fr(,47/tu), au sons du lcmme machin.
Ce systdme est inversible, et il est henselien par ? ?. On appelle (X [ C) I C'
la composante archim6dienne C) I Cy de .4

1. On supprime les composantes archim6diennes d6g6n6r6es de ,4 de la fa-
gon suivante : si a est un sous-groupe convexe principal de A et C1 son pr6d6-
cesscur, d6finissons Ac := o(K„,in(a/o/)), oi dans la parenthdse ext6rieure
se trouve le corps minimal associ6 a la composante archim6dienne CI C' de H,
ct si CI C' est d6g6n6r6 el I e C~\C' remplaQons A1 par Okl (Fr(,4l+c/ (X)h)
Le syst6me reste projectif, et stable par multiplication et division mixtes
parce que, en-dessous de O’ et au-dessus de a rien n’est chang6, et qu’entre
les deux tout se passe dans un corps,

2. D6sormais, pour tout sous-groupe convexe principal a dc A, C1 son

pr6d6cesseur, et tout 7 e C\\C1 , la projection za,i : no –> Al est surjective.
Le systeme A se d6duit donc du systdme ( Ac)c.ex (oCr X est 1’ensemble
des sous-groupes convexes principaux de A) et la proposition 19 se d6duit
inrm6diatement de son analogue ci-dessous pour les anneaux de valuation
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Proposition 20. Soit a4 un cacti non tr£v£alerrbent et de caract6rist£que rd-
siclueLle nulle. So£t \V une cha£ne cie valuations sur M , aVant un 6t6ment
maMmal v et contenant La valuation triviate. Soit M k systdme projectij
((O(M/ml u/w))wewl(zw>w’)„„„I’cVP) et '4 := (YIw)we tv S MI- Skpposons
(M, u) N\-satur6, W et les Am d£Tborrbbrables . HIors ii e£iste un sous- corps
K (ie M auant les proprt6t6s suivantes
- K est d£nombrab Ie,

ACK
- ff se plunge au-dessus de A dans tout cacti N 1-satur6 M* feZ que ,4 S Ml*,
- le tgpe d’isornorpt\isme tie I< au-dess tls de A we depend q&e de A,

Attention : Aw ne d6signe en rien l’anneau de la valuation w, qui, selon
nos notations, serait not6 O(M, to)
Dans cet 6nonc6, le corps M est Ie corps de fractions de O(M/vo) pour vo la
valuation triviale
Exunt multiplication et divisions mixtes puisque les anneaux sont d6sormais
int 6gres .

Nous commenQons par 6tendre a,, de fagon a lui adjoindre tous les restes
r6alis6s par un anneau A7

Lemme 21. Soit un corps N4 6quip6 d’zIne cha£ne W de valuations , agarit
un 616ment maMmal v et contenant ta vaLuation tr£v£ale. Soil; M le syst;ame
projecLil (O(M/w)„or, (zwlwf)w1„l€w), A := (,4„)„cw g MIt et A := U /4„,/u
Supposons LM, u) hensehen et Rl-satur£, W et les AM d6nombrab tes. Alors il
e£iste un systdme projectij B = (Bw)wew Q A ayant Les propr£6t6s su£uantes
- les B„, sont d6noTrtbrabtes,

- Bw/u = k pour tout tv eW ,
- ZS se plonqe atL-dessus de A dans Mt* pour tout corps value’ henselierr NI -
sathr£ M* tel que A g Ml*,
- Le type d’isomorphisme de B alt-dessas de A ne dEpend gre de A

D6monstration. Si r e k est alg6brique sur ,4,/u de polyn6me minimal uni-
taire p sur A„/u, si P e X, W] est un reldvement unitaire de p, et si M* est
henselien, il contient un unique z6ro z de P de reste r, et AmI v un unique
z6ro de PIm de reste r. Ainsi Ie type d’isomorphisme de z/w sur A„ est d6-
termin6 pour chaque to e VP et donc aussi Ie type de z sur .A. (leIa permet de
clore alg6briquement A, I v dans k. Les anneaux Am[z/w] restent henseliens.
Soit maintena,nt a ajouter & A„ un 616ment z de rest,e r e h t.ranscendant sur
A„ Iv. Si r reste transcendant sur k, Ie type d’isomorphisme de z sur /t est
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det ermin6,

Soit sinon la suite 1 = dr , d2, . . . strictement croissante, index6e par un seg-
ment initial (qu’on ne presume ni propre ni fini) de N, des degr6s de r sur
les AmI v. 11 lui correspond la suite d’intervalles Lh de LV tels que

T,I < 1'h+1

U IL est un segment initial de FF
si to e LE, [(Aw/o)[r], (Aw/r)] = di
si to e n/ \ U Hi, r est transcendant sur Aw III

Soil ui := inf LB+1 et IVo := inf Q. Par le cas algebrique et par induction sur
i, il apparait une suite de polyn6mes irr6ductibles pi e X,, [X], de degr6 di
et v6rifiant pil (n+1/%), tels que chaque Al vi admette (a isomorphisrne pres)
une unique extension minimale ajoutant un z6ro i m (en fait : un unique
z6ro r£ de reste Til v,_\ = ri_1 , et r1/u = r). Soit Bi cette extension et 6/ la
r6union des Bi. Si M* est bll-satur6 il contient un 616ment r de reste IIv, = ri
pour chaque t. Pour to /- mo, I I u est transcendant sur /h. Ainsi le type de z
au-dessus de ,A est d6termin6. On ferme par c16ture henselienne. On itdre. []

D6rnonstration de la proposition 18
Soit tV = {th; i e w}. Ft66num6rons LF dvec r6p6tition de f,won a ce que
chaque valuation apparaisse cofinalement : PP = {ma; a C ao} ott ao :=
cox u et uliJ := tui. C;onstruisons par induction une suite croissante (A„)„r„,
de systemes projectifs : Jo := A ; si Ha est connu, consid6rons le systame
Ba := LBa ,w) wcw,W>wa ofr Ba,„ := O(Fr Aa,w, IVa), son extension BL donna
par le lemme 32 (appliqu6 avec Ia valuation u/m„ en place de u), et enfin
/t„t1 donne par

A„+1,„ := O(B„,w) si to /' to„
A„+r,„, := A„,w Si W < tO„

On prend l’union ,LUX 6tdpes limites. Le corps des fractions de Aa,1, est le
corps cherch6 : Vu e tV,Vz e Aa,„, laI < ao pour lequel z e Aa„w, mais
dlors il existe cv2 teI que a1 < a2 <' ao et to = toa, , et dorIC = e A„,+1,,/to. a
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Introduit en theorie des modales en 2000 par Jan Krajicek et Thomas Scanlon [1], le concept
d’anneaux de Grothendieck d’une structure 616mentaire est une g6n6ralisation de la notion, conn lie
en geonl6trie aIg6brique, d’anneau de Grothendieck d’une variet6.

En th6orie des moddles, ces anneaux permettent une meilleure compr6hension de la fagon dont
les ensembles d6finissables interagissent entre eux. IIs offrent aussi une analyse des propri6t6s com-
binatoires de la structure : il existe un paralldle entre les propri6t6s combinatoires d’une structure
et les propri6t6s alg6briques de son anneau de Grothendieck.

Le but de cet exl)os6 est de calculer l’anneau de Grothendieck des structures M dot6es d’une
fonction de paire sans cycles

Une bijection p de A/2 dans M est dite sans cycles, ou encore locaJement libre, si pour tout terme
t(zr , . . . , nj) form6e a partir de p, et qui n’ast pm une simple variable, on a, pour tous al, . . . , an
de M, L(al, . . . , an) 74 al. Toutes ces I'fonctions-paires" sont 41ementairement 6quivalentu (dds que
1’ensemble M est non vide)

Ces fonctions-paires constituent l’exemple le plus simple d’une th6orie stable qui n’est pas limit;e
de th6ories superstables : c’est en effet un seul 6nonc6, 1’existence d’une bijection de 342 dans M,
et non une infinit6, qui empCche la superstabilit6.

Plusieurs articles orE dti consacr6s i letir th6orie. Dans [131 Belegradek a 6tudi6 leurs propri6t6s
de stabi]it6. J. F. Pabion [14] a utilis6 une fonction-paire pour wi-saturer les madeles de l’Arith-
m6tique. Dans [15], Bruno Poizat a fait remarqu6 combien il 6tait utile pour cela de disposer d’une
th6orie non slrperstable sans propri6t6 de recouvrement fini. Cette th6orie de fonctions-paires a 6ga-
lenIent ite utilis6e dans [16]. Dans [17] Elisabeth Bouscaren et Bruno Poizat ont, entre anne chose,
6tudi6 cette th6orie pour trouver des contre-exemples aux propri6t6s des th6ories superstables.

Aprds avoir rappe16 Ia construction de l’anneau de Grothendieck d’une strrrcture, nous 6non-
cerons un crjtdre qui lorsqu’il est satisfait assure qu’une structure ait un anneau de Grothendieck
non trivial et de caract6ristique nulle. Nous montrerons ensuite comment les structure dot6e d’une
fonctlion de paire sans cycles entrent dans le cadre d’application du crit6re. Celui-ci nous permettra
d’6tablir que leur anneau de Grothendieck est z[xJ/(x - x2)

1 Anneaux de Grothendieck

Soit, Nl une strlrcture. Son anneau de Grothendieck est construit a partir de ses sous-ensembles
d6finissables en identiflant ceux qui sont en bijection d6finissable. Cet anneau d6pend donc du
langage utilis6. Ce qui suit d6taille Ia construction de cet anneau.

1.1 Construction de l’anneau

Soit Af une structure et soit DefQNlb I’ensemble des sous-ensembles d6finissables de M” pour
It \'ariant dans N

Soit N la re]ation dt6quivalence d6flnie sur Def(Af) par :
,4 h, B si et sell]ement si A est en bijection d6finissable avec B,
On note D-e f (NI) 1’ensemble De/(a/) quotient6 par N,
si ,4 c D-efLM), on note [,4] la classe d’dquivalence de A.

1.1.1 Le premier quotient
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1.1.2 Les lois du futur anneaux

On pelrt alors munir De/( Af) des op6rations + et x suivantes
La loi + correspond a 1’union disjointe. Elle est d6flnit par

[.4] + [Bl = [.4’ u B’] oa [x] = [.4’], [B] = [B’ I et .4' n B' = g.
L’616ment neutre de + correspond a la classe d’6quivalence de 1’ensemble \’ide

La loi x correspond au produit cart4sien. Elle est d6nnit par = {,4] x [B] = [X x B]
L’616ment neutre de x correspond a la cl&sse d’6quivalence d’un singleton

(DeftRf),+, x) n’est pas un anneau. En efTet, la loi + n:est pas inversible. Elle n’est meme pas
simpliHable. En efTet, [A] + [B] = [H] + [C], n’implique pas [A] = [C].

Par exemple, soit N 1’ensemble des entiers naturels, consid6r6 comme une structure naturelle du
langage {+, =}

On peut trouver une bijection d6finissdble entre N u {(0, 0)} et N (par exempIe la fonction j
te]]e que /((0, 0)) = 0 et /(n) = n + 1 pour tout n e N.)

Ainsi [N] + [{(0, 0)}] = [N]. Mds il n’y a 6videmment pas de bijection entre {(0, 0)} et le vide et
K(o, o)}] n’est done phs 6gal a o.

Ann d’obtenir un monoTde simplifiable, on quotient;e (Def (M) , +) par la relation d’6quivalence
= d66nie par a = b si et seulement si iI existe c e D-el (M) tel que a + c = b + c.

Comme, tout monoTde simplifiabIe, (De/(M), +) quotiente par =, se plonge dans un anneau
unique a isomorphisme prds et minimal pour la relation d’inclusion.

C’est cet anneau qu’on appelle annellu de Grothendieck de M. II est not6 Ko(M)

1.1.3 On quotient;e une deuxi6me fois

Reprenons l’exemple de N consid6r6 comme une structure du langage {+, =}. Nous avons vu
que [N] + [{(0, 0)}] = [N] doric, dans Ko(M), [{(0, 0)}) = 0. Autrement dit 1 = 0 (puisque Ia classe
d’equivalence d’un singleton correspond a 1’616ment neutre de la multiplication). Et Ko( A/) est
trivia]

Ceci est un exemple particulier du lemme plus g6n6ra]

1.2 Le principe des tiroirs surjectif

Lemme 1.1. So it M une strrrctrrre. It y a 6quirlalence entire ;
– II exi.ste A un ensemble rId$nLssabte de U,„eNM" en bije£t£on d6$n£ssable avec IIli mame privd

d ’un point.
– L’aTineau de Grothendieck de hI est trivial.

D67rronstration. L’implication directe se d6montre exactement comme nous l’avons fait dans le cas
de N : puisque A est en bijection d6finissable avec A – (a}, [A – {a}] = [AI, [{a}] = o c’est-a-dire
1 = 0. Kat.\l\ est donc trivial

La r6ciproque se d6montre tout aussi facilement. Si Ko (M) est trivia], alors l=o. Ce qui signifie
err remontant a Def(M) qu’il cxistc /1 un ensemble c166nissable teI que [A] + 1 = [X}. Autrement
ait en prenant a un e16ment de U„ A'in n’appartenant pm i ,4, A U {a} est en bijection avce a,
c’est-a-dire lui-meme pri\'6 d’un point. a
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La propri6t6 de ne pas admettre d’ensembles d6finissables en bijection d6finissable avec eux-
m6me prjya d’un point, est appe16 principe des tiroirs surjectif, ou en anglais onto-pigeonho le
principle, abrege onto-PHP.

C’est une propri6t6 du premier ordre.
Ainsi ce principe, qui correspond a une propri6t6 combinatoire des structures, d6termine si

l’anneau de (Irothendieck de ces structures est ou non trivial,

Toute structure finie a un anneau de Grothendieck isomorphe a Z.
Krajicek et Scanlon ont d6montr6 dans 11] que l’anneau de Grothendieck du corps r6e1 clos est

69alement isomorphe a Z : 1’image d’un ensemble d6finissable de R dans /Co(IR) est d6termin6e par
sa caract6ristique d’Euler.

Grace au principe des tiroirs surject,if, on a pu d6montrer que l’anneau de Grothendieck de
plusieurs corps valu6s dans le langage L,„„,,u, est trivial : Lou van den Dries, dans [4], a ainsi
6tab]i la trivialit6 de 1’anneau de Grothendieck de op comme L,„n,,„,-structure. Dans [5], Raf
Cluckers a obtenu le meme r6sultat pour l’anneau de GrothendiecIk de certaines s6rias de Larrrent
dans le langage L.„„.'u,.

Deirdre Haskell et Raf Cluckers l’ont eux d6montr6 dans [7] pour (b et, plus g6n6ralement, pour
les corps Z-valu6s qui v6rifient certain&s conditions dont l’hens61iennit6 du corps et 1’existence d’une
composante angulaire.

Denef et Loeser ([6D onE montr6 que l’anneau de Grothendieck de C considar6 comme L,„„,,u
structure admet l’anneau Z[X; Y] cr)mme quotient. Krajicek et Scanlon ont d6montr6 par in suite
que z[xi : i e IRI s’injecte dans Ko(C)

Des r6slrltats concernant Ies modules sc)nt 6galement connus.
Perera a montr6 dans ([10]) que potrr tolrt /?-modlrle infini Af nfl R est un annearl de division

infini, Xu(M) est isomorphe a Z[X]
Prest a conjectur6 [11, Ch. 8, Conjecture Al que tout module a un anneau de Grothendieck

non trivia]. I<uber a d6montr6 dans [12] cette conjecture pour les modules M tels que M est
616mentairement 6qui%lent a M O A/. Il a, pour ces modules, pu calculer explicitement cet anneau :
c’est Ie quotient d’un anneau de polynr)me a rlne infinit6 de variabl cs.

1.3 Exemples d’anneaux de Grothendieck connus



2 Un critere pour assurer Ia non trivialit6 de l’anneau de
(Irothendieck d’une structure

2.1 Rappels sur les topologies noeth6riennes
D6finition 2.1. L'n espace topologique est dit noeth6rien si toute suite d6croissante de ferm6s est
stationnaire

D6finition 2.2. Un sous-ensemble d’un espace topologique est dit irr6ductible s’il est non-\’ide et
ne peut pas etre 6crit comme l’union de deux sous-ensembles fermes propres.

Lemme 2.3. Dans un e.space noeth6rien, tout fermd non vide X petIt s’6crire comme une union
Artie x = Ul xi de ferm6s iw6duchbles xi. Cette d€composihon est de plus unique si Llon impose
x, g xi pour tout i 71 )

D6finition 2.4. La d6composition du lemme pr6c6dent est appe16e d6composition irr6ductible de
X, les Xi en sont sa composante_s irr6ductible_s,

D6finition 2.5. Soit X un ferm6 irr6ductible non vide
On d6finit inductivement Ia dimension de X

– dim(X) = 0 si a est un singleton

– dim(X) = sup{dim(F) + IF E x, ferrnd irr6ductible non vide}

Si X est un ferrn6 non n6cessairernent irr6ductible, alors on dMinit dim(X) == dim(Xl ) on Xl
est IIne composante in6ductible de X de dimension maximale.

D6finition 2.6. Un ensemble A est dit d6composable s’il peut, s’6crire sous la forme A =
U;'=1(B; \ cj) oi pour tout j, Bj et Oj sont des fermds. On dit que A = U}=1(4 \ Cj) est
IIne decomposition de .4

Pour 6noncer notre critdre nous devons introduire la d6finition suivante :

Lemme 2.7. So it A un ensemble d6composable. It est possible de rafmer la d6composition pr6c6-
dente pour qu’elle v6rifre Ies conditions suivantes

1. pour tout i, Bi est irr6ductible

2. pour torrt i, Ci g Bi
3. pour tolls i + j, Ci g B j imptique Ci S Cj
4. pour torts i + j tels qrre BirIC j + Q, si Bin(J j = UkBL est sa d6composition en im6duct£bles,

alors d edste il, . . . , it tels que Bi, = Bl1, . . . , BiR = BL

D6finition 2.8. Une d6composition qui v6rifie toutes ces conditions est dite r6duite

2.2 Enonc6 du crit6re

Proposition 2.9. Sod A/ une structure. Slrpposons que pour torrte injection d6$nissabte g d ’un
ensemble deAn{ssable A g Al" dans IIli-meme prhJ6 rl’IIn point, it e=iste T et T1 detuc topolog£es
noetlr6riennes sur if Tltelles que .

,4 est d6composable porn la topologie T ,
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– if eri5Le, pour la topologie T, tmc d#£ompsition rdduite de ,4, A = U;t=1(Bj \ Cj) te He que
pour tout j, 9 se prolonge en line injection dan{ssabte O sur Bj

– 9 est teILe que pour tout ferm6 irr6auetib ie B c Bj, jCB)) est un jenna irr6du,ctib Ie de T1
Alors Af vcSrife I’onto-PHP et son anneau de Grothend£eck est de caract6ristique nutle.

Sur tout module M tel que M est 616mentairement 6quivalent a M © M, iI est possible de
d6finir une topologie T = T’ qui v6rifie Ies conditions de cette proposition. Ce critdre permet donc
de retrouver le rdsultat obtenu par Amit I<uber : l’anneau de Grothendieck de ces modules est non
trivial et de caract6ristique nulle.

Lemme 2.10. Sod M line structure ??/,i satisfait les conditions 6nonc6es dans 2.9. Soit g une
injection d6frnissable d6jrnie sur A g M et dont L’image contient A priv6 d’un nombre IInt de
points. Aiors g(,4) = A

Le crit6re est en fait un cas particulier du lemme sui\'ant

En efTet, la non trivialit6 de l’anneau de (;rothendieck est 6quivalente a ce lemme d’apr6s le
principe surjectif des tiroirs. Par ailleurs, que l’anneau de Grot,hendieck soit de caract6ristique nulle
est 6quivalent a ce qlre toutie injection d6finissable g d’un ensemble A dans lui-mame et dont 1’image
contient A priv6 d’un ensemble fini de points, at en fait une bijection,

Nous ne donnerons pas la d6monstration de ce lemme mais nous essayons d’en expliquer le
principe sur un exemple.

Soit M une structure qui satisfait aux conditions 6nonc6es dans 2.9. Soit g une injection d6fi-
nissable d66nie sur A g M” et dont 1’image contient A priv6 d’un nombre nni de points

Supposons que A soit l’union de deux ferm6s irr6ductibles X et Y et que (X\B)U(Y\B/)UBUB’
soit une d6composition r6duite de A qui satisfait les conditions du crit6re.

Pour sirnplifier encore supposons que B et B1 sont irr6ductib Ies et non r6duits a un point.
D’apr6s Ies hypoth6ses du critdre, gCB) et g(B/) soul des ferm€s irr6ductibles, et g(X\B) = X1\\C

(re_spectivement g(Y \ B/) = 71 \ GF), on X1, Y/, a, C1 sc)nt des fermdq irr6ductibles ec C $ X1,
C y

Puisque g(A) C 4, X’ g A (respectivement Y/ g ,4)
,4 est dorIC 6gale a gCB) Ug(B’)UX/ U Y/. Par unicit6 de la d6composition en ferm6s irr6ductibles

1’un des ensembles gCB), g(B1), X1 , Y/ est 6gale a X (respectivement a Y)
Puisque g est injective, {x’, Y'} = {x, Y}
gCB) et g(B/) sont alors inclus dans a olr dans C1 . Ils ne peuvent pas appartenir au mCme

ensemble puisque sinon le comp16mentaire de g(A) contiendrait un ferm6 irr6ductib Ie non r6duit i
un point. Supposons que gCB) g c et gCB) g c’

C \ gCB) (respectivement Ct \ g(B/)) at soit vide soit infini. En effet, puisque C (respective-
ment a/) est un ferm6 irr6ductible, iI ne peut exister un ensemble nni F tel que a = gCB) U P
(respectivement, a' = g(B') U F).

Puisqu’on a strppos6 qlre le comp16rnentaire de q(/4) dans A est fini, cela implique que g(A) = 14,

Dans Ie cm g6n6ral, ce sont les m6rnes principes qui s’appliquent. Soit g une injection d6finissable
d6finie sur un ensemble A et telle que g( A) soit 6gale a A pri@ d’un nombre nni de points. Soit
A = U;1=1(BJ \ (U£Xj,) oa les Xitj sont des ferm6s irr6ductibles, est une d6composition r6duite
de ,4 qui v6rine les conditions du critdres. Les hypothdses du criedres impliquent que g(A) s’6crive
comme combinaison boo16enne des ferm6s irr6ductibles g(Bj) et g(Xj, )



Les propri6t6s des ferm6s irr6ductibles et les propri6t6s de g impliquent qu’il n’est pas possible
d’6crire une combinaison boo16enne de ces ferrn6s qlri soit 6gale a A pri\’6 d’un nombre nni de points.



3 Th6orie des fonctions de paires sans cycles
3.1

Soit M un ensemble et soil (-) une biject,ion de A/ dans A/2. On dit alors que O est une 11fonction
de paire", qui permet de d6finir deux autres fonctions

Rappels

– la fonction g appe16e 11membre gauche" qui a tout = c M msc)cie y tel qu’iI existe z c M avec
O (E) = (VIZ)

– la fonction d appe16e I'membre droitlt qui a tout z C M associe z tel qu’iI existe y e A4 avec
O(a> = (gI Z)

Autrement elit, O(a) = (g(z), d(z)).
Si = c M, nous noterons parfois 3g ;= g(g) et nd := d(z).

On dit que C-) est sans cycles, si pour t,out t,erme t(rr ,
une variable, on a pour tout al, . . . , a„ e M, t(al, .

, =n) form6 i partir de a et qui nlest pas
: art) + al

Dans le langage constitu6 d’un symbole de fonction pour le membre gauche et pour le membre
droit (et du sil,ne @al), la th6orie des fonctions de paires sans cycles admet 1’61imination des
quantificateurs et est complate (117]). C'est dans ce langage, L = {g, d, =} que nous nous plaQons,
d6sormais

3.2 Arbres binaires

Soit T un arbre binaire infini

D6finition 3.1. On d6finit la profondeur d’un naud r6cursivement

– par convention, sa racine est de profondeur O ;

– si un n(nud est de profondeur p, alors ses HIs sont de profondeur p + 1.

Il y a ainsi, un nmuds a la profondeur O, deux a la profondeur I
On compte dorIC 2P+1 – 1 nmuds a profondeur inf6rieure ou 6gale a p.

et 2P a la profondeur p

D6finition 3.2. X'um6rotation des nQuds

On enumare ]es ncEuds de T en leur associant une suite finie d’61£ments de {g, d} de la faQon
suivante

-– a la racine on associe Ia suite vide

– si un nceud est nrim6rot6 par une suite {t&1, . . . , Un}, aiors son nls F,auche est num4rot6 par
{ul , , . , ,u„,g} et son nls droit par {ul, , . . , u„,d}

Notation 1. Nous noterons Tg (respectivement Td ) Ie sous-arbre gauche (respectivement droit) de
T, c’est-d-dire l’arbre de racine g( 3) (respe£t{uement t’arbre de racine d(3)),

Les n(mIds de profondeur p sont ainsi num6rot6s par des suite's a p 616ments

Dans la suite, tons les arbres consid6r6s seront des arbres binaires infinis. Pour al16ger la r6dac
tion, nous parlerons simplement d’arbres binaires sans pr6ciser a chaque fois qu’ils sc)nt infinis,



Soit A1 un modele de la th6orie des fonctions de paires sans cycles. Par forrnule, on entendra
formule de L(I1)

3.3 D6finitions

D6finition 3.3. Arbre associ6 a un e16ment
Soit z un 616rnent de Af

On associe a z un arbre binaire 6tiquet6 par des 616ments de A/ de la fagon suivante
sa racine est 6tiquet6e par 2
si un n(2ud est 6tiquet6 par y, alors son fils gauche est etiquet6 par gq et son fils droit par yd.

On note T, cet arbre.
On 6numdre les ncEUds de T, par des suites finie_s d:e16ments de {g, d} comme expliqu6 a la

section pr6c6dente.
Si ! est une suite 6nie de {g, d}, on note xi le terme qui 6tiquette Ie i-iime ncEUd de T,

Cette notation ast bien coh6rente avec celle propos6e plus haut : g(z) qui at not6 ng correspond
bien au fils gauche de l’arbre de racine z; et d(n) not6 =d correspond bien a son HIs droit.

Les nuuds de T, d6cri\'ent 1’ensemble des termes faisant intervenir cc)mme llnique variable z.

D6finition 3.4. Profondeur d’une formule, d’un ensemble, d’une fonction d6finissable
Soit @ line fornrule. On appelle profondeur en z de @ le plus grand entier n tel qlre + fait intervenir
un terme de z situ6 a profondeur n dans l’arbre T‘
Soit A un ensemble d6nnissable. On appelle profondeur en z de a le plus petit entier n tel qu’il
existe line formule d6finissant /I qui soit de profondeur n en a.
Soit, A une application d6flnissable. On appelle profondeur en 3 de h Ie plus petit entier n tel
qu’iI existe une formule d66nissant le graphe de h qui soit de profondeur n en 3.

D6finit,ion 3.5. Forrnule primitive
On considdre les formules @ a deux variables libre„s a et y, qui s’6crivent Aj dj oa les dj ont, une des
formes suivantes

1. t(n) = c

2. t(a) = t/(z)
3- t(,) = 1’(y)
4. t(„) + t’(y)
5. t(7) + c

6. t(„) # t’(y)
oi t(=),t’(T) (respectivement t’(y)) sc)nt des termes en z (respectivement en y), et c est une
constant e

Une te11e fornulle est dite primitive. Si les fornrulcs Oj sont totrtes de la fc)rmc 1, 2 ou 3 alors on
dit que d est primitive positive

D6finition 3.6. Arbre associ6 a une formule primitive
Soit d = Aj A IIne formule primitive a une seule variable libre. On IIli msc)cie un arbre binaire dont
le i-Cme nmud est 6tiquet6 par la liste dcs formules dj qui font inter\'enir le terme corre_spondant a
it

Par at)us, nolrs pourrons 6galement dire qlre cet arbre cst associ6 a d( Af) ou qtl’iI d6nnit @( A/)
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R6ciproquement a un tel arbre peut 6tre msoci6e une formule

D6finition 3.7. Formule primitive associ6e a un arbre
Soit Tr un arbre binaire 6tiquet6 par des listes de formula de la fagon sui\,’ante :
a. Le i- dme n(mId est 6tiquet6 par une liste flnie de formules dj de la forme :
KI) = C OU

t(7) = t’(2) ou
t(3) + c ou
t(„) # !’(„)
on t(z) est le terme correspondant a zi, t’(a) est un terme ayant pour unique variable r, et c est
une constante.
b. Sell] un nombre nni de nauds est 6tiquet6 par une liste non vide,

On peut associer a :r la formu Ie AJ dj obtenue en prenant; la conjonction de toutes les formules
qui apparaissent dans les 6tiquet;tes de T. On note cette formule dCT).

Eremple 3.8. 1, Soil @ la formule d(#) 74 g(z). On associe a $ 11arbre dont les deux fils de la racine
portent chacun Ia condition d(2) # 9(7). Les autres nauds de l’arbre sont 6tiquet6s par la liste vide.
d est r6alis6e par tolls les 616ments dont l’arbre est tel que les deux SIs de la racine portlent des
616nlents distincts.

2. Soit c e M. Consid6rons @ la forrnu]e (d(r) = c) A (gCr) = d(z)). L’arbre hssoci6 d + est
l:arbre dont le premier nls gauche porte i’6tiquette {g(a) = d(z)}, et Ie premier fHs droit, 1’etiquette
{(d(r) = c), (gCr) = d(n))}. Les autres nmuds sont 6tiquet6s par la liste vide.
(La formrrle @ d6finit Ie meme ensemble que (d(z) = c) A (g(a) = d(z)) A (g(3) = c). Mds dIes c)nt
des arbres difT6rents.)

Remarque I. So it IF un arbre 6t£quet6 comme en 4.7. Supposons que la racine de :F soit £tiquet6e
pa.r in liste \>ide, (dots dCT)(a) est 6qrhrJalente d d( CF,/)(g(a)) A #(=n)(d( a))
Puisque o est bijoctiue, pour foul y e +(Tg)(M) et tout z e #(Td(M)), l’arbre TF tel que T: = Tv,

Th = T„ et dont la racine est 6t{quet6e par la liste vide, est l’arbre d’un 6t6ment de TCM)

Lemme 3.9. Forme des injections d6fmissables Sod A tin sous-ensemble d6fnissable cie M
et h une application ddfrnissable {nject£ve cie A dans A. Le graphe de h petIt 6tre ddAni par une
formula de la forme vj (b (z) A g (r, y)) oh
a. chaque dj (z) est line jormule prim£tiue
b. les ensembles Oj(M) sont tolls dLsjoints,
c, chaqre @;(r, y) est IIne disjonction de conjonctions de formules primitiues positiues.

Demonstration. Par 61imination des quantificateurs, on petIt supposer qu’on a partitionn6 d4 en
une union disjointe d’ensembles Aj d6flnis par des formules dj telles que les points a et c soient
sat,isfaits

Soit dq (z, y) des fornlules d66nissant le graphe de h sur Aj . Puisque h est une fonction, il est 6vident
que les formules @/(r, y) doivent v6rifier Ie point b. - V6rifions qu’on peut 6galement satisfaire le
point d
Toujours par 61imination des quantincateurs, et qrritte a rafnner, on peut supposer que les @ (z, y)
sont des formules primitives. II s’agit de montrer que ces formules sont en fait 6quivalentes a des
forInules primitives positives.

subsectionForme des injections d6finissables
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Arltrement (lit si une formule d6finit un singleton et s’6crit comme une conjonction de formules
de la forrne

1. t(g) = t’('')
2. t(g) = t’(y)
3. t(y) + t’(„)
4. t(y) + !’(y)
5. t(g) = c oa c C NI

6. t(y) + c

oi t(z), t’(r) (respectivement t(g), t’(y)) SOIlt des termes faisant intervenir uniquement la variable
z (respect.ivement y), il s’agit de montrer, qu’on peut en fait se restreindre aux formulhs de ]a forme
1 on 5.

Soit % ( x, y) une conjonction d’6gaIites ou de n6gations d’6galitas de la fume t(y) = t/(n),
t(y) = t/(g), ou t(y) = c oi t(y), t;1 (y), t/(2) sont des termes et c une const;ante
A 3 Hx< < (n, y) est 6quivalcnte a une conjonction de formules de la forme t(y) + c ou t(y) = c oa
t(y) est un terme et c une constant;e.

Le r6sultat d6coulera dorIC du lemme suivant

Lernme 3.10. So it

@(y) = (A}=, b (y) = q) A (AF=,4 (y) # 4) A (A}':1 cy(y) = a"(y)) A (AF=,t;"(g) # !;"" (y))

oi t j M , tJj (y) , t’; M , t’;’ (g) , tlj’1 b) ,tl;11’ (g) sont des termes en line settle variable et cj ,clj des coTutantes.

Si O(y) d6bnit un ensemble fni, aZors elle est en faite 6quivalente d Al= it j (g) = cj

La suite de cette soIIs-section est essentiellement consacr6e a la d6monstration de ce lemrne.

Commengons par remarquer qu’un ensemble nni d6fini par une conjonction d’6galit6s de la forme
t(y) = c oil t(y) e_st un terme faisant intervenir uniquement la variable g et c est une constante, (st
soit un singleton, soit vide

Lemme 3.11. Soil IP(g) = (AF=111 (y) = q) ad les of soul des corLstantes et les fJ(g) des terTnes
non constants faisu.nt interveTtir tm{qaement Irl variable ly. StLpposon3 que A i= O(M) est non nate
Pour Loul i, so if Ai ;= {cjIy e A, yi = c}. Pour tout i E {g, d}n ni n e N, ,41 est soil inBni saM
r6drrit a un singjeton,

De pIlls Ie faa que At soit rdduit a un singleton ne d6pend pas du choU des cj m(lis uniquement de
I’ensembLe {{IJ, b (y) saM 6gale a u}.

D£monstration. Cela est une cons6quence imm6diate du fait que C-) est une bijection et peut se
d6montrer par r6currence stir g la profondetrr de O.
Pour q = 1, puisque C-) est une bijection, la propri6t6 est 6vidente.

Supposons la propri6t6 v6rif16e pour g e N*. N'lontrons qu’elle est vraie pour q + 1
Soit IF l’arbre associ6 a tb
Si la racine de T n’est pm 6tiquet6e par la liste ride, alors F(Af) est un singleton et le r€'5ultat

est 6vident. Nous pou\'ons dorIC supposer que la racine de IF est 6tiquet6e par la liste vide, et que
d(r)(-) est aquivale-te a @(7',)(g(,)) A @(fd)(dC-))
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Par hypothdse de r6currence, Tg(M) et Td(M) v6rifient, la propri6te du lemme, Solt iI, . . . , in
les 616ments de la suite finie i. Soit ; la suite £2,
Puisque (-) at une bijection, O(M)i = @(n,)(M);. L’wbre T tout entier la v6rifie dl
Cela achdve la d6monstration de la propri6t6 au rang n. a

Remarque 2. 1. En particuLier si A est un ensemble Ini d6frni par une formtte de la forme
IP(y) = (AP=lb (y) = q) od les cj sant des aarLstantes et Les tj(y) des Lermes faLqant interuerhr
uniquemeTit Ja uariable y. Alors ,4 esl un singleton (car A = Ao)
2. Supposons que 9 est une fonction ddSnie sur B–C OIl B et (I sont. des ensembles di$nissabtes, et
qrre k graphn de 9 esl dani par ( A}Lj (y) = t} (=)) A(Ait: (g) = Q), ad les q c M, et tj (=), tj (y), t;(y)
sont des termes faisant £nteruenir une seule uar£able libre. Alors g petIt se protonger d B tout entier,
En e Bet, pour tout no e B–C @6, la jmmule (/\jb (y) = G (=o)) A(Alt: (y) = q) d6fnit un singleton.
Puisqm.e =o est fund, cette formule est en fait de la forme des formnrles consid6r6es dans le lemme
2. Le jait qu’IIne telle formule ddAnit un singleton est en fait uniquement d6termin6 par 1’ensemble
Ltertsernble {kI J, t/(y) = gk ou t;(y) = %}. La jorrntde (AiG(y) = 4 (z)) A (Alt;(y) = q) d£Bnit.
done lin singleton pour tout = C B : on petIt dorIC protonger g & B tout ent£er, en posant g(z) := y
tel que Aj (b (y> = t; (”)) A (Ait; (y) = q)

D 6monstratlon. Preuve du lernme 3.10
Mont,rolls le r6sultat, pas r6currence sur (m, k, n) e FV3 muni de l’ordre lexicographique,

Et;ape 1 : Commengons par montrer par r6currence sur n que pour tout n e N*, Ie r6sultat est
vrai pour (m, k, n) = (0,0, n)

Pour n = 1, k = 0,m = o, soit @(y) = (A}=IQ (y) = q) A (t’(y) + c’). son i td que t/(g) = m
Soit; A 1’ensemble d66ni par A}=ltj (g) = q

Par le lemme pr6c:&lent A et Hi sont chacun soit infini, soit r6duit a un singleton
Si ,4 est un singleton, alors (A!=lb(g) = q) A (t/(g) + c’ ) qui est non vide par hypothdse, est
6quivalente h (A}=1 tj (y) = q ).

Supposons A infini
On remarque que d { At : en effet, sinon puisque (A3=ltj (v) = cj ) A (t/(u) / cf) definit un ensemble
non vide, .4£ contient au moins deux 616rnents et dorIC par le lemme pr6c6dent est infini. N'lais cala
est impossible puisqu’alors (AI=lb (y) = q) A (f(y) 7£ c') d£finit urI ensemble in6ni
Puisque d { Ai, iI est clair que (A}=lb(y) = q) A (t/(y) / c/) est 6quivalente i A}=lb(y) = q : la
propri6t6 est bien d6montr6e pour n = 1

Soit n c N*. Supposons ]a propri6t6 d6montr6e pour (0,0, m) quelque soit m r n. Montrons la
pour (0, 0, n)

SdtFrIefi:LIta it(;{}= IIAJAg;iLl£f lr.?)if Fees ?==J;t,::6enjFrrtJl;Ie:;l:miTll; IT;;) cor-
respond a a

Soit ,4 :’ensemble que d66nit A}=lb(y) = q

Strpposons que (A}=ltj (g) = q) A (A;'=1}Je{n+£11...lik}t; (y) + 4)) d6nnit IIn ensemble fini,

Par hypothase de r6cunence (A}=ltj (y) = q) A (A;*=11/g{nill_. h}$ (y) + 4)) est 4quivalente a
A}=lti(g) = q
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Soit .4 1’ensemble que d6finit cette formule. On proc ade comme dans le cas n = 1. D’aprds le lemme
pr6c6dent, A et A, sont soient inflnis, soit r6duits a un singleton
Si .4 est un singleton, alors (A}=ltJ(g) = q) A (4(y) = c") qui est non \’ide par hypoth6se, est
6quiva]ente d (Ai=lb (#) = cj) et la propri6t6 est d6montrde
Supposons A in6ni
On remarque que pour tout J c {n, il, . . . , dk}, cJ # xi. En efTet, sinon puisque (AS=lt; (y) =
q ) A( A}'= 1 t; (y) + c; ) d66nit un ensemble non vide, Ai contient au moins k+1 6]ements et donc par le
lemme pr6c6dent est inHni, Mais cela est imposslb]e puisqu’alors CA!=16 (y) = q) A (A;'=1 a (v) 7£ c3 )
d66nit un ensemble infini.

Ainsi, puisque pour tout j c {n,£1, . . . , ik}, cj ( Xi, iI mt clair que (A}=lb (y) = q)ACA;'=IJ#{£l1
c;) est 6quivalente i A}=1£j(y) = cj : la propri6t6 est bien d6montr6e

,,,}t; (g) +

Supposons que (A}=lb (g) = q) A (A;'=1,;e{il1...1 ihIt;(y) + c;) d66nit un ensemble inhni.
SCIit A 1’ensemble qued66nit (A}=IG (y) = cj) et B celui d66ni par (A$=113 (y) = q)ACA;Lllj#{ll1...14}q(y) +
:;)

Fuisque O est une biject,ion, et que pour tout j + {n, 11, . . . , ik}, t; (g) 74 m, on a Bi = A,
D’aprds le lemme pr6c6dent, Hi et dorIC Bi est soil, r6duit a un singleton soit inflni
Supposons qlre Bi soit reduit a un singleton. Alors par le maIne argument que pr6c6demment,

c1 + Bi pour tout j e {n, il, . . . , ik} et done (A}=lb(y) = Q) A (A}LIJg{n pil,_dh)((y) + c;) A
(Aj€{nli,1...11,}G(y) + c;) est 6qui%lente a (A}=ltj(g) = q) A (A}'=1,j#{n.il1...lik}4(y) + c;). Par
hypothBe de r6currence cette dernidre formule est 6quivaIente a (A}=1% (y) = q)

Supposons que Bi soil in6ni. Alors puisque {n, h, . . . , ik} est ani, PCM)i est, aussi tnfini. Mats
cela contredit que V' d66nit IIn ensemble flni. Cette contradiction ach d'e la r6currence : pour tout
n C N*, Ie r6sultat est vrai pour (m, k, n) = (0, 0,n)

E;tape 2 : Montrons a pr6sent par r6clrrrence sur A C N*, que pour tout A e N*, pour tout
n C N*, ]e r6sultat du lemme est vrai pour (m, A, n) = (0, i, n).

Soit n C N'
D6montrons qlle le r6sultat est vrai pour (C), 1, n)

W(y) = (A}=, tj (y) = q ) A (AF=,6 (g) # c;) A (q'(y) = $"(y))

Soit

oi h (y), t; (y), t;(y), q"(y) sont des termes en une seule variable et cj ,c; des constanta.
si (A}=1£3 (y) = q) A (A;'=la (y) 7£ <) d6nni un ensernble nni, alors par ce qui pr6cade elle est

equivalent.e d (A$=1b (y) = cj) et d6finit en fait un singleton. 11 est alors est dvident que @(y) est
6quivalente a (A!=ltj (g) = cj).

Supposons que (N=lb(y) = cj ) A (AF=16(y) + c;) est un ensemble infini. si t"(g) ou t’"(y)
correspondent a 1’un des termes tj (y) ou $ (y), alors ]a-formule est en fait 6quivalente a une formule
du type pr6c6demment consid6r6 ct le r&sultat s’en suit

Supposons que t"(y) ou ta’(g) ne correspondent a auc:un des termes cj (y) ou q(y). Soit yI le
terme correspondant a t" (y) et g, celui correspondant a t’"(g)

Si /l' ou At ast un singleton IIi e„st en fait 6quivalente a une formule du type pr6c6demment
considQr6 (c’est-a-dire une formule ne faisant apparaitre auc IIne relation entre deux termes non
constants en y)
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Supposons que .4, et At sont infinis. On petIt supposer qu’il n’y a aucun de lien de filiations
entIre y, et gt (grace a la propri6t6 que C-) est sans cycles). On peut 6galement supposer que gt et
u, ne sont nls d’aucun terme gi sur leque! porte une condition du type g, = q (pui$qu’alors cette
condition d6termine 6galement, la valeur de ses descendants). Deux cas de fIgures se pr6sent,ent
dorIC : soit y, on gt est p&re d’un das termes yi sur lequel porte une condition du type u = ci ; soit
ut et g., sont tous Ies deux ind6pendants de tous ces termes.

Dans Ie premier cas, puisque gt = y,, l’arbre de racine y, coincide avec celui de racine gt et les
conditions portant sur leurs dacendants doivent donc 6tre les m&nes et alors X, = At. II e_st alors
clair que O ne peut pas d6finir un ensemble nni. Cetite contradiction ach6ve la r6currence.

Dans le deuxidme cas, puisque O est une bijection X, = At = M et il est clair que O ne petIt
pm un ensemble nni. Et cela ach6ve la r6crrrrence de la meme fagon

Suppose)ns le r6sult;at d6montr6 pour A e N*. D6montrons-le pour A + 1. Soit

d(y) = (A}=,tI b) = q) A CAFE,t; (g) # 4) A (AfI It;’(y) = q"(y))

oi b (y), tS (y), (/(y), U(y) sont des termes en une seule variable et q , c; des constantes
On d6montre le r6sultat de la m6me fagon que pour k = 1. En effet, puisque (-) n’a(Imet aucun

cycle, on peut supposer qu’il n’existe aucun lien de filiation entre K+1 (y) (respectivement tl:l1 (g)) ,
et les autres tumes t;’(y), ("(y)

Le r6sultat est dorIC d6montr6 pour m = 0 et A, n quelconques.

E:tape 3 : Il reste a d6montrer que le r6sultat est vrai pour m quelconque. Cela se d6montre
par rCcurrence de fagon tout a fait similaire a ce qui a 6t6 fail, a 1’6tape 2.

a

Remarque 3. 1. Soient zi et nJ deu£ termes en 7. Si #{ correspond a un descendant de nj ( dans
l’arbre associ6 eI z), alors ta formule (3 i = ti) r\ (= j = tj) oil tj,ti sant des termes quelconques est
soit insat'isfais able, sett 6quivalente d (zj = t t)

2. Plus g6n6ratement;, sod +(x) une conjonction tie formutes de la forme = j = t j o?) xj est tin
terme en line seute variable libre 3, et tj est un terme quetconque.

Si + est satisfaisabte, ators elle est €qu{vatente a ta conjonct£on tb des formules = j = t j qui sont
tettes que :

– = j = t j appara£t dans la conjonct£on d6$nissant +

– iI n’e:iste pas de jormzle zi = ti qui apparaisse dans ta conjonction d6$nissant d et qui soUl
tette que : j correspond a un descendant de 3i

La formIIte \> sera appet6e ta forme normate de +.

U

D6finition 3.12. Soit g une fonction dont le waphe est defini par (Aj (b ( g) = G (x))) A (Ajt; (y) =
Cl

On dit qlle la forme normale de cette formrrle est une forme normale de g

Lemme 3.13. Soa g une jonction inject£ve d6bnie par une jorme normate sur un ensemble A– B
9 se prolon9e sur A en une fonction injectiue d6frnie par ta meme jorrruLte norm(IIe.

D6monstrat+.on. C’est, une cons6quence imm6diate de la remarque 2
B
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3.4

Nous allons a pr6sent donner des d6finitions qui nolrs permettront de d6finir une topologie qui
satisf+tsse les conditions du critdre 2.9.

Porrr cela nous allons consid6rer les ensembles que nous appellerons ’lsimplu" et qui, a profondeur
fix6e, seront un analogue des ensembles irr6ductibles : ces ensembles simples seront tels qu’ils ne
peu\'ent s’6crire comme union non triviale d’autres ensembles simples et ils permettront de t'recons-
titlrer" tout ensemble d6flnissable de profondeur p par des combinaisons boo16ennes

Pour cela nous allons consid6rer Ies ensembles de profondeur p et d6finir les ensembles simples
en GIant toutes les relations possibles qu’il peut exister entre ]es zi oil i c {9, d}? et 6ventuellement
en $xant certains de ces 616ments zi cc)mme 6tant 6gale a une constante. Fixer touta les relations
possibles qu’iI peuc exister entre les ri, revient a se donner une partition uT=IIl de {9, d}p telle que
pour tous f , jc {g,d}P, I, = nj si et seulement si iI existe k avec i, j c &
Choisir un 616ment d66ni par une telle forrnule (en supposant que cell hci gait satisfaisable) revient
a choisir n 61ements de if
Etant donna que nous consid6rons les ensembles de profondeur p, une fois fix6es toutes les relations
possibles entre les 616ments ai, les seules conditions qlre l’ont perrt ajouter sont celles qui fixent
certains 616ments comme 6tant 6 t,aux a une constante donn6e.
En faisant cela, on diminue le deF,r6 de libert6 que nous avions lors du choix d’un 616ment satisfaisant
une formule. Intuitivement on diminlre Ia dimension. Deux ensembles simples inclus l’un dans l’autre
seront n6cessairement dans ce cas de figure.
Deux ensembles simples ne peuvent, ainsi etre indus 1’un dans l’autre que si le degr6 de libert6 dans
le chc)ix d’616ments diminue.

Cc qlli suit formalise tolrt cela,

Ensembles simples et application du crit6re

D6finition 3.14. son ul}=llj une partition de {g, ci)? et soit C un ensemb]e de couples (i, c) oil
f E {.g, d}H et C C M
On ,tssocie a U T=\lj et C, I’ensemble A tel que

– Pour tout 1 S j g n, pour tout = e A, et tout jl, 32 C II, £j, = aJ,
– Pour tout (i,c) e C, porn tout a C H, zi = c.

Supposons de pIus que pour tout i e {q,d}P tel qu’iI n’existe pas c C M avec (i,c) C C, on peut
trouver = et z/ dans A tels que .?i + = i. (L’ensemble (; at "maximal11.)
L’ensernble ,1 est appe16 ensemble simple de profondeur p (la profondeur n’est pas pr6cis6e quand
il n’y a pas d’amt)ig(lita).
On appelle U}=\ 11 Id d6compositinn de {g, d}? associ6e i /1 et a son ensemble de constantes.

R.emarque 4. 1. Si B est lin ensemble simple et C un ensemble dd$nissable strictement inclus
dans B (et de mame profondeln), alors C est 6gale7nent rIn ensemble simple dont la ti6composit£on
est in nICme que celte associde d B, et dont I’ensemble de constantes est str{ctement inclus dans
ceIIa de B

2. It est driident que si A, B,C sont des ensembles simple.s, (rIots A = BUC impliqrre que B = e)
ou C = O.

ProposItIon 3.15. Les ensembles simptes de profondeur p forment ta base de ferm6s tI’une topotogie
noetlldriertne slm Xl dont its sont les ferm6s £rr6duct£bles.

D67rl071 st,r(it.ion. Soit F l’enselnble dont les 616ment,s sont Ies unions 6nis d’ensembles simples.
II est ilnrn6(]iat de v6rifier qrre les axiomes d6finissant des ferln6s sont s,rtisfaits pas les 616ments de
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F
F est clairement stable par union finie.
L’ensemble a/ est la r6union de tous les ensembl&s simples dont 1’ensemble des constant;es est vide
(iI y a 2p tels ensembles qui correspondent a toutes les pardt,ions possibles de [ll; P]). II est donc
un 616ment de F

II est 6vident que F est stable par intersection,
Il est 6galement 6vident qu’un ensemble simple ne petIt s’6crire comme union non triviale de deux
aIItres 616ments de F

La Noeth6riennit6 est imm6diate a v6rifler. Deux ensembles simples sont indus 1’un dans l’autre si
et seulement si iIs ont la meme d6composition et que 1’ensemble de constantes du premier est inclus
dans celui du deuxi6me. Comme un ensemble de constantes a au plus 2P 616ments, il ne petIt pas
exist;er de chaines infinie d’ensembles simples. a

Remarque s. I. Tolrte d£rOrrLpoSitiOn de {g, d}? me perrnel pcts de dipTar un ensemble simple. PuT
e=empLe, en pmfondeur 2, in d£composition associde d l’arbre (c’est-a-dire teILe que ng = ={914 =
#{dtd) ec =d = ={d,g} = =gg avce de plus ng 74 zd.) n’esf pub compatible aIIce I’absence de cycles

Remarque 6. So if B II.n ensemble simple de profonfletn p.
Chaque 6t6ment = de B correspond a un 2P ul)lets : la liste des termes de = situ6s d profon(tear p
sur t’arbre de =

La dimeTtsion de B en tant; q&e jenna d’IIne top(}logie noeth6rienne correspond au plus grand
entier d, tel qu’a caste = e B dont le 2?-uplet de ses termes cie pmjondeur p contient ci 616ments
tII.st.i,nct,s.

Informellement, la dimension correspond au nombre de param6tre„s qu’on peut droisir pour les
616ments de B

Il est 6\-ident que ces ensembles simples permettent par combinaison boo16enne d’obtenir tous
les ensembles d66nissable de profondeur inf6rieure ou 6gale & p

Proposition 3.16. Soit ,4 ?in ensemble ddfrn{ssabt e de pTOfondetlr inf6rieure d p. n est possible
d’6cr ire A comme line comb{naison boot6enne d’ensembles simptes de projondeur p. De pIlls, si
A = U jCB j – (U.11 Bj, )) et que cette 6cdture est sans r6p6tition (i.e. it n’eatste pas de j + jF tels que
B j = B jr et a n’e=iste pas de i, j, j1 tels que Bj, = Bj ou Bj, = B jI ), alors cette denture est unique

On pent alors d66nir une notion de dimension pour tout ensemble d6nnissable de profondeur
inf6rieure a p

D6finition 3.17. Soit ,4 un ensemble d6finissable de profondeur p dont la d6composition en en-
sernbles simples est A = +(Bj – (UjbBJl ))
On d66nit la dimensk)n de A par dim(A) := man(dim(Bj)).

D6finition 3.18. Soit B un ensemble simple. On appelle rang dans B d’une famille de variables
zi, , . . . ,=i„ Ie plus grand nombre de variables qui peuvent etre choisies distinctes.
Sc)it q 11ne fonction d6finissable d6flnie sur B. Soit zi,, . . . , zi„ les variables apparais siant dans g. On
appelle rang de g le rang dans B de zi, ,

3.19. Une j07rct£on g d6ftn ie 611.r ?in ensemble A injectiue a un rang 6gale a la dimension
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D6monstration. Porlr que g soit injective, il faut que pour tout 1 S i $ n, il existe ji C it tel que
.tj, intervient dans la d6finition de g.
Sinon, g(y) est t16terlrlirl6 par la conjonction d’une formule @(y) qui ne fait intervenir que les z£
a\'ec ! { 1, et d’une formule O(g) qui ne fait intervenir que %,. II existe une infinit6 d’616ments z
de A qui ont la meme image par g,

a

Cela nous permet d’61argir le domaine de d66nition d’une fonction injective d6finie sur un en-
semble B – a oa B est un ensemble simple,

Lemme 3.20. Soit .4 un ensembZe d6$nissable dont t’adh6rence est un ensemble simple . Soit g
?me injection dr,$nLssnble dont le graphe est ddSni stIr A par La jormule normale + = (Aj (b (y) =
G( 1))) A (Ait;(y) = cj). Alors g paul etre proLong a. a une injection tie$nissabte sur ,4

D6moTtstration. A est de la forme B – UjBj oil B et las Bj sc)nt des ensemble simple_q. Nous avons
dda remarqu6 (3.13 ) que 9 se prolonge a B tout entier. Il reste a montrer l’injectivit6 de son
prolongement,. Puisque cllaque Bj est un ensemble simple indus dans B, si une famine de variables
zi, , . . . ,zip a lrn rang dans B 6ga] a la dimension de /3, alors iI est clair que cette meme fami lle a
un rang dans Bj 6gal a la dimension de Bj : la formule normale d6finissant g se prolonge dorIC en
une injection sur BJ. O

Lemme 3.21. Sod A un ensemble simple de profondeur p. So it g une injection dont le graphe est
d6frni, par une formule norm.ale. Alors, it ez£ste un ent,i,er q tel que g(A) est un ensemble simple de
ptofontlelrT q .

Demonstration. Soit (Ajtj(g) = tj(z)) A (Ajt;(y) = q) une formule normale d6flnissant g sur A,
et soit g ]a profondeur miuimale des termes fj(y) et t’7 (y). II est 6vident quID est possible d’6crire
g( A) comrne un ensemble simple de profondeur g. - a

LewIme 3.22. Les modtles de la th£orie des fonct ions de paires sat{sfont te critiire 2 : leur anneau
de Grothend{eck est non trirlial et de caract6rist{que mIlle.

Ddmonstrati,on. Soit, g une injection d6finissable de domaine de d66nition A. Prenons une partition
cIe A en ensembles d6finissables Aj telle que pour tout J, g est d6flnissable par une formule normale
stir dj. Soit q Ie plus grand entier teI que g est d6flnie par une forrnule de profondetrr q sur Aj Il
r6sulte de re qrri pr6c6de que

– pour tout J, g se prolonF,e en une injection d6flrlissable sur Aj l’adh6rence de Aj.
– pour tout ferm6 irl'6ductible B C Aj, gCB) petIt, etre vu cc)mme un ensemble simple de

profondeur q,

Le crit6re s’appliqlre donc. D

Corollaire 3.23, La th6orie des jonctions de paires sans cycles a comme anneau de Grothendieck
zrxI/(x – x=)

3.5 Calcu1 de l9anneau de Grothendieck
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D6monstration. Soit X la classe de A/ dans l’anneau de Grotllendieck.
11 est 6\,ident que X = X2. De plus, puisqlre, d’aprds Ia proposition ??, l’anneau de Grothendieck
est de caract6ristique non nuDe, Z[XI/(X2 – X) s’injecte dans l’anneau de Grothendieck de A'I
Puisque A/ est isomorphe a M2, tout ensemble d6finissable de 1\4" a\'ec n entier, est isomorphe a
un ensemble d6finissab Ie de 1\1
Soit A un ensemble d6finissab Ie de M d6finit par @ une conjonction d’6galit6s sur les termes.
Montrons que si /I n’est pas nni, alors il est isomorphe a M.
Soit T l:arbre associ6 a @ et p sa profondeur. Soit / le nombre de nmud de T qui ne correspondent
pas a 1’un des termes apparaissant: dans d. A est isomorphe a M’ : une fagon d’avoir un 616ment de
A est de placer sur chacun des naud ne correspondant pas a 1’un des termes 'apparaissant dans +,
un 616ment arbitraire de Al.
A est dorIC isomorphe a M.

Tout ensemble d6finissable est combinaison boo16enne d’ensemble d6fini par une conjonction d’6ga-
lit6s sur les termes.

Il s’en suit que si A est un ensemble d6finissable de A/, alors sa classe dans l’anneau de Grothendieck
de A/ est un 614ment de Z[X]/(X – ;V2)

E

11 existe de nombreux exemples de fonctions de paires sur N. Par exemple, lafonction de paire
de Cantor ; (m, n) w +(m + n)(m + n + 1) + m. Mais cette fonction n’est pas sans cycle : 0 o 0
Les fonctions de paire auxqueIIes on pense le plus naturellement sont souvent d6finies de fagon
alg6brique et v6ri6ent une certaine propri6t6 de d6croissance : si a e N, alors son image (b, c) est
telle que b < a ou c < a... E:IIes c)nt dorIC un cycle en 0,
Nous allons ici donner l’exemple d’une fonction de paire sans cycles.

3.6 Exemple de mod61es de la th6orie des fonctions de paires sans cycles

Consid6rons un tableau dont les lignes et les colonnes sont index6es par N.
On inscrit dans chaqrle case du tableau un entier en proc6dant ainsi : on considare le tableau comme
une union de carr6s de c6t6 [lo, njl2, on commence par la case (o, o) puis si on suppose n = o et que
les casa des n premiers carr6s ont d6ja 6t6 6num6r6es, on consid6re le carr6 de c6t6 n + 1 dont on
commence par 6num6rer Ies cases de la derni dre ligne n+ 1 avant de remonter le long de la derni6re

)lonne

Vc)ici ce que cela donne potu les trois premiers carr6s

Cela d6finit line bijection de N dans FN2. Cet,te bijectlion correspond en fait a la fonction d6finie
ainsi
pour n = A2 + c all t s k, on pose OCn) = (t, k)
pour n = b2 + t oa & S t < 2k + 1, on pose OCn) = (k, k – t).

O n’est pas sans cycles : en effet,, 0 est envoy6 sur (0, 0).
Notls allons un pen modifi6 (-) ann qu’elle soit sans cycles. Le probleme avec (-) a';t en faN; qu’elle
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v6rifle une propri6t6 de '“d6croissance11’ : pour tout n c N son image (a,b) est telle que a $ n et
b < n

Potir rern6dier a cela, nous allons faire du point 0, un point qui fasse "'diverger vers l’in6ni"
On procdde ainsi
pour d6finir les images des entiers, nous allons a nouveau faire appel au tableau dont les lignes et
les colonnes sont index6es par N
Sur toutes les cues de coordonn6es de la forme (2k,2k) oa b > 1, on inscrit le chiffre 2k–1. Sur
(2, 2), on inscrit 0
Puis on inscrit les chiffres restant (qui ne sont pas des puissances de 2) 1’un apr6s l:autre (il est
entendu qu’on les 6numdre dans l’ordre croissant) en parcourant le tableau de la meme fagon qu’on
l’avait parco\rrll lorsqu’on a d6finit O

Voici ce que cela tlonne polrr les trois premiers carr6s

1l6l11
3 1 3 1 10
7l9lo

Il est 6\'ident que p/ est sans cycles,
En effet, p1 est, st,dctement '1'dCcroissante'1’ sur Ing entiers shrictement posirifs qui ne sont phs une
puissance de 2 (dans le sens ofr p’(n) = (a, b) avec a < n et b < n)
Et sur {2/;jk e N} u {0}, p' est strictement croissante.
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ON CONTINUOUS FUNCTIONS DEFINABLE IN EXPANSIONS
OF THE ORDERED REAL ADDITIVE GROUP

PHILIPP HIERONYMI AND ERIK WALSBERG

ABSTRACT. For every expansion of the ordered real additive group one of the
following holds: every continuous defInable function [0, 1] –> IR is C2 on an
open dense subset of [0, 1], or every definable C2 function [0, 1] –> IR is affine,
or every continuous function [0, 1] –> IR is defInable. The first case holds for
any NT P2 expansion of (IR, <, +), more generally for any expansion that does
not interpret the monadic second order theory of one successor.

Throughout R = (IR, <, +, , . ,) is an expansion of the ordered additive group

of real numbers, and “definable” means “R-definable, possibly with parameters”
This paper continues our earlier work in [6, 10] on de6nable sets in such expan-
sions. This endeavor is part of the general program of investigating geometric and
topological properties of definable sets in expansions of the real line, as outlined by
Miller [12]

1. INTRODUCTION

An w-orderable set is a definable set that admits a defInable ordering with order
type o. \Ne say that such a set is dense if it is dense in some open subinterval of
R. We divide expansions of (IR, <, +) into three distinct categories

( A) 72 does not define a dense c,p-orderable set,
(B) R defInes a dense n-orderable set, but does not define some compact set,
(C) R defines every compact subset of every IRb

It is euiy to see that a type C expansion defines a dense a-orderable set (see [6,
Theorem 3.9(i)]), so the three cues are indeed exclusive. In this paper we study
consequences of this trichotomy on definable continuous functions, and show that
such functions behave very differently in each cm;e

\Ve first give some nlotivation for this trichotomy. A type C structure is not
model-theoretically tame in any sense as it interprets second order arithmetic. Ev
ery projective subset of [o, 1]b is definable in such a structure and even simple
questions about basic properties of projective sets, such as Lebcsgue measureabil-
ity, are independent of ZFC. Although not stated in precisely this way, the argument
in [7] show’s that every expansion of the field of real numbers is type A or type C
Therefore any model-theoretically tame expansion of the real Held is type A. Indeed
a stronger result is true; any expansion of (IR, <, +) that defines multiplication by
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A far u11countab ly many A C R is either type A or type C (see [6, Theorem C])

\\'e regard type A as the ultimate generalization of o-minimality in the setting of
expansions of (R, <, +). All topological assumptions on unary definable sets that
have been proposed as generalizations of o-minimality, imply type A. For example,
if every defInable subset of IR has interior or is nowhere dense, then R is type A
as a dense u-orderable set is dense and codeIlse iII an interval. XIodel-theoretic
tanlene'is conditions also imply type A. By [lo, Theorem Al an expansion which
admits a dense u-orderable set interprets the nlonadic second order theory of one
successor and for that reason violates all known Shelah-style combinatorial talne-
ness properties such as NIP or NTP2 (see e.g. Simon [13] for definitions). So all
NTP2 expansions of (R, <, +) are type A.

Type B structures lie in between the tu’o extremes of type A and type C
\\Fhile such an expansion fails any combinatorial tameness, there are type B ex-
pantsions with decidable theories. Natural examples of such type B expansions
are (IR, <, +, n b> Wr, z) (see [8]) and (IR, <,, 1-, a), where o is the middle-thirds
Cantor set fbee Balderrarna and Hieronyrni [1]) . Interestingly, type B expansions
have received little attention within tame geometry and model theory, but have
appeared in theoretical computer science (see for example Boigelot, Rassart, and
Wolper [3]) and fractal geometry (see Charlier, Leroy, and Rigo [5]). One reason
lnight be that all known examples of type B expansions are bi-interpretable with
the monadic second order theory of one successor. This theory was shown to be de-
cidable by Bnchi [41 using automata-theoretic rather then model-theoretic methods.

Let us return to continuous functions. First observe that in type C expansions
there is no restriction a,t a.11 on the behavior of continuous definable functions as
every continuous function from [0, 1] to IR is definable in such a structure. This is
in stark contrast to the situation for type A expansions. Indeed, weak analogues of
kItOurn results for o-minimal structures such as the monotonicity theorem hold for
an type A structures (see [10, Theorem E]). In this paper Ive prove the following
regularity result

Theorem A. Suppose R is type A. Let fIl –) IR be a defInable continuous
function on an open interuul I. Then for euery ke B! there is a defInable open
dense U g I on tuhich j is Ck

In the o-minimal setting this result is due to Ldskowski and Steinhorn [11], and
our proof of Theorem A uses ideas from their \york. In particular, it also relies
crucially on a classical theorern of Boas and Widder [2]. Note that the ,usulnption
of continuity is necessary, as (R, <, +, Q) is of type A and the characteristic function
of Q is non’here C1. Of course, even when j is continuous, there need lrot be an
open dense definable set on which f is smooth, as such a result fails already in the
a-minimal setting by Rolin, Speisscgger and \Vilkie [14]. As a corollary to Theorem
A, we obtain the following generalization of a theoreln of Peterzil [13]

Coronary A. Suppose that it is type A. Then one of the foLLouling holds.

(1) For CUCTU continuous definable f : [o, 1] –> IR there is an open dense u g
[o, 1] such that f is affine on each connected component of u
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(2) There are de$nable junctions O, 8 : 12 A 1 on an open {nteruat I such that
(/,<,©,®) is isomorphic lo (IR, <, +, ')

\Ve also give strong restrictions on continuous functions definable in type B
structures. As noted above a type B expansions only defines multiplication by A
for countably many A c IR by [6, Theorem C] . Our first result for type B expansions
here is the following counterpart to Theorem A

Theorem B. Suppose it is type B. Then every defInable C2 function f
is afbne

[0, 1] a IR

Theorem B indicates that type B structures enjoy linearity properties. The follow-
ing result gives further evidence in this direction.

Theorem C. Suppose R is type B. Then
(1) a defInable junhly of linear functions [o, 1] + IR contains only hnitetu many

distinct elements,
(2) every defInabLe continuous function on a bounded interuat is bounded,

(3) every defInable continuous function IRq IR is euentually bounded aboue bg
a linear function,

(4) there is no interval 1 CIR and dehnabte junctions ©,® : 12 o 1 such that
(/, <, O, @) is an ordered Aeld isomorphic to (IR, <, +, .)

The proofs of Theorem B and C depend crucially on a slight generalization of Hi-
eronymi and Tychonievich [9, Theorem Al first observed in [6, Proposition 3.8]. We
establish Theorem B by showing that continuous functions in type B expansions
are weakly periodic in a certain sense (see Theorem 3.4). This weak periodicity
immediately rules out strictly convex defInable functions, and therefore Theorem
B follows. For Theorem C, we show that a type B expansion cannot define a weak
pole, that is a family of continuous functions tllat surject arbitrarily small irltervals
onto a fixed norlempty open interval (see Definition 3.6). We then note that any
expansion of (IR, <, +) which satisfies the negation of any one of the staternents in
Theorem C defines a weak pole,

It is natural to ask if Theorem B can be strengthened to assert that every C1
function definable in a Type B structure is affine. We do not know the answer to
this question. We show the following:

Theorem D. Suppose R depnes a al function [o, 1] –> iR with nonconslurrl deTiv
alive. Then DEe of the following holds

(1) R interprets (IR, <, +, ', Z)
(2) there is an open irbteruul I and dennubLe functions O, 8 : 12 q 1 shell that

(/, <, O, @) is isomorphic to (IR, <, +, .)
Theorem C and D together yield the following corollary

Corollary B. If a Lype B erpunsiort defInes a C1 FuncLion [0, 1] + R with non-
constant derivative then it interpr-ets (IR, <, +, ., Z)

It follows that every C1 function definable in a type B structure with decidable
theory is affine. Note that this covers the examples of type B structures above.

“Most” expansions are type C. The following Theorem gives a precise instance of
this idea
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Theorem E. Let c(to, II) be He set of continuous functions to, 1] –> la equipped
with the topology of uniform conueryence. Then the set of f c c([o, 1]) such that
(R, <, +, /) is type C is comeager in C([0, 1])

Theorem E states that a generic bounded continuous function defines aJ£ bounded
contirruous functions over (R, <, +). The proof of Theorem E may be applied to
many other Polish spaces of continuous functions [0, 1] + IR.

Acknowledgements. Nqe thank Samantha Xu for useful conversations on the
topic of this paper.

Notations. Let X C IR". We denote by cl(X) the closure of X, by Int(A) the
interior of x, and by Bd(X) the boundary cI(X) \ Int(X) of x. Whenever x g
R711+n and II e Rr", then X= denotes the set {y e Rn : (z, y) e X}. We always
use i, j, k,I,m,n for natural numbers and r, s,t, A, e, d for real numbers. Given
= = (=1, . . . , rn) e R' \ye let IIz 1 := max{j£ll, . . . , I=nE} be the lm norm of z.

Throughout this section 72 is type A. In this section we prove Theorem A. The
reader will find it helpFul to have copies of [6, 10] handy, as n’e repeatedly make us
of results from these papers,

2. DIFrER£NTIABILITy IN TYPn A STRUCTURES

2.1. Prerequisites. Before diving into the proof of Theorem A, we establish a few
basic facts about type A structures for later use. Recall that X g IR” is Db if
there is a definable family {Yr1. : r, s / 0} of compact subsets of IR” such that
X = Ur q Y„„ and Y„, g Yr.,f if r $ r' and s ? s’, for all r, r1 , s , s1 > 0. We say
that the family {Yr,, ; r, s > 0} witnesses that X is Du

Lemma 2.1. Let I g IR be an open £nterual and Xg / x IR>o be Db such that
x, is fInite for every = e I . Then there is an open sub£n£e7'ual J g 1 and an e > a
such tha J x to, c] is disjoint from x.

Proof. Let Ir : / x IR>a –> IR be the projection onto the first coordinate, Observe
that T(X) is D£, and hence by [6, Theorem D] either has interior or is nowhere
dense. Therefore we can reduce to the cm;e that rCX) = 1. Let {B,1£ ; s, te iR>o}
be a definable family of coInpact sets that witnesses that X is Db. Let

C,1 = 7(X \ B.It) and D,.t = 1 \ C,I for all s, t -> 0
Note that each C ,.t is DE. As n(X) = /, \\'e have a e D , .t if and only if X' g
(B„t),,. Since each X= is finite, every # e I is contained in some D , .t . Thus
Us & D ,,t = 1 By the Baire Category theorem there are $, tc IR>a such that D ,,t
is solrle\\’here dense. Since D , .t is closed, D , .t has interior. Let J be an open
subillterva1 whose closure is contained ill the interior of D ,.t. Then

X n (cl(J) x :R>o) = B,.t n (cl(J) x =R>o)

As cl(J) x {o} and Li,.1 are disjoint comp,icl subsets uf R2, there is an e /, o such
that no point in B,.t lies within distance e of any point in ci(J) x {0}. It follows
that J x [o, e] is disjoint from B ,I and thus disjoint frc)in x. D
Definition 2.2. \Ve say that D g IR>o is a sequence set if it is discrete and
bounded with closure DU {0}.
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It is easy to see that (D, >) has order type w. By [10, Lemma 3.2] R either defines
a sequence set or every bounded nowhere dense definable subset of IRis finite.

Lemma 2.3. Let D be a depnabLc sequence set and Xg D x IR &e defInable such
that xd is nowhere dense for each dc D. Then Udel> xd is nowhere dense.

Proof. Set
Y == {(d,z) c D x IR : Ie cD eZ dA (e, r) e X}

As (D, >) has order type u, the set {e e D : d S e} is finite for every d e D
Therefore XI is nowhere dense for every d e D. As Yd C r, when d ? e, the family
{Yd ; d e D} is increasing. By [10, Lemma 3.3] ud€£> h is nowhere dense. It
follows directly that Ud€o Xd is nowhere dense. – D

2.2. Proof of Theorem A. Let i : 1 –> IR, where I = (a,b) is an open interval,
and h = (hl, . . . , hk) e IRt. We define the generalized k-th difference of f as
follows:

and for A Z 1
LQ jLA == fbI

Ai/(n) := A Fat...11,,_,)/(r + hk) – Ajr:I_,h,_,)/(n).
Note that for given h, the function AE/ is defined on the interval (a, b – tII/III)

Let J be a subinter\’al of IR and k e N. A tuple (u, z) e Rio x J is ( J, k)-suitable
if r + klluIE c J. We denote the set of such pairs by SJ 1,. Note that & k is open
and Ai/(r) is defined for each (h, n) e Sy,I,

\Ve apply a theorem of Boas and \Vidder. \Ve first fix some notation

Definition 2.4. Let f : / A IR be continuous. We say H{ holds on / if either
e bRh ... taft=) ? o for all (n, h) e 1 x IR>a with ((h, , . , , h), r) c s1,k or
• AFb,_,h)/(r) $ o for all (a, h) c / x IR>o with ((h, . . . , h), r) e s/.1,

If I = (a, b) and (z, h) e I x IR>o, then ((h, . . . , h), a) c sl.h if and only if
a < = < = + kh < b.

Fact 2.5 ([2, Theorem]). Let i : / o IR be continuous and k = 2. 11 HZ holds on
I , then f(k-21 eTists and is continuous on I

Lemma 2.6. Let j -. J dR be a continuous tIeRname function and D be a deftTtubLe

sequence set. If Afh,d)/(n) ? o for all ((h, d), z) e st,b n (Rh–1 x D) x J, then
AE/(x) ? 0 Jo, (UI z) e sJ,k

Prooj. By continuity of f, it is enough to show that {(u, z) e sy.h : A:/(z) ? 0}
is dense in SJ.h. Let U g Sy.t, be open. Let (al, a2, n) c U, As D is a se-
quence sct, there are d1, . . . , dn c D such that (ul, F:=1 di, r) c u. It is left to
show the following claim; For every J e {1, . . . , n}, (111, F{=1 d, n) e s .1,h and
ALI,Eg. ',)/(-) ? O

First obsen’e that since E:=1 di < a2 and (a1, 112, d) c s .1.1„ \ve have (a1, E=1 d, n) e
Sy .k. \Ve now show the secolrd statement of the claim by applying induction to j

\Ve now prove a lemma
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For j = 1, A&1,d1)/(#) ? 0 by our assuInptions on D. So now let j > 1 and suppose

A:'111.E ,:, d.)/(r) ? o. Since (ul, E=1 d,-, r) c SJ,k. it foIIo\''s irnmediately that
(a1, dj , n+ ==} d,) c SJ.h. Thus ALL,d1)/(r+ E:11 dJ ? o. Using the definition
of the Ak, \’e obtain

AL,.E{=1 ,.)/(”) = AE:1 AL:=1 ,,/(”)

='':('(„*i')–'„,)
=“,=('(„*i”)–'(,*!*)*'(,*!':
= bR„,„, if (£ +hdi) + ALI,a:i ,,)/(„) : o.

– /(„))

Theorem A follows from Proposition 2.7 and Fact 2.5

a

Proposition 2.7. Let Ill –+ IR be a continuous defInable function, Then there is
a defInable open dense subset U of I such that for each connected coTrtponent J of
U either

• AE/(z) ? o IOT aLL (h, n) c Sy.k, or

• b\ f (#) $ 0 for all (h, r) e Sy.k

Proof. Let a, be iR be such that I = (a, b). We first treat the case when R defi11es
a seq\rence set D. We proceed by inductiorl on k. The ca,se /c = 0 follows irnnre-
diately from the weak monotonicity theorem for type A structures (see [6, Fact 3.3]) .

Let A > o. Observe that for d c D, Ai df = AE–IA}/ and that Ai/ is defined
on the interval (a, b – d). By the induction hypothesis we find for every d e D a
dense definable open set Ud g (a, D – d) such that for each connected component
J of ud, either Ai-IAb/(r) ? 0 for all (h, n) c SJlk_\, or Ai–IAi/( z) $ 0 for all
(h, r) C Sj.h_\. For d e D set

Xd = ((„, b – d) \ n) u {b – d}

By Lemma 2.3 Ude£> Xd is nowhere dense. Set u == 1 \ cI(Udc/3 Xd) and observe
that U is definable, open and dense in /. Let J be a connected component of U
Then for each d e D, either

(i) (a, b – d) n J = a or
(ii) J g (a, b - d) and one of the following is true

(a) AE–IAi/(r) ? 0 for all (h, #) € sy,h_\, or
(b) Ai–IA}/(a) $ 0 for all (h, z) e sJ .k_\

Since I) is a sequence set, there are in6nitely many d e Z> for whicl1 (ii) holds
Denote the set all such d c D by D’. Let D" ;= {d c D’ ; AE-IAb/( x) =
0 for tIll (h, ir) C s./,k_1}. Then either D’ \ D" is infInite or D1 is infinite. Suppose
that D" is infinite. We no\v want to sho\v that AE/(rr) ? 0 for all (u, r) e SIR
By Lemma 2.6 it is enough to sho\v that Ai d/(r) ? 0 for all ((h, d), r) c SaI n
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(Rh–1 x D") x J. Let (h, d, r) C sj.h n (Rh-1 x D11) x J, By definition of SJ k, we
get that a + tH(h,d)II c J. Thus z + (k – 1)!!h II e J and hence (h,a) c sw,_I
Since d e D", we get

Ai,d/(r) = A£1 Ai/(r) ? o.
The case when D1 \ D" is infinite may be handled similarly.

We now suppose that R does not define a sequence set. Then by [10, Lemma 3.2]
every bounded nowhere dense definable subset of IRis finite. Set

K := {(a, h) e I x IR>o

% := {(3, h) e I x IR>o
A}h„..,ufC,) ? O}

Afb„.„h)/(3) $ 0}'

Both Vl and Y2 are closed. Int tV := (1 x IR>o) \ (Int Yr u Int %). Then tV is Dr
Since tV g (vl \ Int 71) u (% \ IntY2), tv is non'here dense and therefore has no
interior. Let a : I x IR>o -+ I be the coordinate projection onto I. Consider

By [6, Fact 2.14(2)] Y is D s. By [6, Theorem 3] dim Y = 0, so Y is nowhere dense.
No\v let U be the complement of cl(Y) in J. We that dimPF, = 0 for all r c U. In
particular, each TV' is nowhere dense and hence finite. Consider

Y == {r el dim TV, Z 1}

\Ve will show that Z is nowhere dense. Suppose J is an open suI)interval of 1 in
which Z is dense. Observe that ( J x IR>o) n tV is Dr. Applying Lemma 2.1 to
this set we get a subinterval J’ and an e > 0 such that J1 x (0, e) is disjoint from
IT/. This contradicts the density of Z in J. Thus Z is nowhere dense. Let U' be
the cornplement of cl(Z). Lee Ja be a connected cor11pollent of U1 , Let = c JH . As
r q Z, there are d, e > 0 such that (z – d, z + d) x (0, c) n tV = a. It follows from
conllectedness that (z – J,z + 8) x (0, e) is contained in Y1 or %. Thus HI holds
on (a – J, z + 8). D

Z := {1 e U Vd, e > 0 (z – J, n + d) x (0, c) nIV + a}

The goal of this section is to prove Theorem B and C. The key ingredient is the
following generalization of [9, Theorem Al

3. CONTINUOUS FUNCTIONS IN TYPE B STRUCTURES

Fact 3.1 ([6, Proposition 3.8]). If R deAnes an order (D, -’), an open interuul
u gR, and a function g : IR3 x D –+ D such that

(i) (D, <) has order LuTe w and I> is dense in U
(ii) IOT every a,be u antI e, d eD with a < b and e 3 d,

{c e R : gCc, a, b, d) = e} n (a, b) has nonemptu interior,

then it is type C.

FIle following fact is a corollary of Fact 3.1 which is often easier to apply. Loosely
speaking, it says that every expansion of (IR, <, +) that defines two sufficiently
irl(lepcndent w-orderable sets, is type C

Fact 3.2 ([1, Lemma 3.7]). If there crisIs two dense u-ortlerable subset CJ and I>
of (0, 1) such Lhul (C – C) n (D – D) = {0}, then R is hype a
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3.1. Proof of Theorem B. Throughout this section \ye suppose that 72 is type
B. \Ve apply Fact 3.2 to continuous functions definable in type B expansions

Lemma 3.3. Let I be an vpeTt £nZerua£ in IR, I) be a dense cv -orderuble subset of
1, and f : 1 –+ R be defInable, continuous and nonconstant. Then for euery open
interval J = 1 there are dl, d2 , d3, d4 C J nD such that

e dl # d2, d3 # d4,
• dl – ch = f (dd – f (dd

Proof . Let J g I be an open subinterval of J. Let a,be IR be such that J = (a, b)
By the intermediate value theorem there is an open interval J1 g /( J). Since D
is dense in /, \ye have that f (D nJ) n J1 is dense in J1 . Let d ,b1 e R be such
that (a/, b’) = J’. By lowering b1 , we can assume that b1 – a/ < b – a. Then both
(–a + D) n (o, b[ – a/) and –d + fkD n J) n J' are dense w-orderable subsets of
(0, b’ – a’). By Fact 3.2, there are dr, d2, d3, d4 C J such that dr + d2, d3 + d4 and

dI – d2 = (–a + d!) – (–a t d2> = –a/ + J Cdd – ( – d + /(d4)) = /(d3) – /(d4)
D

Theorem 3.4 (Weak periodicity). Let I be a bounded open interual arid ill –+ IR
be dcfurable and continuous. Then for every open interual J g 1 there are 3,y e J
and d / o such that = + u and jor all er , e2 c IR IDiLh [cII, Ee21 < J

PTOOf . Since R is type B, there is a dense w-orderable subset D of J. Let J g I be
an open interval. We can directly reduce to the case that f is nonconstant on any
open subinterval of .J. Let a be the set

/(„ + '1) – /(y + '1) = /(„ + '2) – /(y + '2)

{(dl,d2,d3,dO c D4 ; dl + d2. da + d4}.
For d = (dl , d2, d3, d4) e C, let Ad C IR be the set of t such that

• t + d3, t + d4 e ,J, and
• dl – d2 = ILL + d3) – /(t + d4)

For each d e C, the set Ad is closed in J by continuity of f . Let s > 0 and J1 be an
open subinter\’al of J such that t + J’ g J for all t e (0, s). Let t C (0, s). Consider
the function in : J' –> IR that maps c c J’ to flt + c). Applying Lemma 3.3 to at
we obtain a d = (dl, d2, d3, d4) C C such that

Thus t e Id. Therefore (o, s) g Ud€t; Ad. By the Baire Category Theorem Ad
hh5 interior for some d e O. Fix such a d = (dl, d2, d3, d4) e C and let J"
be an open interval in the interior of Ad. The the function J" d IR given by
t o fLt + d3) – /(t + d4) is constant. The statement of the Theorem follows. D

dr – d2 = n ('/3) – gad+I = iLL + d3) – ill + d4 )

Recall that if i : [o, 1] –> IR is strictly convex if and only if

W qchq••= O fo r a 1 1 o qrr••F r s< y s(q9qq• T / q< yr < 1 H

Corollary 3.5 There is no strictly conue'r defInabLe function i : [o, Il –> IR.



ProoF. Suppose that i ; to, 1] # !R is continuous and definable. By Theorem 3.4
there are a,g c [0, 1] and d > 0 such that = < y and for all er, c2 e IR with
ECll)[€21 < d

fLu + er ) – fly + el) = It= + Q) – flu + Q)
Taking e2 = 0 and el < y – 3, 1 – y we have

/(r tel) – /(Z) = /(y + el) – /(y) and 0 < z < z + el < y < y + el < 1
So I is not strictly convex. 3

Proof of TheoTem B. Set

B+ := {= c loll]

Ba := {n C [01 1]
B_ := {= € [0, 1]

!" (,) > 0),
/"(,) = 0},
/"(,) < 0}

By continuity of f1 , B+, B_ are open and Bo is closed. Suppose B+ is non-empty.
Let I be an open interval in B+. Then f1 is strictly increasing on /. Since the
integral of a strictly increasing function is strictly convex, the restriction of j to I
is strictly convex. This contradicts Corollary 3.5. Thus B+ = g. Similarly we can
show that B_ = a. Thus Bo = [o, 1]. n

3.2. Proof of Theorem C. Recall that a pole is a definable homeomorphism
between a bounded and an unbounded interval. In the following \ve will consider
structures that might not define a pole, but still admit a definable family of maps
that continuously surject arbitrarily small intervals onto a fixed open interval,

Definition 3.6. A weak pole is a de6nable family {/Id : d e B} of continuous
lrraps hd : [C), d] –> R such that for some d / 0

(i) Eg R>o contains a sequence set,
(ii) [0, d] g hd([0, d]) for all d C E.

It is emiy to see that if la admits a weak pole whenever it defines a pole.

Theorem 3.7. Suppose that 72 defInes a weak pole and a dense tv -oTrierable set
Then it is hype C.

Proof, Let (D, -') be a dense w-ordcrab ie set and {hd ; d e E} be a weak pole.
Since 72 expands (R, <, +), Ive can assume that E is closed, D is dense in [0, 1
and [0, 1] C hd([0,dJ) for all d e E. Let Z = {(a, b) e [0, 1]2 : a <’ b} and let
A : R>o –> B map = to max(–m, =] n E. We no\v define g : [0, 1] x Z x D d D to
be the function that maps (c, a, b, d) to

d, if c – a > A(b – a);
<-lninimal e e Dxd s.t. hx(b_,) (c – a) – e is minimal, other\visa.{

\Ve will now, show that g satisfies the assumptions of Fact 3.1. For this, let a, bc Z
and d, e e D with e 3 d. Since [0, 1] g /zx(b_,) ([0, A(b –a)}), there is a e [0, A(b–a)]
such that hA(b_,)(z) = e. Since D sd is finite and hA(b_„) is continuous, there is an
open illterval I around z such that for each y e /, e is the only element in D <d such
that hx(b_,)(y) – e is miniulal, Lct c e (a, b) such that c – a = z. From the above
argulnent it foIIo\\,s irnmedieately that g(=,a,b, d) = e for all = e c + InCa, b). Thus
(ii) of Fact 3.1 holds for our clroice of g. a
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TIre first statement of TheoreIn C follows irnrlrediately from Theorem 3.7 alrd the
following Proposition

Proposition 3.8. Lct \ f, : = c IRt} be a defInable family of linear functions
[0, 1] o R that has infIniteLy many distinct elements. Then it admits a weak pole.

Proof. After replacing each F, with IAI if necessary \ve suppose that each f, takes
nonnegative values. Set B = {/,(1) : .r c IR 1 }. Let g : B x [0, 1] o IR maps (A, t)
to Ad) for any y e IR1 with h(1) = A. Note that g is u’eli-de6ned and g(A, t) = At
for all c c [0, 1]. We now extend g to the closure of B. Let X c cl(B). We declare

#(x, t) = xreBrD+x 9(A’, t) for all t e to, II.
After replacing g by i and B by cI(B) we suppose B is closed. Then B is a closed
and infinite subset of R>o. Therefore one of the follow'ing holds:

(1) B is unbounded

(2) B has an accumulation point.
We first suppose that B is unbounded. Let {/Id = d c R>o} be the definable family
of functions hd : [0, d] q R given by declaring hdd) = g( A, t) where A is the lninimal
element of B such that g(A, d) ? 1. Then hdd) ? d–lt for all t c to, d]. It directly
follows that \hd : d C R>n} is a weak pole

Now suppose that (2) holds. Let X be an accumulation point of B. We declare

@(A1, t) := 19(x, t) – g(A', t)! for all A’ c B, te to, 1].

Note that @ is definable and @(A’, t) = IA – A' it for Af c B, tc [0, 1]. Set C = {jA –
A’F : A[ c B}. Let {hd : d c c} be the definable family of functions hd ; to, d dIR
where hd is the compositional inverse of tu @(X/, t) where A’ c B and d = X – A’ I
Note tllat O contains arbitrarily small positive elements as A is an accurnul&tion
point of B. Then hd satisfies hdd) = d-lt. It follows that {hd ; d e c} is a weak
pole a

We now prove the second and third statement of Theorem C. We first recall a basic
real analysis fact.

Lemma 3.9. Let I be an open interual, f : I A IRa function, and c, d > o be such
that I/(t) – f(11)1 < 8 ulheneuer L, L1 e I satisfy jf – tll < e. Then

I/(t) – /(t’)I $ 11t – t’I + 2d i,r dI L. L' e T

It follows that if i is bo„nd,d ,./„„ I i, b,„nd,d ,nd f i, ,„,„t„,ZZ# b,„„d,d f,.„"
aboue by a linear function when I = R.

Proof. Let t, t’ c R. If it - t/ 1 < e then I/(t) – /(t/)[ < d and the lemma holds. \Ye
therefore suppose that it – t’I ? c and further suppose without loss of generality
that E “ t'. Let t = no < . . . < =„ = t’ be such that la – gi+l1 < c for all
1 $ i $ n – 1 n'her, n = [BI + 1. w, „mp.t,

/P> – /(t')[ $ X, I/(ri) – /(ai+1)E < nd
C

= d r V 1 + 8 s( : 1 t t r 1 mF 2 d r
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The second and third statements of Theorem C follow from the PrQposition below,
Lemma 3.9, and Theorem 3.7,

Thus the lemrna holds in the case it – Z/I ? e. D

Proposition 3.10. Suppose 72 does not deRne a weak poLe. Let I be an open
in.terilai and let F : 1 –+ R be COTbtiTLUOUS and deBnab Ie. Then ! is uniformLy
continuous,

PTOOf . We suppose that f is not uniformly continuous and show that R defines
a weak pole. Let d > 0 be such that for all e > 0 there are t , t’ e I such that
I/(t) – /(t’)I ? d and }t – t’1 S e. For every e > 0 let

A, := {t c / : if(t) – /(t')1 : 6 for some t S L1 S t + c}.
Note that each A, is closed in I and nonempty. Let p be a fixed element of /. Let
go(c) be the maximal element of A, n (m,p] if A, n (oo, p] + a and the minimal
element of A, n b, m) otherwise. Note that go : IR>a + I is definable. Let gl (c) be
the least t' e [go(e), go(c) + el such that if(go(e)) – /(t’)I ? a. Then gr : IR>o + /
is definable and for all e > 0:

O < gl(') – go(') S e and I/(gl(c)) – /(go(c))E ? (5.

We consider the definable family of functions h, : [0, gl(c) – go(c)] > IR given by
declaring

hc(t) = !/(go (') + t) – /(go('))F
Each h, is corltinrrous, it follows hom the intermediate value theorem that [0, d] is
contained in the image of every h,. Thus {h, : c e IR>o} is a weak pole. H

It is easy to see that R defines a weak pole when the last statement in Theorem C
holds. This completes otu proof of Theorem C,

In this section we prove Theorem D

Definition 4.1. We say that 7: is of field-type if there is an interval I g IR
together with definable functions ©,® : /2 –> 1 such that (I , <,©,®) is an ordered
field isomorphic to (IR, <, +, -)

Theorem 4.2. Let I be a closed interuat and let f : I A R be a de$nabte Cl
Junction with non-constant derivative. If there is an open subinterual oj I on which
f 1 is strictly increasing OT strictLy decreasing, then it is of heLd-type. If f 1 is r&of
strictly increasing or strictly decreasing on any open sub£nterual, then R interprets
W,<, +, .,%). In particular, if f is ct theTb it is of Beta-type

Proo!. Let J = [a, b]. After shrinking I if necessary we suppose thEn one of the
following two cases holds

(a) f 1 is strictly increasing or strictly decreasing on I.
(b) there is no open suI)interval of I on which /1 is strictly increasing or strictly

decreasing

After shrinking / if necessary we suppose //(a) 74 /’(b), After replacing I with /
if necessary we suppose PCa) < f(b). If case (a) this implies that f1 is strictly
increasing. Let //(a) < q < //(b) be rational. It foIIo\vs from continuity of f 1 and
the intermediate value theorem that there is an a < a < b suclr that it (z) = q.

4. WHAT ABOUT Cl-FUNCTIONS?
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Continuity of j1 implies that the set of such a is closed, let a’ be the m&\inral
element of [a, bl such that f(a’) = q. Note that a’ < b. After replacing a with
a/ if necessary we suppose that /'(a) = q and /’(#) > q For all a < z $ b. Let
h : [a, b] –> R be given by h( 1) = /( r) – (z – a)q. Note that h’(r) = /’( a) – q . Thus
hf (a) = 0 and h/(r) > 0 for all a < = $ b. in particular h’ is strictly increasing
when f 1 is, so /l’ is strictly increasing in case (a). Note that h is definable as q is
rational. After replacing f with h if necessary we suppose /’(a) = 0. Let N C N be
such that /'(b) 2 +. After replacing i with Nf if necessary we suppose j1 (b) ? 1
Let b[ be the minimal element of [a, b] such that f(bf ) = 1. After replacing b with
b' if necessary we suppose that /’(b) = 1 and that 0 < f 1 /(#) < 1 for all a < 3 < b.

Claim 4.3. Let {gr : I e x} be a defInabLe famIly ol functions deFTled on cLosed

interuaLs tvith right endpoint zero such that each gl(o) erists for aLL = eX . Then
ltte relations d(o) < g;(o), gl(o) $ 9{/(o), and g;(o) = g;(o) arc clcBnable on x

\Ve only prove the first claim, the latter two follow. \Ve show that d(0) < a{/(o) if
and only if there is a a < z < b such that

t g,(c) + [/(z + e) – /(z)] < %(c) Dr sufficiently small c > o.

Suppose that + holds. Let a < 2 < b be such that

q,(c) + [/(z + e) – /(z)] < %(e) for sufficiently small c > 0,

Dividing by e and taking the limit e –> o we have d(o) + /’(z) $ 9;(o). As z > a
we have it (z) b o so d (o) < g;(o)

Now suppose that d(o) < 9;(o). Let a > o be such that a(o) + d < 4(o). As
I' is continuous and it (a) = 0 there is a a < = < b such that it (z) < d. Then
4(o) + /’Cz) < g:(O)I th't is

lim gr(') + hm Jkz + '> - /(;) < hm g,(')
c–+0 ( cda ( c–}0 e

Hence + holds. Claim 4.3 follows
Applying Claim 4.3 to the definable falnily gF(t) = j(= + c) – /(n) \ve see that

the relations /1(1) < //(y), //(r) s /’(g) and f 1 /(3) = /(y) are definable on 1
We let E g [a, b] be the set of r such that J’(y) < f' f (r) for all a $ y < =. It

follows from Claim 4.3 that E is de6nable. For every 0 S t $ 1 the set {a $ z $
b : /1(z) ? !} is closed and nonempty and thus has a minimal element = which
must satisfy //(z) = t. This minimal elelnents is in E, Thus for every 0 S t $ 1
there is an I C E such that /#(2) = t. Note also that if r, g C E and z < y then
/' (-) < i'M

In case (a) we trivially have E = 1. If E contains an open interval then /1
must be strictly increasing on that interval. Thus E canlrot have interior in case
(b). A somewhere dense subset of IR closed under limits of incI'easiIlg sequences has
interior. Claim 4.4 below thtISS irrrplies that E is nowlrere dense in case (b)

Claim 4.4. Every limit of an increasing sequence of elements of E is in E

Let {:ri}len be a strictly increasing sequence of elemcnts of E with limit =
We have /( ni) < f1 1(q) whenever i < j. As /’( a) = limb,D /[(ri) \ve have
//(xi) < /’(z) for all i. Suppose 0 g g < =. Then y < aj < = for some J. As
'= j e E n'e have /’(y) < it (b), hence /’(g) < /’(z). Thus n e E. This proves
Claim 4.4
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Given = e E \ b and o St $ b – = we let /,(t) = jb + t) – /(z). We declare
hd) = 1 for all [ > o. Then A(o) = /’( 1) for all = c E. As i is strictly increasing
each f ' is strictly increasing. After translating I if necessary we suppose a = 0, so
E is a subset of [0, 6]. We declare

El = –(B \ {01 b}) + bI E2 = –(E \ {0})1 B3 = – E\
Then E, Er , E2 , B3 are pairwise disjoint as they are subsets of [o, b] , (b, 2b) , [–b, o) ,
and (–2b, –b) respectively. We let F = EU B1 u E2 u &. Note that in case (a)
we have F = (–2b, 2b), so F is an interval. We construct a definable family of
functions {gz : n e F} with the following two properties;

(1) For all t C IR there is a unique = C F such that g;(0) = t
(2) Ifr, y e F and r < y then gl(o) < 9;(o)

If ze E then we let g, = f'. If = C El then we let gT be the compositional inverse
of IIb_ I. As each L is strictly increasing each f= has compositional inverse. We
have A(o) = Xb_z(o)–1 for all n e El. It follows that for every t \ 1 there is a
unique a c El such that X(o) = £. If : c B2 then we let g= = –f_=. We then
have A(o) = –X,(o) for all r e B2. It follows that for every –1 S t < o there is
a unique = e B2 such that gl(0) = t. If a c E3 then we let q, = –g_,. It follows
that for every [ < -1 there is a unique = e B3 such that gl(0) = t. Conditions (1)
and (2) above follow,

We now define functions ©,® : F2 A F. Given z,u e F we let a Q y be the
unique element of F such that

gI„(o) = (h + g,Y(o)
and z @ y be the unique element of F such that

gI,,(O) = (ga ' g,)’(O)
It follows from Claim 4.3 that © and 8 are definable. For all 3, y e F:

g:8,(O) = d (O) + d(O) and d8,(O) = d (O)g;(O).

So r A q:(0) gives an isomorphism (F, <, O, 8) –> (IR, <, +, '). As observed above,
F is an interval in case (a) and is nowhere dense in case (b). Thus R is of Held
type in cme (a). The next claim shows that R interprets second order arithmetic
in CaSe (b'f

Claim 4.5. If F is n.otuhere dense then IZ interprets second order arithmetic,

Suppose F is nowhere dense. Let U be the complement of the closure of F,
Claim 4.4 implies that the left endpoint of every bounded connected component
of Cr is in E. We let I) C E be the definable set of left endpoints of bounded
connected cornponents of U. We define an u-order < on D. Let a : D q IR be
the definable function such that J(d) is the length of connected component of U
with left endpoint d. We declare d < d’ if d(d') <. iCd) or if a(d’) = d(d) and
d < d/. It is easy to see that < is an u-order on D, this is shown in Section 2 of
[10], Furthermore D is dense in F as F is nowhere dense. Consider the structure
(F, <,, O, 8, D, -’). This structure is isomorphic to an expansion of IR which admits
a dense c,?-orderable set. Let

Z = {n C F : q:(0) e Z}
Then (F, r,O,®, Z) is isomorphic to (IR, <, +, -, Z). It follows from [7] that (F, <
, 8, 8, 1), -’) defines Z, This completes the proof of Theorem D. J
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Theorem D and Corollary A follow from the previous theorem,

Corollary 4.6. Let j : [o, 1] –> IR be nowhere Ch for some k
(1) if f is c07tL'hbuous then B, <, +, f) interprets the monadic second order

theoTN oj one successor.
(2) if f is C1 then (IR, <,+ , j) interprets (IR, <, +, ., Z)
(3) if I is C2 then (R, <, +, f) defInes all compact subsets of aLL IRk

Proof. Item (1) follows from Theorem A and [lo, Theorem Al. Item (3) follows
from Theorem A and Theorern B. Suppose f is al. As f is non’here Ck it follows
horn Theorem A that (iR, <,+, fl admits a dense w-orderable set. If i or –f
is strictly convex on some open subinterval then (R, <, +, /) defines all compact
sets by Corollary 3.5 and hence interprets (IR, <, +, ., Z). If f and –f are not
strictly convex on any open subinter\’al then ft is not strictly increasing or strictly
decreasing on any open subinterval. It follows from the proof of Theorem D that
(R, <, t, /) interprets (IR, <, +, ', Z). a

In this section we describe the proof of Theorem E witllout giving full details. It
is classically known that the set of somewhere differentiable continuous functions
[0, 1] –> IR is meager in a([o, 1]). It therefore sufHces to show that the collection
of all continuous function [0, 1] d R definable in type B expansions is meager. By
Theorem 3.4 it suffrces to show that the set of f c O([o, 1]) such that for some
C) < =,y < 1 and 0 < <5 S y – z we have

/(z + e) /(n) = /(y t e) – /(y) for all 0 < eSd

is meager. It is enough to show that for each n = 1 the set A„ of i e O( [0, 11) such
that for burne 0 < a, y < 1 we have i $ y – z and

It, + ,) – /(a) = /(y + ,) – /(y) for an o < e s !

is nowhere dense. Each Hn is a closed subset of C([0, 1]), so it sufHccs to show that
each /1„ has empty interior in a([o, 1]). For any n, I e a(to, 1]), and e / o it is
pasy to construct a piece\\’ise linear g e c(to, 11) such that iI/ – gII < c and g { /4„
So An has empty interior.
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SIGNATURES, SUMS OF HERMITIAN SQUARES AND
POSITIVE CONES ON ALGEBRAS WITH INVOLUTION

VINCENT ASTIER AND THOMAS UNGER

ABSTRACT. This expository article is a synopsis of a number of talks given
by us in Paris (AsHer) and Konstanz (Unger) in 2015 and 2016 and aims
to provide a coherent picture of our recent efforts in extending the real the
ory of quadratic forms over fields in the noncommutative direction towards
hermit;ian forms over algebras with involution

1. INTRODUCTION

Hilbert, in his famous Paris talk in 1900 posed the following as his 17th
problem [?]; ob rticht jede depnite Form als Quotient lion SUTrtrneTL von FoT-
menquadraten dargestetlt tDeTdeTt karIn. Translated: is every nonnegative n-ary
polynomial over a field F a sum of squares of rational functions over F? Partial
answers were known to Hilbert, as well as the fact that a positive semidefinite
polynomial need not be a sum of sqlrares of polynomials,

The full, affirmative, answer was obtained by Art;in in 1927, and built on
joint work with Schreier, published in the same year. To be precise: let P be
a field of characteristic different from 2 with space of orderings xF (these are
the orderings on F that are compatible with the arithmetic of F). The ArUn-
Schreier theorem [?] says that F admits an ordering if and only if –1 is not a
sum of squares in F. ArUn’s theorem [?] says that an element is positive at all
P e Xr if and only if it is a sum of squares in F. This result is crucial in his
solution of Hilbert’s 17th problem

Quadratic forms over F come into the picture via the Witt ring W(F) (the
ring of Witt equivalence classes of non-degenerate quadratic forms over F)
Orderings P e Xr correspond to signature homomorphisms signr, : tV(F) -+ Z,
This goes back to Sylvester’s Luv of IneTtia [?]. In addition to the fundamental
ideal of IP(F), the prime ideals of LP(F) are given by signj1(0) and sign;1(pZ)
(where p is an odd prime) with P e Xr (Lorenz-Leicht [?]). Given g e IV(F),
the total sigrrature Flap sign q : XP -+ Z, P F+ sign/, q is continuous with respect
to the Harrison topology on XP and the discrete topology on Z. Furthermore,
the torsion part of PP(F) consists of those q with sign q = 0 (Pfister’s local-
global principle [?]).

The above results (n'ell-documented in [?] and [?]), and some of their exten-
sions to commutative rings, are among the foundations of real algebra, see for
example [?] or Lam’s expository paper [?], in a series of recent papers [?], [?],

2010 h<fnthe7rratics Subject ClassifIcation. 16K20, IIE39, 13J30, 16\VIC)
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[?], [?], [?] (and also [?]) we extended these results in the noncommutative di-
rection, more precisely to hermitian forms over central simple F-algebras with
in volut ion

The theory of central simple algebras with involution was developed by Albert
in the 1930s [?] and is still a topic of current research as testified by The Book of
Involutions [?]; see also [?] and the copious references therein for a list of open
problems in this area. A large part of present day research in algebras with
involution is driven by the deep connections with linear algebraic groups, first
observed by \Veil [?]; see also Tignol’s 2 ECM exposition [?]. Some work has
been done on algebras with involution over formally real fields, for example [?] ,
[?], but this part of the theory is relatively underdeveloped. This observation,
together with the fact that algebras with involution are a natural generalization
of quadratic forms, are motivating factors for our research.

2. SICNATURES

Let (A, a) be an F - algebra u]itIl invohrtion, by which \ve mean that A is a
finite dimensional simple F-algebra with centre a field K 2 F and a is an
F-linear anti-automorphism of A of order 2 (which implies that [K : F] < 2)
Let tV(X, a) denote the Witt group of ( 4, a), i.e, the tV(F)-module of Witt
equivalence classes of non-degenerate hermit;ian forms h : M x M A 4, where
M is a nnitely generated right X-module (cf. [?, Chap. 1] or [ 7, Chap. 7])
We identify hermitian forms with their Witt class in tV(4, a), unless indicated
otherwise. Given an ordering P e xF we wish to define a signature at P, i.e,
a morphism of groups

PP(A,a) –> Z
Following the approach of [?] we do this by extending scalars to a real closure
Fp of F at P and realizing that, by MorN;a equivalence, the Witt group of any
Fp-algebra with involution is isomorphic to either Z, 0 or Z/2Z. In the last two
cases, the only sensible definition is to take the signature at P to be identically
zero. In this case we call P a nil-ordering and ive write Nil[X, a] for the set of
all nil-orderings, noting that it only depends on the Brauer class of A and the
type of a. Furthermore, Nil[A, a] is clopen in Xr, cf. [?, Corollary 6.5]

In the first case, the Witt group IV(A BF Fr, a 8 id) is isomorphic to one of
I'Y(Fp), T’F((–1, –1)rp, –) or W(Fr(N), –), where – denotes (quaternion)
corrjugation, each one in turn being isomorphic to Z via the usual Sylvester
signature of quadratic or hermit;ian forms. The composite map sp, given by

LP(A, a) –> tV(A Br Fp, a 8 id) –> Z ,

enables us to define a signature. The map sp is independent of the choice of
Fp [?, Prop. 3.3], but a different choice of Morita equivalence may result in a
sign change [?, Prop. 3.4] and, conversely, such a sign change can always be
obtained by taking a well-chosen different Nlorita equivalence,

At first sight, one way to fix a sign would be to demand that sp((1>„) is
positive, as is the case for quadratic forms. This is the approach taken in [?],
but it may not always work, since it may happen that sr(<1>„) is in fact 0, as
illustrated in [?, Rem, 3.11 and Ex. 3.12]. Our solution to this dilemma is to
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show that there exists a hermitian form ?? over (4, a), called a reference form.

such that sr( 77) is always nonzero whenever P c Xr := Xr \ Nil[X, a], cf. [?,
Prop. 3.2]. Using this, given P e Xr, we define the signature at P with respect
to the reference form n ‘

sign% : IV(A, a) –> Z,

to be the map sr, multiplied by –1 in case sr(77) < 0, so that sign%(77) > 0
The map sign% does not depend on the Morita equivalence used in its com-

putation and so we may use the explicit Morita equivalence presented in [?] in
all practical situations.

Remark 2.1. In case (4, a) = (F, idr), we may take ? = <1> and sign it is then
the usual Sylvester signature signF, of quadratic forms.

Remark 2.2. The signature map is defined for all hermitian forms over (X, a),
not just the non-degenerate ones as the notation above (which makes use of
tV(X, a)) might suggest. It suffices to replace a form by its non-degenerate part,
or alternatively, to replace W(,4, a) by berm(,4, a), the category of hermitian
forms over (A, a).

Remark 2.3. A reference tuple of hermit;ian forms of dimension one can be
used instead of the reference form, cf. [ 7, ThIn, 6.4] and [?, 83]. In fact, this is
the approach used in [?]

We collect some immediate properties of the signature map:

Proposition 2.4 (Properties of the signature map [?, Thm 2,6]).

(1) Let h be a hyperbolic form over (A, a) , then signb h = 0.
(2) Let h1, b2 e tV(X, a), then sign7,(h1 1 b2) = sign% h1 + sign) hI
(3) Let h C IV(A, a) and g e W(F), then sign%(q ' h) = signr, q- sign% h
(4) (Going-up) Let h e \V(A,a) and let L/F be an algebraic eztcns£on of

ordered Felis. Then

sign:b®1(h ® E) = sign:bnF h
for aLL Q e xl

Property (4) is complemented by the following going-douin result:

Theorem 2.5 (Knebusch trace formula [?, ThIn 8.1]). Let LIP he a Fnite
eztension of ordered fIelds and assume P e xF extends to L. Let he W(A®FL,
a 8 id). Then

E
PqQ€X L

where TA8FLh denotes the Schartau transfer induced by the A-linear homo-
morphism idA ® \tLjF : A ®F L o A

signZ(TrL®,Lh) = sign:b®l h,

Theorem 2.6 (Preservation under N'Iorita equivalence [ 7, Thin 4.2]). Lel (B, r)
be an F-algebra with inuotution, Morita equiuatent to (A, a) , and assume that
a and r are of the same type. let ( : W(X, a) => tV(B, r) be the induced
isomoTTt\ism of Witt gro tIPS. Then

sig,ny, h = sign}(v> ((h)
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for all h e tV(/I, a) and all P e Xr

Theorem 2.7 (PHster’s local-global principle [?, Thrn 4.1]). Let h e tV(A, a)
Then h is a torsion form if and onLy if sign% h = Q for aLL P e XF

Theorem 2.8 (Continuity of the total signature [?, ThIn 7.2]). Let h e IV( A, a)
The total signature of h, signq h : XF –+ Z, P F+ siBnqp h, is continuous

These two theorems motivate the following results, familiar from the qua-
dr,nic forms case. Let c(XF, Z)[xla] denote the ring of continuous functions
from Xr to Z, that are zero on Nil[,4, a]

Theorem 2..9 ([?, Prop. 4.3]). For every f C CkX F, Z)[x}, I there e lists n e N
such that 2" fC Im signq . In other tUOTdS, the cokernet of signq is a 2-primary
torsion group

The stability hae= of ( 4, a) is the smallest k e N such that 2 ha(Xr, Z) [41„1 C
Im sign? if such a k exists and oo otherwise. It is independent of the choice of
q. The group cokersignq is up to isomorphism independent of the choice of ?,
We denote it by S,7(X, a) and call it the stabihLu group of ( A, a)

Theorem 2.10 ([?, T llm. 4.10]). Let th(X, a) denote the torsion subgroup oj
TV(A, a). The sequence

O –> }%(A, a) –> W(A, a) n> a(xP, Z)[A,a) –> S,7(A, a) –> 0
is errLct. The groups TFt(A, a) and S,7(A, a) are 2-primary torsion groups.

3. IDEALS AND MORPHISMS

Let R be a commutative ring and let M be an /?-module. We introduce ideals
of R-modules as follows: An ideal of M is a pair (I, N) where I is an ideal of
R and N is a subrnodule of M such that / ' M g N. An ideal (I, /V) of M is
prime if I is a prime ideal of R (we assume that all prime ideals are proper),
N is a proper submodule of M, and for every r C R and m e M, r ' me iV
implies that r e I or m e N.

These definitions are in part motivated by the following natural example:
The pair (kersign r,, ker sign%) is a prime ideal of the TV(F)-module TV(A, a)
whenever P C xF

We obtain a classification a la Harrison and Lorenz-Leicht [?}

Theorem 3.1 ([?, Props. 6.5, 6.7]). Let (/, N) be a prime ideal of the TV(F) -
rrtodule H/(,4, a) .

(1) if 2# 1, then one of the following holds.
(i) There elists P e Xr such that tI = N) = (ker sign/>, ker sign%).

(A) There enist P e Xr and a prime pb 2 such that (1, N) = (ker(ara
signI,), ker(rr o sign%)), 11>here I? : Z 4 Z/PZ and T : Im sign% a
Im sign b /(p ' Im sign%) are the canonical projections

(2) if 2 Cl, then 1 = 1(F) , the fundamental ideal of tV(F). Furthermore,
a pair (KF), N) is a prime ideal of W (A,a) if and only if N is a proper
submodule of TV(A, cr) 'w£th /(F) ' TV(A, a) g iV
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Remark 3.2. When 2 g 1. N is completely determined by J. This is however
not the case when 2 C /, cf. [?, Ex. 6.8]

There is a notion of morphism linked in the usual way to the above notion
of ideal, cf. [?, Lemmas 5.6, 5.7 and 5.8]; Let R and S be commutative rings,
let M be an R-module and N an S-module. We say that a pair (p, d) is an
(R, S)-morph£sm (of modules) ham M to N K

(1) p : R e S is a morphism of rings (and in particular p(1) = 1);
(2) @ : M + N is a morphism of additive groups;
(3) for every r C R and m c M, $(r . m) = pCr) . +(m)

We call an (R, S)-morphism (p, P) trivial if P = 0. We denote the set of all
tR, S)-morphisms from M to N by Ham(RIS) (M, iV) and its subset of non-trivial
( R, S)-morphisms by Hom IR,s) (M, N~1

Let (p, Of) and (p, P2) be (R, S)-morphisms of modules from M to Nl and
NI respectively. We say that (p, Or) and (p, @2) are equivaLent if there is an
isomorphism of Imp-modules a : Im Or -+ ImO2 such that @2 = do @1. We
write A, for the relation “being equivalent“

The pair (signr, signZ,) is again a natural example of a (TV(F), Z)-morphism
from W(A, a) to Z and is trivial if and only if P e Nil[H, d

The classification of prime ideals of TV(,4, a) yields the following description
of signatures as morphisms:

Theorem 3.3 ([?, Prop. 7.4]). The map that sends P C Xr to Lhe pair (signI,,
sign%) induces a b£ject£on between XF and the equiuatence classes with respect

L' - o/ Homi„(,),„)( IV(Al ')I Z).

Theorems ?? and ?? give us

Coronary 3.4. There is a b£jective correspondence between the prime ideals
of W(A, a), the non-zero signatures of hermit£an forms over (A, a) and the
equivalence classes of Homjw,(F)1z) (W(4, a), Z) with respect to h,

4. SUMS OF HERMITIAN SQUARES

In the field case, Pfister’s local-global principle can be used to give a short
proof of the fact that sums of squares are exactly the elements that are non-
negative at every ordering. In [?] we showed that the same approach yields
a similar result for F-division algebras with involution and, with some extra
effort, for all F-algebras bath involution.

Let AX denote the set of invertible elements of A, Sym(,4, a) the set of a-
symmetric elements of A and Sym(A, a)x := S)rm(A, a) n AX . We say that
an element a e Sym(/1, a) is Tl -ma£imal at an ordering P e XF if signb<a>a is
maximal among all sign%(b>„ for b e S)rm(A, a). In the field case, this means
signp<a> = 1, in other words a CP \ {0}. For elements b1, . . . , bl e FX we
denote the HarrIson set {P e Xr 1 br , . . . , bt e P} by H(bl, . . . ,hE

Theorem 4.1 ([?, ThIn. 3.6]). Let bI , . . . , bt e FX and Y = H(bl, . . . , bt)
Assume that a e S)rm(,4, a)X is II-manimal at all P e Y. Let u c gym(/1, a)
The foUou)ing staterrtents aTe equivalent.
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V) u is n-rnazirnal at aLI P e Y
(a) u e D(n,„)(2k x <(bl, . . . , bt» (a>a) for some k e N

The presence of the element a as well as the hypothesis on a-maximality
correspond in the field case to the fact that 1 belongs to every ordering. Here 1
does not play a particular role since it may not have maximal signature at some
orderings. \Ve replace it by the elernent a and only consider a set of orderings
Y on which a has maximal signature.

This result is reminiscent of Procesi and Schacher’s theorem [?, Thur. 5.4] and
can also be used to address the question they raised in [?, p. 404], of whether
or not the following property is always true:

(PS); for every u e Sym(,4, a), the form TtA.a.u) is positive semidefinite at all
P C X, if and only if u e D(41,) (2' x (1>') for some s e N,

where T(Xla7„) (r, y) := Trdn(aCr)ay) for r, y e A. The general answer to this
question is negative as shown in [?], but we can now describe cases where the
answer is positive, and also propose a natural reformulation (inspired by signa-
tures of hermitian forms) of the question that has a positive answer. Following
[?, Def. 1.1] ive let

X. := {P C XF 1 a is positive at P}
= {P C XF 1 T(4,a,1) is positive semidefinite at P}

Proposition 4.2 ([?, Cor. 4.17]). If Xa = xF, Rcn property (PS) holdb

And, if we introduce the property

(PS’): for every u e Sym(,4, a), the form T(4lalu) is positive semidefinite at all
P e Xr if and only if u e D(A1„) (2s x <1>„) for some s e N,

we obtain

Theorem 4.3 ([?, ThIn. 4.18]). Property (PS’) holds if and only if xI, = X„.

5. POSITIVE CONES

The results presented thus far suggest that there could be a notion of “or-
dering” on central simple algebras with involution, whose behaviour would be
similar to that of orderings on fields. The purpose of this final section is to
present such a notion

Definition 5.1 ([?, Def. 3.1]). A positive cone gP on (,4, a) is a subset IP of
Sym(A, a) such that

(Pl) '# + a;
(P2) P + P g #;
(P3) aCa) . ga - a g £7 for every a C A;
(P4) #F := {u e F 1 ui? C =?} is an ordering on F.
(PS) P n –# = {0} ( ive say that 7/ is pToper\1

We say that a positive cone ga is over P C XF if Pr = P

Remark 5.2. Axiom (P4) is necessary if we want our positive cones to consist
of positive scmidefinite (PSD) matrices with respect to P only, or negative
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semidefinite (NSD) matrices with respect to P only, in the case of (M„(F), t),
see [?, Rem. 3.13]

If P is a positive cone, then – P is also a positive cone. This is due to the
fact that positive cones are meant to contain elements of maximal signature,
and the sign of the signature can vary with a change of the reference form,

It can also be shown that there is a positive cone over P e XF on ( A, a) if
and only if P e XP.

Examples 5.3.
(1) Let P c Xr \Ve define

/gB(A, a) := {a e Sym(A, a)x F a is 77-maximal at P} U {0}

If A is a division algebra, @( A, a) is a positive cone over P on ( X, a)
(2) The set of PSD matrices, and of NSD matrices with respect to some

P C Xr are both positive cones over P on (M„(F), t).

We obtain the desired results linking positive cones and W(A, a)

Proposition 5.4 ([?, Prop. 7.11]). The foLlotuing statements are equivalent.
(i) (A, a) is jormatly real (i.e, there is at least one positive cone on (A, a) ;

(ii) tV(X, a) is nol torsion,
(ai) XF + a.

Positive cones are well-behaved under Morita equivalence: if (X, a) and (B, 7)
are Morita equivalent, then there is an inclusion-preserving bijection between
their sets of positive cones. This bijection can be made explicit in the case of
scaling, or when ( A, a) = (D, d) is an F-division algebra with involution and
(B, r) = (M„(D), at), using descriptions of positive cones reminiscent of the
characterizations of positive semidefinite matrices, cf. [?, g4.1, B4.2] .

The notion of positive cone can be seen as somewhat equivalent to that
of preordering or pre-semiordering, so it is natural to consider in more detail
the maximal positive cones. They can be completely described and match the
examples provided above. To see this we define, for P e X1, and S g Sym(,4, a),

k

@(S) := {Lula(ri)siri k e N, ui e P, zi e A, , i e S }
1

(the smallest, possibly non-proper, positive cone over P containing S), and \ve
denote by X(al') the set of all maximal positive cones on (A, a).

Theorem 5.5 ([?, Thin, 7.5]).

X(41') = {–fp(//;!(A, a)), Wp(//;(A, a)) I P C xF}.

MoTeauer, For each 9 e X(A#), there erists c e {–1, 1} such that #n/IX =
ray(AIa) \ {0}'

In particular, the only maximal positive cones over P on (D, d) are //!!(D, 19)

and – a/B(D, 19) and therefore the examples above are essentially the only max-
imd positive cones on (A, a), cf. [?, Props. 4.3 and 4.6]. It follows that the PSD
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matrices over P and the NSD matrices over P are the only maximal positive
cones over P on (M„(F), t)

Using this description, it is possible to make the link with the results pre-
sented in Section ??, and to obtain results similar to the Artin-Schreier and
Artin theorems

Theorem 5.6 ([?, ThIn. 7.9]). The fOltoLoing statements are equiuatent=

V) (A, a) is formaLLy reaL;
(d) There is a e S)'mCA, a)x arId P e Xr sach that yr(a)n–y/>(a) = {0};

(ad) There is be STm(A, a)x such that (b>„ is strongly anisotropic.

The second statement is a trivial consequence of the first one, but it is still
included here to point out that while the element a in it obviously belongs to
a positive cone (namely %(a)), the element b in the third statement may not
belong to any positive cone on ( X, a), contrary to what could be expected from
the field case (see [?, Rem. 7.10]).

Theorem 5.7 ([?, Thm. 7.14]). Let bl, . . . , bt e FX, let Y = H(bl, . . . , bt)
and let a C Sym(A, a)x be such that, for ellery 9 C X(4,a) with #F e Y,
ae WU – g. Then

n{@ e X(4,a) I PF e Y and a C #} = U D(x,a)(2s x «bl, . . . , bt»<a>a).
seN

The element a in this theorem plays the same role as the element a in The-
orem ??, and chooses a positive cone from {#, –#} in a uniform way. This
is not necessary in the field case, because 1 belongs to every ordering. In the
special case where a = 1 can be used for this purpose, we obtain a result more
similar to the usual one:

Corollary 5.8 ([?, Cor. 7.15]). Assume that for every 9 C X(4,a), 1 e # U
– P. Then

n{# e x(4') 1 C #} = {La(,,)z,
i=1

, C N, zi C A}

The hypothesis of Corollary ?? is exactly X„ = XP in the terminology of
Section ??. More precisely, as seen therein, this property characterizes the
algebras with involution for which there is a positive answer to (PS’), cf. [?,
Section 4.2] .

We finish this survey by a presentation of our main result concerning the
topology of X(n,,). We define, for al , . . . , ak e Sym(A, a),

H.(al, . . . , ak) ;= {3? e X(41,) 1 al, , ah e P}

We denote by T, the topology on X(Ap) generated by the sets HaLal, . . . , ak),
for al , . . . , ah e Sym(A, a), and by T:' the topology on X(.4,a) generated by the
sets A.(al, , . . , ak), for al , . . . , uk e S)'mCA, a)x

Proposition 5.9 ([?, Prop. 8.2]). The LopoLogies % and T,X are equal.

Theorem 5.10 ([?, Prop. 8.17]). Ta is a spectral toPology on X(ng)
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Recall that spectral topologies are precisely the topologies of the spectra of
commutative rings and that they can be characterized in topological terms, cf.
[?]

The topology Z, is also well-behaved under Morita equivalence:

Proposition 5.11 ([?, Prop. 8.18]). Let (4, a) and (B, r) be two Morita equiu-

atent F-algebras with involution. The spaces (X(41,) , T,) and (X(Ba) , %) are
homeomorphic
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On Valuation Fans and the Real Holomorphy Ring
De(heated to Professor FTancisco MiragLia

Danielle (;ondard-Cozette

Abstract. In this survey we recall basic facts in Real Algebra, and study valuation fans,
a refined notion of fans. We explain how valuation fans are involved in the theory of
residually real-closed henselian fields. Then we deal with other mathematical notions,
such as R – places and the real holomorphy ring which are also linked to valuation fans.
Finally we consider abstract spaces of orderings and Marshall’s problem, recall some
results, and present the complete real spectrum of a ring.

1. Background in Real Algebra.

1.1. Preorderings, orderings.

Definition 1.1. A preordcring IF of K is a subset :F £ K, satisfying:

T +T g T, T . TeT, n,leT, –\ {T
and T* = T\{0} is a subgroup of K* = K\{0}

Definition 1.2. A preordering T is called a quadratic preordering if K2 g T. If
K2" g 7, IT is said to be of level n. Preorderings with no level do exist.

Zorn’s lemma show’s the existeIrce of maximal quadratic preorderings; these are
just the usual orderings, and are characterized by:

Definition 1.3. A subset P of K is an ordering if:

p + pgp, p . pgp, pu –p = K, – 1 4 p.

from these properties one can deduce that 0, 1 cP, P n –P = {0} and E K2
C P. Here, and throughout the paper, E K 2" denotes the set of all finite sums of
211-t/z powers

We can also call P a positive cone: to any such ordering P one can associate
a binary relation gp. This is a total order relation compatible with the field
structure, defined as follows:

b – a GP ++ aSp b.

Then P is the set of elements positive for the order relation gp
The sct of ordcrings of a field if will be denoted by x(K); it is also denotcd in

the literature by SparK (so as to coincide with the usual notation for rings).
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The field R admits only one ordering, and its set of positive elements is IR2
The field Q( W) := {a + bW 1 a, & e Q} admits two orderings, one making W

positive and the other making W negative
R((X)), the pon'er series field, admits also tun orderings making X infinitesimal

positive or negative,
IR(X) admits infinitely many orderings. For any a C R one can define orderings

P,.+ and P,._ making X – a infinitesimal positive or negative respectively. IR(X)
admits also the orderings P+ and P_ making + infinitesimal positive or negative
respectively.

1.2. Real Valuations.

Definition 1.4. A Krull valuation u on a field K is a surjective map

V : K* –wF

where F is a totally ordered abelian group (called the value group), such that
(1) u(zy) = u(n) + u(y) for any n, y in K*;
(2) u(z + y) ? min {u(r), u(y)} , for any r, y in K*, with z + y iII K*

The valuation ring of u is

A„ := {z e K 1 = = 0 or u(z) ? 0}

and its maz£maZ ideal is

I, := {r e K 1 = = 0 or u(z) > 0} .

k„ := A„/1„ is called the residue fIeld of the valuation.
U, := X, \ I„ denotes the group of units.

Definition 1.5. A valuation o on a field K is said to be real if and only if the
residue held k, is real (meaning –1 ( E e).

A field admits real valuations if and only if it is real. Of course a real Held
admits real valuations, at least the trivial one,

The converse implication follows from the Baer-Krull theorem which ensures
that if k„ admits an ordering, then K admits also at least one ordering,

Given an ordering P in a field K, the convex hull of Q in K is:

ACP) := {= c K I Jr cQ r t = e p} .

,4(P) is a valuation ring in IC with unique maximal ideal

/(p) := {a c K 1 Vr e Q+- r 1 n e p}

where Q+* = {r e Q Ir > 0}
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ACP) is clearly a subring of K ; it is a valuation ring because & { ACP) implies
b– I e ,4(P): let b ( 4(P), assume b > 0, since b q ,4(P) we have in particular
1 < b, therefore 0 < b– 1 < 1 which implies that b–1 e X(P) because ACP) is
convex in I< with respect to P.

We will see below that the valuation associated to ,4(P) is compatible with the
ordering P and pushes down on the residue field an (archimedean) ordering, hence
this valuation is real,

1.3. Compatibility of an ordering with a valuation.

Definition 1.6. An ordering P is said to be compatible with a valuation u if and
only if 1 + I„ C R

Then a induced by P on the residue field A„, is an ordering of k,. Clearly
P is closed under addition and multiplication and P U –P = h,. If –1 \vas in
F we would have –1 = a for some a c Pn ACP). Then 1 + a c /(P), hence
–a C 1 + /(P) C P, so ive would get a = 0 which is impossible.

The trivial valuation, sending every non-zero element of K to 0, is compatible
with any ordering of K

Note that the valuation u associated to an ordering P of K with valuation ring

ACP) := {r C K 1 Ir C o r + n e P}

is compatible with P. In fact /(P) := {2 c /fI Vr e Q+* r I r c P} being the
maximal ideal of ACP) we have 1 + /(P) C P. Hence the valuation is compatible
with P. Then F induced by P on the residue field k, is an archimedean ordering;
\ve already know that ? is an ordering, this ordering ? is archimedean: for any
n e X(P) there exists some r e Z such that r < r = <r r, hence in the residue
field we have –r <F 3 <7 r, and therefore ? is an archimedcan ordering of A,

Theorem 1.7. Let P be an orde7ing of K, and v be a valuation on K; the following
are equivalent:

(1) 0 <p a gp b + u(a) ? uCb) in F (the value group of u)
(2) The vaLuation ring A, is comic I in K tvith respect to P.
(3) The maMmal ideal 1„ of A, is cont)ez in K with respect to P
(4) v is compatible with P (i.e. 1 + 1, C P).

Proof. (1) -+ (2) X. convex in K means that if r <p g <? z, with r, z ( Au
then y C A,, or equivalently 0 <p a <p b with b e X, implies a e A”

Ftom (1) \ve deduce that u(a) ? r(b) : 0 in F hence a C A,
(2) -+ (3) Assume 0 <r a <r b with b C I, then 0 <r b–1 <r a–1. Since

b–1 q ,4, using (2) we deduce a–1 q ,4,, hence a C 1,, 1, being the ideal of non
invertible elements of A, .

(3) -+ (4) Let m e I,, if 1 + n& ( P then 1 + m C –P, so 1 + m <r 0 hence
0 <p 1 <p –m. Using the convexity of I„ in /C for P, since – in C I„ too, this
yields 1 e I„ which is impossible,
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(4) + (1) Assume 0 <r & Sr b and u(a) < o(b) in F ; then \ve deduce
0 < uCb) – u(a) = u(!), hence { C h, and also –{ e 1, and a + b. From (4) we
get 1 + (–#) e P, so g >p 0, hence a >p b which is impossible

Theorem 1.8. Let F be the family of aLL valuation rings of K compatible uith a
given ordering P, then

(1) the vaLuation rings in IF form a chain under incLusion,
(2) the smaILest element of F is ACP)

Proof. (1) Suppose a, B c F and A g B, let a e A\B and a \ o. We prove
that B C A. Consider 0 < b e B, by the convexity of B in if we cannot have
0 < a $ b, so we must have 0 < b $ a. From the convexity of A in K , we deduce
be A

(2) Let A C F, A is convex in K and contains Z, hence ,4 contains ACP) the
convex hull of Q in K.

Note that any subring of K containing a valuation ring must itself be a valuation
ring, hence :F consists of all subrings of K containing ACP). Remark also that
A C Af implies 11 C I.

Theorem 1.9. (Baer-Knit) Let A be a real uaiuat£on ring of K, and let u be the
associated valuation. LetP be an ordering in the residue held k,. Denote x, F the
set of all orderings Pi in K indzcing the ghenT in k,. Then there is a bijection
between xv F and Hom(F, Z/2) where F denotes the val we group of u

For the proof we refer the reader to [5]

2. Fans (level 1 case).

In this section we mainly follow the notations and proofs of [48]

2.1. Quadratic preorderings. The compatibility of a quadratic preordering
with a valuation can be of two types. Given IF a quadratic preordering in a real
field K, u a valuation on K: is compatibLe with T if it is compatible with some
ordering P containing T.

u is called jtALy compatible with T if it is compatible with ellery ordering P
containing T. In this case T induces on the residue field A, a quadratic preordering
T. This pushdo\\’n preordcring T is defined to be the image of TnA, under the
natural map from the valuation ring A„ to the residue field k”

Below we give alternative characterizations

Definition 2.1. Given T a quadratic preordering in a real field K, and o a valu-
ation on K with unique maximal ideal I„ in the associated valuation ring A„:

(1) u is fully compatible with T if and only if 1 + 1, C T.
(2) u is compatible with T if and only if (1 + /„) n –T = @,
(3) u is compatible with T if and only if ? is a preordering in the residue field

A
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We set x/T := {P ordering 1 P 3 T}
A way of building fully compatible preorderings is to use the ”wedge product”

introduced in 1978 by Becker in [6], and by Becker and Brocker in [10].

Definition 2.2. Let X be a real field, let X be a valuation ring in K, and z : A –>
k„ be the projection map. Let T be a preordering of K and let S be a preordering
of k„ such that S D 7. The wedge product is defined by T A S := T . T–1(S\{0})

We refer the reader to Lam’s book ([48], p.21) to verify that IF A S is a pre-
ordering in K, fully compatible with o, and such that residually m = £

Again refenng to [48] (3.3 p.22), remark that the wedge product TA S can also
be cleaned for S a preordering of A„ and T = T* U {0} where T' is a subgroup of
K- . Then TA S is a preordering in K, and if K2 C T then T A S is a quadratic
preordering.

There is also an alternative definition for the wedge product:
TAS = n {orderings P I P -) T and F e x/s}

2.2. Fans of level 1. In the context of preorderings fans were first presented by
Becker and K6pping in [15]

Definition 2.3. Let K be a real field and let T be a quadratic preordering in K.
T is a fan if and only if for any S -) T, such that –1 q S and such that S* = S\{0}
is a subgroup of K* satisfying [X * : S*] = 2, S is an ordering in K.

Note that if T is a fan any preordering containing T is again a fan. There is
an alternative useful characterization of a fan given in [48] (p.40), with proof of
equivalence

Proposition 2.4. a preoTrlering T is a fan if and only if IOT ang a c K•\–T we
have T + aT CTU aT. Such an element a is said to be T-rigid.

First examples of fans are the trivial fans : these are orderings P and intersec-
tion of two orderings Pr n P2.

Another example is the pullback S of a trivial fan S in A, . Namely g =
Kt A S = KI ' r–1(S\ {0}) is a fan in K. In fact Br6cker’s trivialization theorem
given later in 2.6 says that all fans arise in this way.

Fans are well behaved for compatibility with real valuations.

Theorem 2.5. Let X be a real fIeld, o a ualuaL£on on K, and Ta preordering in
K . Then the foUourings hoLd.

(a) if u is compatible \vittr T, T is a fan implies thaT is a fan in k,;
(b) if v is fuILy compatible with T, T is a fan ii and onLy tfT is a fan in k,.

Proof.
(a) We use proposition 2.4 characterizing a fan. Let b c ,4v such that B # –T

we shall show that b is T-rigid . T being a fan let t1 + t2b e r + bT c TU bT hence
there exist f3 or t 4 such that tl + t2b = 13 or tl + t2b = tab. Going down to k, \ve
get & + M = G or C+ M = M hence R + Me FUn, and 7 is a fan
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(b) We use the definition of a fan. Assume u is fully compatible with T and
T is a fan we have to prove that T is a fan. Let PP 3 :f be such that 1 g TV,
LV* = LP\{0} is a subgroup of A * and [K* : IT*] = 2, \ve have to prove that
FF is an ordering. \Ve first show that TV is an ordering. If –1 = m for some
to e TV n X, then –1 = u + m for sorne m C /, so –w = 1 + mel + IcT C H/
hence –1 C +Y which is impossible. Since 7 is a fan and F a subgroup of
k; such that [M = n = 2, W is an ordering. Form the wedge product tV A
W = tV - T–1(R\{o}) = TV ' (1 + /) C tV - T C IV, since from [48] (p.22)
tV ' T–1(W\{0}) = tV ' (1 + /) ); then IF A Wc tV holds, hence M = tV Am is
an ordering.

2.3. Trivialization of fans. A remarkable result is Br6cker’s theorem on trivi-
alization of fans ([20] )

Theorem 2.6. Let K be a real FeEd and Tc K be a fan. Then there erists a
vaLuation v, AlIEy compatibLe IIlith T, such that the pushdotvrb T in the residue $eId
k„ ts a triVial fan

The theorem follows from propositions 2.7 and 2.8 below. We use the proof
given by Lam ([48], p. 94)

PropositIon 2.7. Let T be a non-trivial fan in the fIeLd K. Then there ezists a
non-trivial valuation v on K , fully compatibLe with T.

The proof of proposition 2.7 requires three lemmas.

Lemma 1. Let G be an ordered group (written adcht£vety), and H be a subgroup
of C;. If H does not contain a non-tritha\ convez SUbgTOUP of G, then for any
posit£ue eLement h e H there erists g e G\H such that o < 9 < h

Proof of lemma 1. Let C := {g e G 1 in eN – nh gg $ mh}. C is the
convex hull of the subgroup of a generated by h, hence a convex subgroup. Assume
there does not exist an element g as in the statement, then for any g C G, 0 S g g h
implies g C if. By easy induction on n it follows that for any n e N, –nh g g g nh
implies g e H. Hence {o} / cJ g H, contradicting the assumption that if does
not contain a non-trivial convex subgroup of a

Lemma 2. Let T be a fan in the FeLd K. Let vI be a valuation on K with
vaLue group Fr; if or(T*) does not contain a non-trivial cont)e= subgroup of Fr ,
then ul is fuLly compatible with T.

Proof of lemma 2. We claim that the condition: ”for every m in the unique
rnaximal ideal Ml, and for every t e Ul n T, a unit belonging to T, t + mc :F
implies that 1 + Mr C T” entails that Ur is fully compatible with T.

We distinguish tu'o cases:

Case I. Assume Ur(m) I Ur(T*)
In this case (T ' m) n Ul = O; so in particular m ( T, since ul(m) > 0. Since

T is a fan, t + m C T + T . m = TUT . m. \Ve have to show that t + m e =F.
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Clearly t + m C Ul because Ur(t + m) = 0 since ol(t) = 0 and 111(m) > 0. Since
(T - m) n Ul = O Ive get t + m ( T ' m hence t + m e T.

Case 2. Assume Ur(m) e Ur(T*)

Apply lemma 1 to H := Ur (T*). Since ul(m) is a positive element of a there
exists z such that ul(z) q H and C) < Ur(#) < Ur(m), Now let t + m = t1 + m’
where t1 := t + z and m/ = m – z. From s C Mr we get t’ e U\, and since
Or(m/) g ul(T•), case 1 gives t’ C T. Finally from ul(r) < ul(m) we get a1(m’) =
ul(m – z) = min {ul (m), Ur (a)} = ur(a) ( ul (F-). Thus using again case 1, we get
t1 + TrI C T, and hence t + m e T.

Lemma 3. Let T C K be a non trivial Jun and P c x/r. Let up : K- –> F
be the canonical valuation associated with P-, then vp(T*) + F. In particular vp
is not the trivial valuation so every ordering in x/T is non arch£medean.

For the proof of this last lemma we refer to Lam [481, corollary 12-11 of lemma
12-10 P. 95,

Proof of proposition 2.7. Given a non trivial fan T C K, fix vo : K* –» ro
such that ao(F*) + Fo (for instance, take P e XrT and let th be the valuation
vp associated with ACP)). Now consider the convex subgroups of Fo contained in
un(T*); they form a chain under inclusion. The union of them A is the largest
convex subgroup contained in t/o(T*). By quotienting we can coarsen the valuation
vo into a valuation Ur : K* –# Fr := Fo/A. Then ur (T*) cannot contain a non-
trivial convex subgroup of Fl. Hence, by lemma 2, ul is fully compatible with T.
Since Fr : Ur(T*)] = [Fo : vo(T*)] > 1, or is a non trivial valuation

Proposition 2.8. FaT any preoTrlertng T in a frelcl if , Lhc fottouJinqs aTe equiva-
lent,

(1) T is a fun in K
(2) There casts a vaLuation ul on K, haIg compatible with T, such that, uhth

respect to ”„ IF PU,t„, d,",n t, , tn,id f,n, h,„„ [F , f*] $ 4

Proof of proposition 2.8.
(2)+(1) Trivially if Ur exists, is fully compatible with T, and pushes down to

a trivial fan ?, then T is a fan

(1)+ (2) nom the previous proposition we know that there exists a valuation
u fully compatible with T, hence T is a fan in the residue field b,

If [H : F*] z 8, th,„ ? „',„Id b, , „,„-t,md f,„, ,„d ,pplyi„g 1„„,n, 3 t,
T in A, we would get a non-trivial valuation on A, fully compatible with F. But
from proposition 12-3 in [481, A„ has no non-trivial valuation fully compatible with
T. Then just take t/l = u,

For the geometric point of view on fans +ve refer to [2] and [1].
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3. Valuation fans and examples.

From now on preorderings are no more supposed to be quadratic.
Let us recall the definition of a general preordering. A preordering T in a field

K is a subset T g K, satifying;
T + T C T, T ' T C T, 0, 1 c T, –1 ( T, T* = T\{0} is a subgroup of K*

3.1. Valuation fans (of any level).

Definition 3.1. (Jacob, [41]). Let K be a field; a valuation fan in K is a pre-
ordering T such that there exists u a real valuation on K , u fully compatible with
T (meaning 1 + /. C T), and T induces an archimedean ordering on the residue
field A,

More precisely, a preordering T in K is a valuation fan if and only if ACT) =
{n e K 1 Ir e Q r + = C T} is a valuation ring with associated valuation u fully
compatible with T, and 7 in k, is an (archimedean) ordering

There is an alternative characterization for valuation fans given in [42], which
is sometimes useful in model theory:

Proposition 3.2. A pTeoTdertnq T in a fIeld K is a valuation Ian II and only if
for any = q kT tue halle either 1 1 n e T or 1 1 =–1 C T.

Usual orderings P are valuation fans (of level 1, i.e. E KI C P)
It is I think important for real algebraic geometry to understand minimal

valuation fans of level 1. They are defined as valuation fans not proper]y con-
taining any valuation fan which is a quadratic preordering. Of course such a
minimal valuation fan T) pushes don'n an archimedean ordering in the residue
field of K for the valuation &ssociated to the valuation ring given by: A(To) =
{re /Cjlr eQ rare To}

3.2. Orderings of higher level. Further examples of valuation fans are pre
vided by Becker’s orderings of higher level

Definition 3.3. (Becker, [6]). Let K be a comrnutative real field, P C K is an
ordering of level n if: E K2" C P, P + P C P, P,P C P, –1 { P, P* is a subgroup
of K* and K• I P- is cyclic.

When K* jP- = Z/2nZ, then the ordering is said to be of exact level n.

A very interesting paper on sums of d-th powers in rings with some relation to
orderings of higher level is [43]

The orderings of level 1 are the usual total orderings.
If K = IR((X)), there exist two usual orderings:

P+ ,= K2 U XK2 , P_ ,= K2 U – XK2

And for every integer n ? 1 there exist two orderings of exact level n

P„.+ := K2'' U X" K2" , P„._ := K2’' U – X" K2''
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These higher level orderings have important links with sums of powers; we refer
the reader to [9] and just mention the following important theorems from [6]

Theorem 3.4. (Becker, [6]) Let K be a real BeId, then.
E I<2" = n {a 1 Pi ordering oi level dividing n}

Theorem 3.5. (Becker, [6]). Let K be a real $eId, and let p be a prime,
follouings are equiuaLent,

[1) Ex’ # E: K”.
(2) K admits an ordering of ezact Level p.

The

3.3. Another approach with signatures. Usual orderings can also be studied
in terms of signatures. A signature is a group morphism, a : K* –> {El}, with
additivily closed kernel; then P = hero U {0} is an ordering of K.

This notion of a signature has a higher level analog

Definition 3.6. (Becker, [8]). A signature of level n on a field K is a morphism
of abelian groups:

a : K* –+ p.2„

such that the kernel is additively closed, where /12„ denotes the group of 2n-th
roots of 1

Clearly if a is a signature of level m, then P = keTa U {0} is an ordering of
higher level with exact level dividing n,

But there exists also a much more general notion of signature involving valua-
tion fans:

Definition 3.7. ( Schwartz, [55]). A generalized signature in a field K is a mor-
phism of abelian groups, a : K * –> G, such that the kernel is a valuation fan

4. Algebraic closure of a field equipped with a valuation fan.

Several notions of a closure, under algebraic extensions, of a field equipped
with either higher level orderings or higher level signatures, either valuation fans
or generalized signatures, have been introduced and studied in the literature.

All these notions of closure can be unified in one theory, the theory of Henselian
Residually Real-Closed fields (HRRC fields).

In this section we present, without any proof, the rnain features of this theory,
from an algebraic point of view,

Definition 4.1. (Becker, Berr, G. , [11]). A field K is henselian residually real-
closed (HltRC) if and only if it adlnits an henselian valuation u with real-closed
residue field k„
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Recall that a valuation u on a 6eld K, with valuation ring A„, is henseZ£an if
it satisfies Hensel’s lemma : ”For any monic polynomial I e A.[X], if 7 has a
simpLe root p e k„, then i has a rool b e 4, such that i = B ”. The henselian
residually real-closed fields have been variously named in the literature: they are
called real henselian fields in Bro\\'n [16], [17], fields real-closed with respect to a
signature in Schwartz [55] and almost real-closed fields in Delon-Farre [27]

4.1. Examples of HRRC fields. The basic examples of henselian residually
real-closed fields arise in a classical way as follows (see [33]): given R a real-
closed field, and F a totally ordered abelian group, let R((F)) = {E,a7t1 1 1 C

-1

F, al e R} be the set of generalized power series with support well ordered, where
support}-yaIL1 = {7 c F 1 al + o}. In K = R((F)) one can define:

- P„d„,t by: tltb = tl+6
- Addition by: Edalt1 + E'b6t6 = F(aa + ba)tQ

il

• Order by: Edaltl >x 0 +> am >a 0, where m = min(supportEzal£7);
-1 l

• Valuation by: a : R((F)) –> F and v(}=altl ) = m = min(supportEra7t1)
l I

It is well-known that R((F)) is a £eld, admitting u as a henselian valuation
with real-closed residue field R and value group F; hence R((F)) is an HaRa field.

4.2. Subtheories of the theory of HRRC fields. Let u be a real valuation
on a field K, A„ its residue field, F„ its value group, and let S be a set of primes.
Relations between various suI)theories of the theory of HRRC fields are described
by the following diagram where arrows indicate subtheories

Henseh an Residually Real-Closed Fields (HRRC)
u hbnselian valuation , k„ real-closed field

closed for generalized signature, or for valuation fan
I

HRRC helds of type S (p 4 S + F, pdivisible)

S – generalized real-closed heLds (S finite)
if pg s then F, is p-divisible
if p e S and F„ is not pdivisible then
F,/pF. = Z/pZ ; closed for
higher level ordering or chain signature

I \,

\
Rolle felds

F„ odd divisible
HRRC field of type {2}

ReaL-closed $etds
a-generalized real-closed
F„ divisible
closed for a usual order

Chain-closed $elds

{2}-generalized rea!-c]osed
F„/2r, = Z/2Z

closed for an ordering of level 2k
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In the diagram above, most of the theories correspond to some notion of closure,
under algebraic extensions, of a £eld equipped with some object. With an ordering
(real-closed field), with an ordering oS ezact Leuel a power of 2 (chain-closed field) ,
with an ordering of e=act teuet a power of p ulhere p is prime ({p}-real-closed
fields), with an ordering of elact Level n (S-generalized real-closed fields of exact
type S (p c S ++ F, not pdivisible, and for all p c S, p I n ), or with a valuation
fan (henselian residually real-closed field)

4.3. On the question of the uniqueness of closure. For a field equipped
with a usual ordering it is well known that the real closure is unique up to K-
isomorphism

Even for chain-closed 6elds this is not true anymore. In order to recover the
uniqueness of the closure, up to K-isomorphism, one needs to consider a closure
for a whole chain of orderings with levels powers of 2 in the sense of Harman:

Definition 4.2. (Harman, [40]). A 2-primary chain of orderings in a field K is

(Pn)neN = (Po,PIl---lPnl„' y

Po being a usual ordering and P„ an ordering of level 2rl–1 , such that

P„U – P„= (PonP„_1) U –(PQnp._,)

Theorem 4.3. A FeLd K equipped with a 2-primary chain of orderings admits a
closure under algebraic eztensions unique up to K -isomorphism. The closure is
caLLed a chain-cLosed fIeLd and it is equal to the intersection of tivo real-cLosures of
K for Po and P\

For generalized real-closed fields, in order to recover the uniqueness up to K-
isomorphism, Niels Schwartz has introduced the notion of chain signature.

Definition 4.4. (Schwartz, [54]). A chain signature on a field K is a homomor-
phism:

,p ; K- –> {1, –1} x Z

such that kerv? is a valuation fan, where Z = F]Zp and %, denotes the additive
group of p-adic integers

One can recover orderings of higher level by taking
rTI(v) = g–1(1 x „2) U {O}

Theorem 4.5. A $eld K equipped with a chain signature p admits a cLosure under
algebraic e£tensions unique up to K -£somorThism. This cLosure is a HHRC $elci.

In the more general situation of a field equipped with a valuation fan we can
also ensure the uniqueness of the closure by considering a Held equipped, not only
with a single valuation fan, but with a whole chain of valuation fans

From Brown’s work we can derive the following:
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Theorem 4.6. Let R and R1 be hoo HRRC fIelds, algebraic e=tensions of a fIeld
K, then the foltourings are equivalent.

(1) R and R’ are K-isomophic.
(2) R2" n K = R’2" n K IOT all n e IN .

In fact these :n = R:Zn n K are valuation fans, which form a chain of valuation
fans (Tn)„CN as cleaned below; this chain is said to be induced on if by R

Definition 4.7. (Becker, Ben, G. [11]). A chain of valuation fans in a field K is
defined as (T„)„eN such that

(1) K2" C rn;
(2) T,„„, c f„;
(3) (Tn)m C TII.mI
(4) TIIT:_ mC T: IT: m is the subgroup of elements of exponent m.

With this notion we have been able in [11] to obtain the following theorem

Theorem 4.8. any held K, equipped ruith a chain of valuation fans (T„)„CN,
admits a closure under algebraic eztens£ons R, unique up to K -isomorphism. Then
R is a HRRC ReId, and R induces on K a chain of valuation fans (Tn)RCN (i.e.
Tn = R2n n K for all n)

4.4. Properties of HRRC fields. Henselian residually real-closed fields have a
lot of nice properties ; we list, again without any proof, some of them below. Main
reference is [11]

Let K be an HRRC field then:

(1) K is a real field;

(2) Every algebraic extension of K is a radical extension;

(3) K a HRRC held of type S has no real extension of degree p e IP\S.
Note that whenever 2 e S, one can replace (3) by (3t) ”K has no extension of

degree p e P\S ” ;

(4) VII e N , K is n-puthagoTean K2" + K2" = K2n ',

(5) if is hereditari ly pythagorean, i.e., every algebraic extension is again a
pythagorean field;

(6) Vu e IV , K2" is a Ian (refer to denISon 2.3, or to characteriztion 2.4 for
such preorde$rigs) ;

(7) Vm e N , K2" is a uaiuat£on Fan, i.e. it is a preordering such that
V:c ( £K2" either 1 t n C KI" or 1 t n–1 C K2" ;

(8) All real valuations on K are henselian;
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(9) The set of real valuation rings in K is totally ordered by inclusion

(10) The smallest real valuation ring in K is:

A(X2) = A(K2") = IICK',

where ACT) = {= C K I in e N at # e T}, T being a valuation fan, and where
HtF:) is the real holomorphy ring (i.e. the intersection of all real valuation rings);

(11) K admits a unique IR-place which can be defined using the valuation ring
ACK 2) and the associated valuation;

(12) Jacob’s ring ;( nM/f 2") is the Biggest valuation ring with real-closed

residue field. This ring is defined as follows. If T is a valuation fan, the ring JCT)
is equal to J1 (T) U 72(T) where:

Jl (r)

72(r)

{r e K I = { tT and 1 + z ( T}
and

{n e K 1 r e ET and zJr(F) c Jr(T)}).

4.5. On the model theory of HRRC fields. These fields have been studied
from a model theoretic point of view; the previous theories are all elementary
theories, with nice 6rst order axiomatizations (see [11], [24], [25], [28], [34] and
r361)

A Rolle field is an ordered field where Rolle theorem holds for polynomials.
These fields have been introduced by Brown, Craven and PeIHng [21]. Below is
an axiomatization for the theory of Rolle 6elds; these axioms are first order iII the
language of 6elds, hence the theory is elementary.

Theorem 4.9. (G. [341) ;
(1) arioms jOT commutative $ettls ;
(2) "K formaLLy real ” :
for each n > \

Vz1...Vr„ ] (–1 = ={ + ._ + 3i)
(3) ”K does not have any algebraic ertension oj acId degree
for each p > Q

(=2p+1

Vzo...V£23,+1 ly

0 V zo + alg + + r2p+IY2P+1 = 0)

(4) “K2 is a fan ”

V£VgVzlt(z = –t2 V 92 + # z2 = 12 V #2 + =z2 = zt2)

(5)”K is pythagorean at Level 2 ”

V#Vylz(z4 + g4 = /)
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Remark that the three first sets of &Moms are the same as in the theory of
real-closed fields; to get a real-closed field axiomatization, just replace (4) and (5)
by

Valg(= = y2 V = = –y2)

In [(Ill it is also shown that :

Theorem 4.10. For any Rolle Aeld if having a Bnite number of orders 2", there
e£ists n + 1 orders Pi, such that K is the intersection of n + 1 real cLosures Ri of
K ordered by Pi

The theory of HRRC fields is also elementary and the next theorem gives a
first order axiomatization.

Theorem 4.11. (Becker, Ben, G. [llf ) ; The class of HRRC $etds admits the
foLLowing ariomatization

(1) R is a rea! commutative ReLa ;
(2) R is a hered{turtty pyttmgorecbn fteId ,
(3) for all n eN, It2n is a rlnlunhon fan

Coronary 4.12. The class of HRRC Fetds is an elementary class

Remark 4.13. The class of HRRC 6elds of type S is also an elementary cl&ss,
just add to the axiomatization in theorem 4.11 :

(4) for all p e IP\S , K2 = KIP

Corollary 4.11 follows from B. Jacob ([41]), who first proved that the class of
hcreditarily pythagorean fields is elementary.

An alternative proof from [11] for ”the class of hereditanly-pythagorean fields
is elementary” is given below. It uses the characterization by Becker ([6], thIn. 4,
p. 94) of hereditarily pythagorean fields

E K(X)2 = K(X)2 + K(X)2

which is equivalent to

E K[X]2 c K(X)2 + K(X)2

By Cassel’s theorem this is also equivalent to

EX[X]2 = K[X]2 1 X[X]2 (+)

Rernark that if f , g, h C K [X] satisfy /2 = g2 + /12, the degrees of g and h are less
or equal to the degree of f because K is formally real

Hcncc (8) is expressible by an infinite sequence of first order sentences in the
language of fields
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The significance of Jacob’s ring for the model theory of these fields appears in
[42] , and also later with the transfer theorem obtained by Delon and Farre [27] and
given below,

We first recall that in the following theorem, = denotes elementary equivalence
and < elementary inclusion. The second symbol < means that every closed first
order forrnula with parameters in the smaller model holds in one model if and only
if it holds in the other,

Theorem 4.14. (DeLon, Fund, [27]) : Let K and L be HRRC $eIds, then
(i) X = Z '* f J(K) = f J(L) I
(h) if K c L then K < L ++ F/(r.) aMends FJ(x), and F/(x) < FJ(1.) , where

the Ffs are the value groups of the Jacob rings of K and L

In [27] the authors established a bijection between theories of HHRC fields and
certain theories of ordered abelian groups. This bijection preserves completeness
and sometimes decidability. Finally they proved that the only model-complete
theory among these is the theory of real-closed fields.

They also characterized definable real valuation rings in such 6elds and have
shown that these valuation rings were in bijection with the definable convex sub-
groups of the value group of the Becker ring.

In case there is only one real (henseHan) valuation ring with real-closed residue
field, i.e. the Becker ring equals the Jacob ring, then the model theory works well,
and we are able to get real algebraic results such as a Nullstellensatz or Hilbert’s
17th problem at level n; we refer the reader to [12], [13], [26].

5. IR-places, and the real holomorphy ring.

5.1. R-place associated to an ordering. For a complete presentation of these
notions one can refer to [48], or in a more geometrical setting to [57], [58] and [59].

Let if be a real field and P be an ordering on K. Let u denote the valuation
associated to the valuation ring ,4(P). From previous results we know that ( A„?)
can be uniquely embedded in (R, IR2) since ? is archimedean. Denote this embed-
ding by i and let a be the canonical mapping from if into k, U {x} (where if
a q 4(P), then aCa) = ao).

Definition 5.1. The IR-place associated to P is Ar : K –> R U {x)} defined by
the following commutative diagram:

K xp> R U {oo}

T\\ /At

k, U {OO}

Explicitly ArCa) = x> when a ( ,4(P), and Ap(a) = inf {r C Q 1 a gp r} =
sup{r e q) I r g? a} if a C ACP). In fact it is known that any IR-place arises in
this way from some ordering P (see [48], 9.1)
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5.2. The space of IR-places. The space of IR-places of a field if is the set
M ( K ) = { Ap P e x (K)}, where x (K) denotes the space of orderings of K.
M(K ) is equipped with the coarsest topologv making continuous the evaluation
mappings defined for every a e X: by:

e, : M(K) –> IR U {m}

Ap A Ap(a)

Recall that the usual topology on x(K ) is the Harrison topology generated by
the open-closed Harrison sets.

?iCa) = {p e x(x) 1 a e p}

With this topology x(K) is a compact totally disconnected space. Craven has
shown in [23] that every compact totally disconnected space is homeomorphic to
the space of orderings x(K ) of some field K.

Now consider the mapping A defined by

A , X( K) –> M(K)

P b> Ap

With the previous topologies on x(K) and M(K) the mapping A is a continuous,
surjective and closed rnapping.

M(K) equipped with the above topology is a compact Hausdorff space. Remark
that this topology on M(K) is also the quotient topology inherited from the above
topology on x(K).

5.3. The Real Holomorphy Ring. We now provide some facts on the real
holomorphy ring which has heavy links with orderings and IR-places,

Definition 5.2. The real holomorphy ring, denoted H (K), is the intersection of
all real valuation rings of K.

From the results in part 1 we obtain H( K) = n ACP)
' ' ’ P€x(/r) - ‘

\Ve also have:

H(K) = A(EJK2) = {a e K 1 in e N, n = 1, nIa e E/K2}.

H(K) is a Prafer ring with quotient field if (see [48], p.85). Recall that a
Prtifer ring is a ring R c K such that, for any prime ideal p in B, the localization
RD is a valuation ring in if

In the sequel \ve denote the real spectrurn of the real holomorphy ring of K by:

Spe„(iI(Ir)) = {„ = (p,a), P c Sped H tKlb . a c,„de„i„g o/ q„ot( H( KvvU

Relations between x(K), M(X ) and H (K ) are given in [14] by the next theo-
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Theorem 5.3. (Becker, G. [141) The foLLowing chagmm ts comrnutative

x(K) 'n’ MinSpet H kK~,
+ A + SP

M(K) Tg Hom(H(K), R) => M alSpeT H kK*,

where the horizontal mappings are homeomorphisms, and the vertical ones con-
tinuo Ihs surjective mappings (see ciefmitions below).

Hence x(K) the space of orderings of X is homeomorphic to MinSper H(K) .
and the space M(K) of IR-places on K is homeomorphic to M a=Sper A (K\I

The mappings in the above diagram are defined as follows

A : x(K) –> M(K) is given by P A Ap

sper i : x(K) –> NlinSpn H LK) is given by P H Pn if (K)

sp : MinSpeT A (K) –> ManSpa A (K) is given by a +> amax
where ama:' is the unique maximal specialization of a.

res ; M(K) –> Hom(H(K),R) is given by A o XIX(x)

j ; Hom(X (K),IR) –> MarSper£f (X) is given by p n av,
where av = p–1( IR2) or, using the notation for the real spectrum,
ag = (ker p, a) with a = R2 n quot(p(A (KyI

All the spaces in the diagram are compact and the topologies of M(K ) and
A/azSper£f (K) are the quotient topologies inherited through A and sp.

Remark 5.4. x(K ) may be seen as a space of maximal valuation fans of level 1,
and M(K) might be associated to the space of minimal valuation fans of level 1
using the preorderings Tx = n {Pi 1 Pi e Al (A)}, where A–1 (A) = {Pi 1 Xpi = X},

6. On the Abstract Side.

The space of orderings of a field, studied in relation with quadratic forms and
real valuations, have been the origin of the theory of abstract spaces of orderings
(1979-80) and of h’Iarshall’s problem:

”Is even abstract space of OTciertngs the space of orderings of some $eId ?”
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6.1. Abstract spaces oforderings (level 1 case). Abstract space oforderings
have been introduced using signatures by Marshall in [50]:

Definition 6.1. An abstract space of orderings is (X, G), where G is a group of
exponent 2 (hence abelian), -1 a distinguished element of G, and X a subset of
H omIG, {1, –1}) such that:

(1) X is a closed subset of Homt Cl . {1, –1});
(2) Va E X a(–1) = –1;

(3) a:\. ker a = 1 (where ker a = {a c G I aCa) = 1});
(4) For any i and g quadratic forms over G:

Dxlf O g) = u{Dx <rig> 1 r e D>itil. u e Dx(g)}

In the above definition Dx( f) denotes the set {a e G represented by /}, i.e
there exists g such that f =x (a> O g where I =x h if and only if f and h have
same dimension, and have for any a e X same signature.

On the side of fans, seen as sets of signatures on a field, a four elements fan of
level 1 is characterized by: aoala2a3 = 1 and it corresponds to the fan seen as a

p„„d„i„g, 7 = .ink„ a, u {a}
In the abstract\ituat;ion, abstract fans have been defined by Marshall.

Definition 6.2. An abstract fan is an abstract space of orderings (X, a) such that
X = {a e Hom(G, {1, –1}) a (–1) = – 1}

It is also characterized by: if ao, al , a2 e X then the product aoara2 e X.

What was expected to correspond to the space of IR-places of the field case in
the context of abstract spaces of orderings is called a P-structure and has been
defined as follows by Marshall in [51]

Definition 6.3. A P-structure is an equivalence relation on a space of orderings
(X, G) such that the canonical mapping A : X –> M, where M is the set of
equivalence classes, satisfies:

(1) Each fiber is a fan;
(2) if aoala2a3 = 1 then {ao, al, a2, a3} has a non empty intersection with at

most two fibers

Marshall has proved in [51] that every abstract space of orderings has a P -
structure, generally not unique. But unlike the case of the space of IR-places in
a field, this P-structure Al, equipped with the quotient topology, is not always
Hausdorff. Hence we have to improve this notion to fit with the space of IR-places
in the field case
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6.2. Abstract spaces of signatures (higher level). In the higher level case,
one can also define abstract spaces of signatures (similar to 3.3 in the field case)

Definition 6.4. An abstract space of signatures of level 2" is (X, a), G abelian
group of exponent 2", X C Hom(G, P2n ) such that:

(0) Va e X, Wk e N with A odd, ak e X;
(1) X is a closed subset of Hom(C, Pal) ;
(2) Va c X a(–1) = –1 (–1 distinguished element of Nrl);
(3) n\,kera = 1 (where kera = {a e OF aCa) = 1});
(4) Fo; any I and g forms over a

Dxti O g) = U{Dx <zi y> 1 n e Dxti ll y e Dx(g)}.

In fields, the space of IR-places is known as soon as one knows the usual orderings
and the orderings of level 2. Using this idea in the abstract situation we have been
able to obtain in [38] a theorem which can be seen as the first case of a P-structure
which looks like an abstract space of IR-places,

Theorem 6.5. Let (X, G) be a subspace of a space of signatures (X’, G’) with
2-power e£ponent.

For ao,at e X, defIne ao h, al if aaa I = TI e X/2.
Then the foUouyjngs aTe equivalent:
(1) if aoara2a3 = 1, then either oo is in relation by h, vhth e=actly one of the

al,az,a3, or aq is in relation by h' with everyone of the al,al,aa
(2) h' deBnes a P-structure on X

Moreover in this case the induced P-structure defined on X by N' has a Haus-
dora topology.

The key idea for proving the theorem is that, in the field case studied by Harman
in [40], for any P2, ordering of level 2, holds for some orderings Po, Pl

a2€P2++a€P2U–P2 = (Po nPl) U (–(Po nPl))
Hence on the side of abstract signatures Ive get 7(a2) = 7(a)2 = ao(a)a1(a)

7. Some open problems and the complete real spectrum

7.1. The space of valuation fans. Study in the field case the space of level 1
valuation fans VF(K), and its relation with Sper A (K). The motivation comes
from the fact that x(K), isomorphic to M inSpeT H (K\, consists of valuation fans
P„ and that to a R-place A in if (K), which is isomorphic to A/a=Sper A LK\,
can be associated a valuation fdtl of level 1: Tx = n {a 1 Pie A–1(A)} n'here
A–1 (A) = {& ! Ar, = X}

Then we could define a notion of abstract space of valuation fans of level 1, or
of minimal valuation fans of level 1. Then use abstract space of valuation fans of
level 1 to solve AIarshall’s problem of realizability of abstract spaces of orderings,
or state X'Iarshall’s problenr in other ternrs
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7.2. The space of IR-places. Construct a finer theory for abstract spaces of
orderings taking into account the R-places. For example, Q(2+) and IR((X)) have
isomorphic spaces of orderings, but the 6rst one has two IR-places and no ordering
of level 2, and the second one has only one R-place but has a 2-primary chain of
higher level orderings. A preliminary step is to characterize the topological spaces
which are realizable as spaces of IR-places. Partial results in that direction have
been recently obtained in [301, [45], [46] and [49]

It will be useful to study for a field K the space of connected components of the
space of iR-places of K, To (M(K)). This might be some kind of space of ordering s
Another question in this area is: in which cases are the connected components of
Al(K) homeomorphic?

7.3. The complete real spectrum. With Murray Marshall, in [39], \ve consid-
cred rings instead of fields,

Let A be any commutative ring with 1. We define a big object SpercX which
we call the complete real spectrum of A. There are various connections between
this and the valuation spectra considered by R. Huber and M. Knebush in Con-
temporary Math, 155 (1994). Roughly speaking, the complete real spectrum is
related to the valuation spectrum in the same way that the real spectrum is related
to the prime spectrum. We define a topology on SpercA and prove that SpercA,
with this topology, is a spectral space.

In [51, Sect. 8.6] another sort of attempt is made to overcome shortcomings
of the real spectrum of A by introducing the space of real places of A, which we
denote here by Mn. By definition, Ma consists of pairs (p, A) where p is a real
prime of A and A is a place from the residue field ACp) into the field of real numbers.
This takes care of the real places in a satisfactory way but does not keep track of
all real valuations on the k(p) and all the orderings on the corresponding residue
fields of h(p). Still, the Mx construction in [51] is closely related to the complete
real spectrum construction described below,

Definition 7.1. (Marshall, G. [39]) The elements of Sper'A are triples (p, u, P)
where p is a real prime of A, o is a real valuation (more precisely, an equivalence
class of real valuations) on the residue field k(p), and P is an ordering on the
residue field 13./M. of u. Here, B. g k(p) denotes the valuation ring of u and if,
its maximal ideal,

It is possible to give another definition of the complete real spectrum

Definition 7.2. The clcmcnts of SpercA are pairs (p, Q) where p is a real prime
of A and Q is an element of Sper ffk(p)

There are natural maps

(P,„,P) HP, (P,„,P) -> (P,„)
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from Sperca into Spec A (the prime spectrum of A) and from SpercA into Spv A
(the valuation spectrum of a), and a natural map

(P7 P) + (P> 01 P)

(where 0 denotes the trivial valuation on k(p)) from Sper X into Sper'A

There is also the specialization map

(PIO) H (PIe/)

from Sper' A onto the space of real places M = Ma deSIred in [51]. Here, a’
denotes the unique maximal specialization of Q in Sper Eh(p); also see [14]. The
composite map Sper X + Ma is just the P-structure map A considered in [51]

SpercA is given a topology and turned to be a spectral space. Subbasic open

sets in SpercA are defined using pairs of elements of A. For (a, b) C 4 x ,4, Ive
define

U (a, b) = {(P,o,P) e SpercA : DCa) = D(b) / m and A + M, > 0 at p}

Here, u(a) is standard shorthand notation for u(a + p)

Remark 7.3. It is interesting to note that the complete real spectrum of a formally
real field if is naturally identified with the real spectrum of its real holomorphy
ring xK involved in the diagram 5.3.
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Faithfully quadratic rings; an overview

M. Dickmann

Institut de Math6matiques de Jussieu – Paris Rive Gauche
CNRS – Universit6s Paris 6 et 7

In this talk we gave an overview, without proofs, of the main results of the
joint monograph [DM2] 1

The theory of reduced special groups (abbreviated RSCI) is an abstract
theory of quadrdtic forms developed in the 1990s ( [DMI]) modeled on quadratic
form theory over fields of characteristic + 2.

In [DM21 we apply the theory of RSGs to study (diagonal) quadratic forms
with invertible coefficients over certain classes of (commutative, unitary) rings,
A, called T-faithfully quadratic, where :r is 42 or a preorder of A. The
&xioms defining T-faithfully quadratic rings guarantee thatI

(1) The structure Or( A), consisting of the group AIT endowed with a suitable
notion of representation of elements by quadratic forms, is a special group

(2) The intrinsic theory of quadraLic forms based on a suitable notion of T-
isometry is identical to the formal theory of quadratic forms carried by the
special group Gr(A)

This later identity guarantees that a number of fundamental structural re-
suIts known to be valid in the classical theory of quadratic forms over fields of
characteristic 0 or + 2, are also valid over T-faithfully quadratic rings 2

The following cl&sses of rings are proved to be T-faithfully quadratic in
[Dh12]

(i) Rings with many units are (with a few exceptions) compLeteLy faithfully
quadratic, i.e., T-faithfully quadratic for T = 42 and all preorders T
(ii) Reduced j-rIngs, A, are T-faithfully quadratic for all preorders T containing
the natural partial order T{ of A.
(iii) in the important particular case of (ii), where A = C(X) = the ring of
continuous real-valued functions on a topological space X, it follows that C(X)
is completely faithfully quadratic,

(iv) Strictly representabte preordered rings < A, T> 3,
In all these cases we determine the structure of the associated RSG Gr( A)

1 A sumrn&ry of these results also appears in [Dh'13]
2 These include, among others, the Armon-Pfister Hauptsatz, Milnor’s Witt ring conjec-

t,ure mod 2, Nlarshall’s signature conjecture, uniform upper bounds for the Pflster index of
quadratic forms

3 1.e., preordercd rings having a representation dense in an algebra C(X) for some compact
HausdorfT space X, where the elements of T are represented by non-negative functions and
those of TX by strictly positive functions.

1
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This note cohtributes to the study of sums of powers, mainly of even exponents,
in real algebraic function fields in one variable over the field of real numbers IR,
Shortly after E. ArUn’s general solution of Hilbert’s 17th problem in 1927, cf. [1]
it \vas E. Witt who studied the representation of functions as sums of squares for
algebraic function fields in one variable over IR [18]. His seminal paper gave an
astounding complete answer in this special case. The present author was able to
extend Artin’s method and general results and to develop methods for the study
of sums of 2n-th powers in formally real fields, cf. [4] and the references quoted
there. In this paper we return to the case studied by E. Witt with the objective to
present some specific features of sums of powers of higher exponents,

Quite generally, let K denote any field. Set

ENd = {E#£idrz{ c K}, if Kd = 0 t/Kd
i=1 11

In the first two sections we deal with the quantitative aspects of how many sums of
d-th powers are needed to represent the elements in L Kd. As it is quite common
\ye call

1. INTRODUCTION

pd(K) = min{r 1 EJ Kd = XJ Kd)

the d–th Pythagoras number of K. If the minimum does not exist ive set
pd(K) = X,

\Ve are dealing with the task of obtaining reasonable bounds for these invariants,
lllilillly for even exponellts d = 2n. To keep things sinrple we only work with
extension fIelds of R. The main results are concerned with formally real fields
exclusively. Notably, the study of Iriglrer Pythagoras ntrml)ers for fields of positive



characteristic is a completely different business and requires other techniques, cf.
F111 e.g

DoIn \\’itt 's work \ye know p2 (F) = 2 if F is an algebraic function field function
in orre variable over R. Alloa’ing a more general setting in the first section we
review older proofs to display general bounds on p2„(K ), in particular under the
assumption of I>2(K) $ 2. A few remarks are added for Pythagorean fields, i.e,
formally real fields with /h(K) = 1.

Starting witll section 2 we focus on formally real algebraic function fields in one
variable over R , always denoted by F. The general bounds of section 1 can be
improved in this case. To get the sharper bounds we study a certain topological
representation

@ : F –> CCI,p1)

of the elements of F as continuous functions on a compact smooth real curve 7 into
the projective line IPI over IR. The image of + is shown to be a dense subset, a fact
that accounts for better bounds

The last section is devoted to a Unique Factorization Property of non-zero sums
of squares in F with respect to the group of the totally positive units of the real
holornorphy ring II of F. This latter ring turns out to be the preimage of C(7, IR)
under the representation map O : F –> C(7,IPI). In addition, II is a Dedekind
domain a fact which yields the Unique Factorization Property.

We start by listing basic notions and facts for formally real fields which will be
used to derive general bounds for the higher Pythagoras numbers, cf. [3, 4, 8, 12, 15]
for more details. blast of them \vere arsE introduced and studied by Dubois, [8]

A field K is called formally real if –1 4 E K2, equivalently if K admits an
ordering P. i.e. a subset P g I< satisfying the conditions

2. GENERAL EXT£NSIOX FI=LDS Or IR

From Artin \ye know ; E KI = nP where p ranges over all orderings p of K
Associated with orderings are real places A : K: –> tRU oo. Quite generally,

a mapping A : /fd LU oo , L a field augmented by an element oo, subject to the
following conditions

(1) vx == {r c K 1 X(n) 7£ m} is a valuation ring,
(2) A : Fx > L is a ring homamorphism,
(3) ACn) = oo + A(3-1) = 0

is called a E-valued place of K.
A field is formally real if and only if it admits an orderings, if and only if it

adnrits a real place. Formally real fields contain Q. All real places of a formally
real field are induced by its orderings. The way this works is as follows: given an
ordering P consider the ring

P + PSP, PP gP,– I { P,PU –P = K

/1(P) = { 1 c K jn d = EP for some n e N}

with its In&\imal ideal

J(P) = {n e K££ = C P for all n C N}



This ring is a valuation ring with its residue Held AIP\11 LP\ contained in IR. We
therefore get a real place Ap : K –> IR U oo, and all real places on K: arise in this
nlallner

A valuation ring of a field K is called a real valuation ring if its residue field
is formally real. A field K admits a real valuation ring if and only it is formally
real. The valuation rings ACP) are obviously real valuation rings, and each real
valuation ring contains a ring 4(P) for some ordering P of K

The real holomorphy ring X(K) of a formally real field K is a fundamen-
taI invariant which incorporate in a subtle manner most of the relevant ”reality”
features of the field. It is defined as follows:

A(K) = ny = nA(P)

where V ranges over all real valuation rings and P over all orderings of K. We set

IE(K) = A(K)*, E+(K) = HtK)- n = K2

for its group of units, resp. for the group of totally positive units

Proposition 1. (1) HIt<) is a PHljer ring, i.e. eveTq BniLelq generated jmc
t£onal ideal is invertible,

(2) more precisely; (a1, , , . , a,)2- = (E:=1 af-) for any fmitelv generated frnc
tional ideal of H kK) ,

(3) giuerl q\1. . . inT e E K2 Men (gl, . . . t gr) = (E:=1 b)

The next invariant we need is the space of real places of JC, defined as a set
as follows:

M(K) = {A : K dIR Um}
It is known that K is the field of quotients of A (K ). Each a C HCI<) gives rise to
a function a : A/(K) –> IR by evaluation

a : IV(K) q R, A n X(a)

We endow M( K ) with the strong topology with respect to the family of functions
a, a c A(K), i.e. the coarsest topology such that all maps a are continuous, With
this topology, M(K) is a compact space, referred to as the space of real places
of K. Consequently, we arrive at a representation, i.e. a ring homomorphism:

Q : A C K) a CCM(K),R),aHa

It is this representation which plays a fundamental role. The Banach-algebra
a( A/(/o, IR) is considered under its natural topology of uniform convergence.

Proposition 2. (1) The image of d is dense,

(2) lot each a Cfl : a c E+ (K) o a > 0 euerquhere on hI{K'1

We now turn to first results on bounds for higher Pythagoras numbers pd(1<) , d ?
2. The invariant );2(K) is simply called the Pythagoras number of the field K. As
said earlier we confine ourselves to the case

R g K

The following two cases are more easily disposed of: the exponent d is odd or
I< is not formally real



If d is odd then –1 = ( -1)d, if A’ is not formally real it is proven, cf.
–1 E Td Kd , say, –1 = Eid =f. Then using the identity

[4, 11], that

dlX = =(–1)'-1–h (d : 1) [(X + h)' + (–h')]

one concludes that pd $ sd(d + 1) not saying that this (too) easily obtained bound
is a very sharp one. In fact, if d = 3 then p3 $ 3 (instead of p3 $ 4) follows from
the socalled Richmond’s identity, quoted from [9, p.10]

A[ s(3t – 1 – 13)
3 3

For the rest of this section we additionally assume K to be a formally

r

real field.
We will make extensive use of the socalled Hilbert identity

3(1 – t + t2)

completely left aside in this note

s(3t – 3Z2)
t r ) S C JIF5111F 1 S # 0 1 t = $ H+ [ A ] + [ n ]3(1 – t + t2)

Only little is known about the the “stufe of higher level sd” . So, this topic is

I

( + ) ( E d);r + 2 ) n + 2 n dr\ILr () 2 ( E ArIb[F i 2 )n 1 = t e t L i ( AX o1 HH siX k ) 2 n

where k, n c N, a c Q, a \- o, linear forms Li c o[xo,•• . , Xk] and m $ (2”k+k)
This identity was used by Hilbert in his solution of the famous Waring problem
That we can bound the number of terms by the binomial coefficient is due to
Caratheodory’s theorem, [14, p.27, prop. 2.31. This fact is important to us, it
\v as not made use of in [4] and had led to larger upper bounds. The proof of the
fo]jo\yjng result is taken from the PhD thesis of Natea Hunde [13], it optimizw the
arguments from [4]

Proposition 3. Let P := PI( K) < ,n Men P2„ $ P2(2nr+n)

Pr'oof . In Hilbert’s identity the coefficients #i can be merged with the linear forms
since they are 2n-th powers, in other words we can assume that all pi = 1
lst step: We show that Li a?n = c A bjn where c is a totally positive unit c, in
particular e = ET rf with all al e if necessarily. To see the first claim we p&ss
to a sequence of fractional ideals: (Fi afn) = (. . . , a„ . . . )2" = [(. . . , ai, . . . )2l" =

(E, a?)" = (ET=, b})" = ' ' ' = (E, b?").
2nd step: We now consider the totally positive unit e and assume & < 1. Then for

all i we get =? < 1, hence 1 – =f = y=1 y?j, by prop. 2. We get 1 = = f + Ej y?J
Plugging in zi, gil, . . . , up in Hilbert’s identity we find for each index i

1 + 2n Xf = = lv =?j1, N = (2rp)

Surnnling over all ! all(i dividing by p this means

1 + (2„/p)' = E;V- g"

3rd step: \\’e fInally drop the condition irnposed on the positive unit e but want
to get back to tIle previous situation. First of all, by the density of tIle image of



H in aCM, IR) and the second statement in prop
unit 7 such that

2, we can Hnd a totally positive

1 < i ' 72" r 1 + 2n/p everywhere On M
Next define another totally positive unit 77 by 1 + (2n/p) . 77 = €72". This unit
satisfies the condition in the second step. Consequently, e’727' turns out to be a sum
of Np 27t-th powers. Then the same claim is true for c. After multiplication with
the sum ET bj" we finally get the claim on p2„. a

Corollary 1. (1) m $ 3, pd S d + 1 in general ad is odd,
(2) if b2 = 1 , i. e. K is a pythagorean fIeld, then b3 $ 3 and pd Sd + 1 for all

d

(3) &/ p2 $ 2 then P2n $ 2(2n + 1)(2n + 2)

It seems worth emphasizing some of the results so far

These bounds for p2„ might be correct assymptotically but are definitely too
large for small exponents and small quadratic Pythagoras number D2. Progress
in those cases came from new ideas published much later in the paper of Choi,
Lam, Reznick and Prestel [7]. J. Schmid [16, 17] took up their ideu and presented
substantial improvements as a'ill be explained below. Interesting ideas, somewhat
similar, are presented in Ellison’s paper on Waring’s problem for fields [9]

To begin with we note that the proof of the last proposition has shown, under
the hypothesis of a finite Pythagoras number, that every totally positive unit of the
real holomorpby ring is a sum of 2r&th powers in K for every n. In [4, 1.6] this result
\vas proven without this misurnption: IB+ g nn F KI" . It wmi greatly improved by
J. Schmid [17, 3.3]. He could prove

Theorem 1. Every totally positive unit of H is a sum of nth powers of totally
positive units, for every ne N

E+ = =rE:
The original Waring problem had asked whether every natural number can be

represented as a bounded number of n-th powers of natural numbers. Schmid’s
theorem can be understood as a qualitative variant of the Waring problem, now
posed in the context of general formally real fields: the set of natural numbers is
replaced by the set of totally positive units of the real holomorphy rings. Motivated
by this interpretation we are led to introduce a Waring bound for E+ :

ILI„ := min{k E+ = =/ B}} Or W„ = DO if no such k exists

The relationship between the invariants ;22„ and m„ is not well understood to
date. Little is known but it seems very worthwhile comparing these two invariant.s
since one is led to study hidden properties of the fields in question. The discussion
in the next section is just one example,

A sample of general results is presented in the following proposition. As indicated
we get smaller bounds than predicted by the previous proposition

Proposition 4. (1) to2 S p2 + 1, a3 $ 3,
(2) {/ 1)2 = 1 th,en p2„ g w„, a2 $ 2, hence p4 $ 2, Pa $ 3,
(3) if pt S 2 then p2,, $ (n + 1)ton, in parhcTLlar p4 $ 9, pc $ 12



Proof. (1) The first inequality is proven in [17, 2.4]. To prove the second inequality
\ye apply Richmond’s identity from above. Let r C E+. In analooy to the argument
in the 3rd step in the proof of prop. 3 \ve find r c E+ such that 2/3 < fr/33 < 1
Then t := 3r/63 e E+ is such that all entries in the brackets are totally positive
units. Hence a'3 $ 3,
For all other claims \ve consider the relation

s == Er af" = [ E/ af"/gn] - gn where q = = a?

The element in [] is a totally positive unit e as it is a unit in all real valuation rings
and it is a sum of squares. Hence, e = L:'" e? where all ci c E+
(2) From p2 = 1 we get that each ci = 77? and that q = b2 for some Held elements,
hence $ = =}’" (17,b)24. This means ph, $ w„, and the other statements foIlo\v
(3) in this case we have ci = ?? + 7/ 5, q = a2 + b2. This leads to

s = D[(rIf + IIi)(a2 + o2)jn = E:’" (ai + b?)"

since the product of two sums of two squares is a sum of two squares. In the book
of Reznick ”Sums of powers of real linear forms” we find identities

n+1

(U2 + U2)" = L m?",

cf. [14, 9.5, p.124]. This completes the proof. a

The precise relationship between UP2 and p2 is still not clarified. \Ve add a few
prelirrlinary remarks
First of all, it can be proven, using prop. 2, (2), that ub = 1 implies that the space
of real places N’I is connected
If K is a pythagorean field, i.e. p2 = 1 then both situation to.2 = 1 and it/2 = 2
occur; a/2(R) = 1 , whereas the pythagorean closure of IR(X) admits a space of real
places highly disconnected, implying IIt2 = 2 for this field
The case ofp2 = 2 is already very interesting. So far, no Held with a2 = 3 has been
found. To prove that a2 = 2 is not all easy in the cases where it could be achieved,
In [7] the result u12 = 2 \v us obtained for the rational function field IR(X), in an
equivalent form. The method used there was expanded by Schmid in his papers
nc, 17] and it was claimed that ue = 2 for all forrndlly real algebraic function Held
in one variable over R [16]. Unfortunately, the claim was based on an insufficient
argument, an immediate remedy wasn’t visible. Finally the claim turned out to be
correct. The only proof known so far uses some topological machinery displayed in
tIle next section. Hence \ve get p4 $ 6 for all such fields

The problem of comparing to„ and p2„ stems from the fact that \ve deal with
c:lenlents of tIle real holomorplry ring II in the first instance whereas we have to
consider arbitrary field elements in the second case. The first situation allows to
apply the representation a' : H –> C (Nl , R) with its \veII understood properties, see
proposition 2. Luckily, LIli.s representation can be extended to all of K. It is well
kIlo\yn that for eac Ir a e K the function

a : a/ A I?1, A H X(a) if a e K, An oo otherwise



is continuous. This fact leads to a map

@ : K –> C(A/,IPI), aH> a

where we get O–1 (CCM, R)) = H. In general, the properties of this general map
are not really understood. However, in the case of formally real function fields in
one variable over IR the image is shown to be dense and this fact is used to derive
the equality UP2 $ 2 whence p,I $ 6 for such fields.

In this section we deal with algebraic function fields FIIR in one variable, in other
words with finite extensions of the rational function Held IR(T). They are always
denoted by F

Real valuation rings in F must contain the base Held R. Hence they are discrete
valuation rings Y, contain IR and have residue field IR: such valuation rings of F
are referred to as real prime divisors of F. The other discrete valuation rings of F
which contain IR must have residue field C, they are called complex prime divisors
Both types are referred to as prime divisors. From the general theory of our fields
\ye know that the prime divisors determine the structure of the field. In this sense,
the real prime divisors determine the ”reality” features we are interested in

In fact, each real place A e M gives rise to a real prime divisor
q := {a c F ! ACa) 74 m}, and this assignment constitutes a bijection between
NI and the set of real prime divisors. Later on, we will identify the real prime
divisors with the points on a Ccx> compact curve with finitely many components
each one diffeomorphic to S1. This well known topological interpretation allows to
apply tools from differential topology which are not available in a purely algebraic
setting.

For the remainder of this section we assume F to be formally real, referred to as
a real function held for sllort. As indicated above we want to study the represen-
tation @ : F –> C(Af, i?1), aH a where \\'e consider aCM, Pl) in its compact-open
topology. We will pass to a more accessible, still equivalent representation by using
stereographic projections

Let K denote any formally real Held and set Sl(K) = {(a, D) e KI I aZ + b2 = 1}
From the basic properties of the real holomorphy ring we see that the condition
a2 + b2 = 1 implies that a, b e H. Hence, SI (K) = Sl (A)
In addition, set Sl = Sl (IR) g C and ul always IPI = IP1 (IR)
The stereographic projection

bt : Sl (K) q IP1(X), (a, b) A a/(1 – b) if b + 1, (0, 1) A m
is a bijection with inverse map

& : p1(x) d sl ( K),tn (13,, , :i£; ) ift7£ oo, oo a (o, 1)
In tIle case of K = IR both maps st, & are homeomorphism. In particular, & induces
a homeomorphism

t, : aCM, IPI) –> CCM, Sl), / o & o j.

where the compact-open topology on C(A/,S1) is nothing but the topology of uni-
fc)rIn convergence defined by the maximum norm. Using the stereographic projec-
tion for F \ve obtain the following commutative diagram

3. THE FUNCTION FIELD CASE



K $ > C(A/,Pl(R))

1 ' Ill 1'.
S\ (H) + > C(JV, Sl )

SI (H) d C( Af, Sl) is given by the assignment (a, b) b> a + ib where
,f:1

The map @

In this diagram the map I is injccti\•c with image Sl(H) \ {(o, 1)} and I, is a
homeomorphism as mentioned already. In particular, \ye see that the image $(K),
respectively its closure, is naturally identified with the image of Sl (H) \ {(0, 1)},
respectively its closure, under g. Passing to the closure of im @ allows us to ” catch”
the missing function g(0, 1) which is the constant function sending every point to
(0, 1). One easily verifies that the constant functions in = (2n/(n2 + 1), (n2 –
I)/(n2 + 1)) converge to W(0, 1). Hence, the closure of $(K) is identified via c.
with the closure of @(S1 (X))

Now follows the crucial fact for our real function field F:

Proposition 5. If the image of 51(H) I> CCM, 51) is dense hen u/2(F) $ 2

Proof . Consider any e C E+ . Since ;>2(F) = 2 by Witt \ve find a, b c F such that
a2 + 62 = e. Necessarily a, bc H. In view of € > 0 everywhere on A/ we can pass
to the continuous function

J= bca + iB)
A4 –> 51

By assumption f can be approximated as closely as needed by a function qJ(u, a),
u'2 + a2 = 1. To simplify notation we are using the symbol a to state that the
approximation is good enough for the argument to follow,
In otrr situation, f . (a – la) a 1. After multiplying we obtain

\Ve set c = au + ub, d = bu - au then c2 + d2 = a2 + b2 = e, a = a, da o. The
element c turns out to a totally positive unit already by prop. 2, the same cannot
be said in the case of d. However i can be chosen us small as needed to guarantee
that both elements c + d, c – d are totally positive units, again by prop. 2. Hence,

(au + ub) + i(bMa) a d.

' = (V)2 + (V)2
and \ve get that c c E{ + El

The classical Stone-WeierstraB approximation theorem is concerned with dense
subsets of C(X, iR), X any compact space. A similar result for a(x, 51), as general
as the Stone-WeierstraB approximation theorem, is not known to the author. Yet,
there are favorable conditions under which the closure of certain subsets in C(X, 51 )
can be described.

n

Proposition 6. Let x be a cornpacl space and a a subgroup o/ c(x, 51 ). If its
closure G (vh,ich is a subgroup again) contains all non-surjective junctions
X A S I then G is the union of all homotopy classes of elements in G.

As a matter of fact, the image G := W(51 (H )) satisfies the conditions above
So it remains to show tIltlt every continuous function n/ –> 51 is homotopic tn



functions of the type g(u, u) = a + iD where a, o e X, aZ + t/2 = 1. This amounts
to produce sufficiently many functions originating from F for which it is possible
to determine the homotopy type. As to the first requirement we can apply some of
the fundamental results of witt in [181. Secondly the homotopy type is determined
by the (topological) degree, e.g. cf. [10, chapter 5}. At the end we succeed in
proving the density of the image of tb. Details of this approach will be published
solrlewhere

Instead, we will be following a different route by appealing to the results in
[2, Chapter 13] on polynomial or regular mappings with values in spheres. That
approach is based on the study of algebraic versus topological vector bundles on
real algebraic varieties. We focus on this method

Either approach requires to substitutes the space of real places by a smooth
compact real algebraic curve 7. This curve is a compact ON curve, hence by
a general theorem it has finitely many connected components each of which is
diffeornorphic to Sl. We sketch the transition from the space M to this curve I.

The function field F is the quotient field of the real holornorphy ring 17. Hence,
we can find an anne algebra A C H (over IR) the quotient field of which is F as
well. Consider the integral closure B of A in F. As a Prafer ring the ring /7 is
integrally closed in F, hence B C H. From commutative algebra we know that B is
an affine algebra, integrally closed of dimension 1. In particular, B turns out to be
Dedekind domain what implies that if , as an overring of B, is a Dedekind domain
as weI]

It is a general fact that the valuation rings of a formally real field containing
its real holomorphy ring are exactly its real valuation rings. In our situation, the
valuation overrirlgs of fr are exactly the real prime divisors of F. Let 1/ be such
a real prime divisor, m its maximal ideal. The intersection ideals p := m n /7 and
q := m nB are maximal ideals of either rings. The localizations Bq is contained in
the localization /4. Since both rings are discrete valuation rings they have to be
equal. Conversely, let q g B be any maximal ideal with residue Held IR then the
local ring Bq has to be a real prime divisor, hence it contains if

Now, set r = SpecB , 7 := F(IR) the set of closed real points. It is a smooth anne
curve with function field F and the following properties:

(1) The center map c : M # 7, A n her(A18) is bijective,
(2) if = n ncl oz(1) = B1£E na . Cf. [2, 4.1] to prove the last equality. As

a result ure obtain that each a e H can be evaluated at any point = C 7,
hence gives rise to a function a : 7 –+ IR.

(3) For each a c H, A c M we have aCc(A)) = a(x).
Imposing the strong topology on 7 with respect to the functions a e A we
and that the center map continuous bijection. This finally leads to

(4) 1 is a compact sp,me, the center map c & homeomorphism
The final step consists of realizing 7 as a curve in some R'v. To this end
choose a presentation B = IR[T1,...,TNl// and consider the set of zeros
X := Z(1) in RN

(5) X is d compact Gm curve and naturdlly homeomorphic to 1 and M, the
latter via the center map.

(6) F is illterpreted as the Held Jr of rational functions on X which induces
an isomorphism between 1/ and 7Z(X), the ring of rational functions which
are defined on X [2, 3.2]



Consequently, the representation a) : F –> C( Af,IPI) can be substituted by Elle
evaluation map eu : / o C(X, Pl ). 51 ( d) is mapped onto
{(/, g) I y, g c RCX), /2 + g2 = 1} which is nothing but the set of regular functions
RCX, 51). So, at the end \ve are concerned with the question whether

RCX, sl) is a dense subset of c(x, $1 )
which is equivalent to our original question whether the image g/(Sl(I1)) is dense
in C(II, Sl)

In [2, 13.3.3] density is shown with respect to an(M, Sl) which, in turn, is dense
in a( Af, S1) by [10, 2.2, p.44]. Therefore we have proven the main theorem in this
section:

Theorem 2. The image o/ 51 (H) & O(M, Sl) is dense.

As said before this implies a2 $ 2. 1t is not hard to see that in real function
fields always ”u72 > 1” the proof of which we ommit. Anyway, we want to state

Theorem 3, Let F be a real junction fIeld in one uariable over IR then a2 = 2 and
P2 = 21 P3 $ 31 P4 $ 6'

so far it is known that ;73(RCX)) = 3 and I14(RCX)) : 3. To conjecture that
p3 = 3, pq ? 3 holds for all real function fields seems reasonable. As to the value of
p,I, however, the author is not in the position of offering a substantiated conjecture.

It may seem that methods and results from differential topology are too big a
shot for getting the ”innocent-looking” result a2 $ 2. However one can prove the
following result for formally real fields with H a Dedekind domain
the two statements

(1 ) U/2 $ 21

(2) 22 $ 2 and the map 51 (H) –> C ( n/, Sl) has dense irnage,
are equivalent
At this moment no simpler proof of the density result is known

Apart from general remarks we still assume that u’e are dealing with a formally
algebraic function in one variable over R, denoted by F.

It is known that Dedekind domains rings are not unique factorization domains
unless they are principal ideal domains, [6, VII,3.1]. So, real holomorphy rings are
rarely unique factorization domains,
In the present situation one can even show that no maximal ideal of H is principal
\Ve sketch the proof and start by transferring everything to the geonretric nrc)del
7 and interpreting the elements of F as rational functions I –> IPI . The next
ingredient is the decomposition of 7 into nnitely many circles 51. An element
a e H, a + 0 then gives rise to continuous functions 51 –> R. Such a function
can be understood, using a properly chosen stereographic projection, as a function
IR 4 IR with existing limits lim,H+,*, and lim..H_„, which are equal and not zero,
If a were a generator of a maximal ideal m then we would end up with a continuous
function as above which changes sign but adrnits just one zero. That contradicts
the intermediate value theorem
On the other hand it is known that any ideal of a Dedekind domain domain can be
generated by two elelnerrts. In our situation of real holorrrorphy rilrgs this can be

4 UNIQUE FACTORIZATION OF SUMS OF SQUARES



seen as follows, Pick an ideal a. Then n2 = (a? t . . ' t a?), al, . . . , a, e a. Using

p2 $ 2 we get a2 = (a2 + b2 ) = (a, b)2 implying a = (a, b)

So, unique factorization is not valid in ff. However, if we restrict attention to
the non-zero sums of squares in if the situation is quite different: we do have
unique factorization and a complete list of prime elements is given by the sum of
squares-generators of the squares of the maximal ideals of H as we will see in the
sequel,

\Ve set

E := = x2 \ {o}. Note that H n E K2 = = u {o}

Given f,g e E we write, as usual j\g iff there is h e E with fh = g. Note
that f\9 is equivalent to saying that f divides g in N. This follows from the fact
E HI = if n E K2 . Hence, in terun of X-ideals, /jg is equivalent to
(g) = gH g kf I
f and g are called associate, denoted by j N' g, if j\g and g\ j , equivalently, if g = ej
for some unit e C E+
An element i is called irreducible if it is not a unit and any decomposition I = gh
enforces that one of the factors is a totally positive unit. f is called a prime
element, or prime for short, if i is not a unit and whenever f\gh we get j\g or
f\h. Clearly, prime elements are irreducible. To prove the converse we start with
the following lemma,

Lemma I. Let f , ge E, j irreducible. Then the following statements are equiva-
lent

(1 ) f X g 3
(2) tf ,gb = HI
(3) j+g€ E+

PTOOJ. We start with the equation i = 7{T(! + g) where all entries are in E a2
If //(/ + g) were a unit, a forteriori, a totally positive unit, then j\g would follow.
so, the implication (1) + (3) is proven. The equation also irnplies (/, g ) = if + g)
for any two sums of squares in A, hence (3) -+ (2). The remaining implication is
obvious . D

Lemma 2. Let j e E and ma rna=imal ideal of H . If f C m then even j e m2

Proof. We know that m is a real prime ideal. Hence I = = a: e m implies that all
at e m. This gives the claim. a

Proposition 7. Ejlery irreducible element in E: is a prime element.
Given peEI the following statements are equivalent.

(1) p is a prime element..

(2) (p) = rrP for some ma lirr&aJ ideal m of A

Proof. Assume p to be an irreducible element and that r\jg . If p / I then by the
first !emnla= p + f e IB+, say p + I = e. blultiplying with g yields that p divides g
Hence, p is a prime element
Let’s continue with a prime element p. Then the H-ideal (p) is contained in a
maximal ideal m of H. We claim that (p) = m2. First of all, by the second lernma
(p) g ni2 . To prove equality, pick any f C m and :hssume /2 { (p). Tllcll, by tIle



lenrlrra above, p + /2 is a unit: a contradiction. Therefore, for any f C m we get
/2 C (p). Choosing any other g C m we have that /2.92, (j + q)2 C (p) enforcing
fg e (p). Thus, at2 g (p) and equality results
Finally, consider an element p e E subject to (p) = m:2 as stated. Assume p\ fg
Then fg c m implies, say, i e m, The second lemma states that J e rr\2 as i is a
sum of squares. Hence, f e (p) meaning pl/ in E. D

We can now fix a complete list ? of pairwise non-associate prime elements

p = {pm 1 Pm e E, (Pm) = rrP, m a maximal ideal of a}

In the following we will make use of the discrete valuations attached to the real
prime divisors. The real prime divisors are just the localizations H,„ , m running
through the maximal ideals of H. The discrete valuation with value group Z at-
tached to m is denoted by u,„. They are referred to as the real valuations of F. We
transfer from the general theory of Dedekind domains that every non-zero principal
fractional ideal (a) = aH admits a presentation

(a) = II „'”'" (')

Using this fact the prime elements of E are characterized by the following prop-
erties

u(p) = 2 for a unique real valuation u and mCp) = 0 for all real valuations to + u,
In the sequel we fix a complete system of prime elements ? := {p} and set

vp = u„, if (p) = m:?

Theorem 4. Ellery a c E admits a unique presentation a = c []?el, P'p where
c c E+, ep e N u {o}, all bIIL BniLely many ep = o, 2% = % (a)

Proof . Any such valuations is real valuations, hence the exponents are even natural
numbers: Um = 2e„ This leads to i = c ]-Imp:re c IE+. Such a decomposition is
unique since it can be interpreted as a decomposition of the principal ideal (/) as
a product of powers of maximal ideal which is unique by the basic property of a
Dedekind domain. Q

No\v consider any non-zero element a c L /f2.
SIg, j. gej- /12. so we drrive at a presentation

It can be written as a =

a = e [1 reppe' where e c IB+, c1, e z, all but finitely many ep = o, 2% = %(a)

In order to arrive at an explicit factorization one has to come up with a list of
explicit generators of the ideals m2. There are cases u'here this has been achieved,
In the PhD thesis of Natea Hun(ie [13] the cases of rational and elliptic function
fields have been dealt with explicitly. In particular, for IR(X) the m&\imal ideals
of H are indexed by tlle points a e IP1

n 1 a = ( A ) = ) i f a e II( I n 1 cEI = ( d I = )
The square of a maximal ideal is generated by the sum of the squares of its gener.
ators which can be multiplied by a totally positive unit if convenient. Ill tllis \yay,
we get for IR(X) the following complete systems of prime elements

U Ur 1 1 e re InEr C IP! a n d +



Surprisingly, the multiplicative presentation above can be turned into an additive
presentation of a as a sum of mixed powers. A general theory of sums of mixed
powers is due to R. Berr [sI

Theorem 5. Let a 74 o, ae E'K-2,a=e[[pe7,pcP

a = q : bP
I'CP,', #O

Then

IOT some 77 e IE+, bp + o, b?, e F 1(2,Ur(bp) = 2
Proof. We consider only those prime elements with % 74 o. so, a = ej-IeD#a p'p. For
each such p choose ! I, C Z with Lpep ? eg for all other prime elements q occurring.
Setting bp := P[l9% qIp we calculate

a–1 * bEp- = c-1 Flq,£p ql•ep-tq =: cP

For each p we get: bp c E K2, up(bp) = 2, cp e E x2 , Moreover,
({$ 1 ep # o}) = a. Using the proposition 1,(3) above this leads to
Fp cr = w e E+ n'hence the claim follows

Corollary 2. Let a + o, a c EJK2 then a c Fp;up(a)#a(E/ KF-p(a>i).

a

Proof. We are using the additive presentation of the element a from above. Using
Hilbert’s identity one gets that bepp e E K2l',I. Note that the multiplicative inverse
of a sum of squares is again a sum of squares and that 2% = %(a). Furthermore,
the unit 77 is a sum of 2r!-th powers for every n since IE+ g nn F K2". This
completes the proof. D
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1 Introduction
The counting theorem of PHa and Wilkie [21] opened up one of the most
important developments in model theory in recent years. The theorem
provides a bound on the densi{y of rational points for sets definable in o-
minimal expansions of the real field, a result which has had several stun-
ning number-theoretic applications due to its'incorporation into the so-called
'Pila–Zannier method“ for solving special points problems. This method was
established initially to provide a new proof of the Manin–Mumford (lonjec-
ture [22] and since developed and exploited by Pila, Tsimerman and others
to give, amongst other results, the first unconditional proofs of cases of the
Andr6-Oort Conjecture (e.g. [19, 20, 27])

Central to the proof of the Pila–Wilkie Theorem is an o-minimal version of
Yomdin-Gromov parameterization [29, 28, 10], one type of 'smooth param-
eterization’. This technique in general involves decomposing sets into the
images of finitely many functions which have controlled higher-order deriva-
ti\,'es. Originally introduced to study topological entropy and volume growth
in smooth dynamics, it also has other important geometric and arithmetical
consequences. \Ve will discuss several types of smooth parameterization and
their connection to both o-minimality and questions of diophantine geometry.

2 Yomdin–(;romov r-parameterization
Let m be a non-negative integer and let X g [0, 1]". In the original result of
Yomdin and C;romov, X C lo, 1]" G R” is assumed to be a semi-algebraic set
(i.e. a set definable in the real Held IR := {R, +, ', 0, 1, <> [25}); in the result
of Pila arId Wilkie, X S [0, 1]” g n" is more generally assumed to be a set
definable in any o-minimal expansion of a real closed field {R, +, ', 0, 1, <>
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tZukunftskolleg and Departnrent of Mathematics and Statistics, University of Kolb
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Let r be a non-negative integer. The results of Yomdin–(]romov/Pila–
\Vilkie tell us that, under the appropriate assumptiolr on X, there exists a
finite set Q, of Cr maps d: (0, 1)di’"x –> [0, 1]" such that

(i) X = U„,.In1(d)

(ii) hi+(') IIm $ 1, for all jaI $ r

\Ve call a set Q, satisfying (i) and (ii) an r-puruTILeterizat.ion of X
The central application of this result to diophantine geometry is the foI-

lou'ing theorem of Pila and \Vilkie, which captures a sense in which the nurn-
ber of rational points lying on a set conveys information about the algebraic
nature of the set

For a rational tuple q = (p, . . . , F) C Q", with gcd(ai, b) = 1, for all
1 S i $ n, the height of q is defined to be ht(g) = ma},1<£<„{ja£l, Ih[}
For any set YE IR", define Y(Q, H) := {? e Q" I ht(q) $ H\. Define
Yalg to be the union of all infInite, semi-algebraic subsets of Y, and define
Vtrans := y \ yalg

PDa–Wilkie Theorem. Let X g [0, 1]" be rteFnabte in an o-minimal er-
pansion of the real Aeld R := (IR, +, ., 0, 1, <>. Let e > 0. There ez£sts a
positive constant c = c(X, c) such that, for all A II, #Xt’-'”(Q, A) $ cH‘

Thus, if such a definable set X contains more than He many rational
points of height at most /7, for some e > 0, then X contains an infinite,
connected, senli-algebraic set, and in fact contains a senri-algebraic curve in
that case

There are three central ingredients to the proof of this theorem and other
similar results of this kind, which we sketch roughly. The procedure is made
Inore involved by the fact that, in order to obtain an inductive argunrent
(on the dimension of X), it is necessary to work rather in certain (definable)
families of sets, but for simplicity we present the ideas in terms of a single
set X

1 Obtain a suitable smooth paramcterization for X with sufficient control
over the nunlber of paranreterizing functions required and over dny
parameters involved (in this case, dn r-pardmeterization for a suitable
r = rCe)). This allows us to reduce to the case of sets which dre the
inrages of pararneterizing nlnctions

2. Realise the points XtFans(Q, a) being counted as zeros of finitcly many
polynorrH,IIS of a suitable degree d (in this case d is given in terms of c),
where we have sufficient control over the number of polynornials neede(1
in terms of d and H (in this ca,e, this results in O( HC)-many)
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3. Obtain a so-called zero estimate, a bound on the size of sets of the form

Xt’-’” nY(p), where V(p) is the zero set of a polynomial p of degree d
(in this case, a bound of size O(H')).

The proof doesn’t provide a method for computing the constant c in the
statement of the Pila–Wilkie Theorem in terms of e and some definition of
X. Indeed, at the level of generality of sets definable in o-minimal expansions
of the real field. such an effective constant cannot be obtained; this is not
even possible for the graphs of all one-variable, transcendental, restricted
analytic functions. However, in certain cases, say when X can be defined
using functions satisfying some reasonable algebraic differential equations,
the question makes sense, and indeed might be interesting in view of the
many applications of the Pila-Wilkie Theorem to diophantine geometry.

We present here a first result in that direction, which is for surfaces im-
plicitly defined from restricted Pfaffian functions. This is an effective case
of Pila’s earlier result giving this subpolynomial bound for subanalytic sur-
faces {16, 171, a precursor to the Pila–Wilkie Theorem. An analytic function
f an an open subset of IR" is Pfaffian if it satisfies a triangular system of
polynomial differential equations. Pfaffian functions have a natural measure
of complexity given by the dimension of the open set, the number of equa-
tions in the system and the degrees of the polynomials involved. (For precise
definitions the reader is referred to [14, 12].) This allows us to make the
following statement ,

Theorem 1 ([12]). Let a, 6 ae real n\LrrtbeTS such that 0 ga < & $ 1 and
let B and e be positive real numbers. Suppose that f , gl (a, b) + (Q, D are
functions implicitLy deBned from Pfajllan functions of comp\eTtty crt most B
and that I < g. Suppose juther that FI (f , g)(.,b) a R is also implicitLy
de$ned From Pfajban functions of comp\erttu at most B , where Lf , gl(„M
denotes the cell { ( r, y) e (a, b) x (0, 1) ; /(r) < y < g(n)}. There e=ists
a positive real number c, bounded effectiveIu in B and e, s&ch that, for aLL
HZ \, #graphLFjt'-"’n, H) $ cH‘

Our proof follows the same structure as the proof of the Pila-Wilkie The-
oreln. Consider the three steps outlined above. Step 2 can be seen to be
effective from the original proof. For effectiveness in Step 3, we appeal to
an earlier result of [13] in which we obtain in our setting an effective zero
estimate of size O((log H)1), for some effective positive constant 1 = 7(B),
which is clearly more than sufficient here.

Thus, in order to obtain an effective constant c, it remains to consider
Step 1, r-parameterization. Here we cannot appeal directly to the o-minimal
version of r-pdrameterization proved by Pila and Wilkie, for it involves the



use of the (ineffective) compactness theorem (of first-order logic). Our main
contribution is therefore an effective version of this r-parameterization rcsult
in the setting of our theorem. To prove this, n'e first prove a uniform pa-
rameterization result for families of curves, where the base of the family is
an interval in the real lille. The setting of functions implicitly defined from
Pfaffian functions is sufficiently general that we can remain within it when
carrying out the induction required, For more details, see [121

An alternative proof of r-parameterization for subanalytic families was
recently given using complex analytic methods by Binyamini and Novikov
12]. During the writing of this note, the arXiv preprint [1] appeared, which
makes use of this alternative approach to obtain effective Pila–\Vilkie bounds
for Noetherian varieties. While the setting of [1] encompasses that of the
Theorem 1, the constant obtained in our case is more uniform, in that it
depends only on the complexity of the Pfaffian functions involved in defining
I (and not on any other input data, such as the coefficients of the polynomials
appearing in the system of differential equations defining them)

Beyond identifying cases in which one can obtain r-parameterization in
an effective way (which includes an effective bound on the number of pa-
rameterizing functions required), another refinement which can be sought
with the aim of improving diophantine applications is an explicit uniform
bound on the number of functions required for r-parameterizations across a
family of sets. This is a feature of the original result of Yom(lin and Gro-
nlov, namely, that the nunrber of pararneterizing functions required for an
r-parameterization of a given semi-algebraic set X C [0, 1]“ is bounded in
terms of r, n, the dimension of X and the degrees of the polynomials involved
in describing X (see [4]). This idea has been extended in [8] to certain reducts
of IR,„ and of the expansion of IR,„ by power functions; in fact these methods
improve the bound known the semi-algebraic case to one which is polynornial
in r, settling an open conjecture about entropy in smooth dynarnics [30, 5]

3 Mild parameterization
A set X C [0, 1]" has mild parameter Lzatton if there exists a finite set @ of
CX rnaps O : (0, 1)dim'x + [0, 1 jn such that

(i) X = U,J..„ Im(@);

(ii) there exist constants B --, 0, a ? 0, such that IIO(a) lim $ a:(B jaI)al“I
for all jaI g r.

Functions which are CH and satisfy condition (ii) are said to be mil(I. Pila
introduced mild parameterization as part of ongoing work towards ilrrproving
the bound of the Pila–\Vilkie Theorem from sul)polynomial to polylogaritll-

Such an iInprovelnent is not possible in the flrll generality of o-nrinilnal

4



expansions of the real field, as demonstrated by counter-examples due to Pila
[151. However, Wilkie has conjectured that such an improvement should hold
for sets definable in the real exponential field IR,*p == {R, exp>

Wilkie’s Conjecture. Let X C [0, 1]" be deBnabte in IR,,p. There er-
ist positive constants c = c(X) and 1 = 7(X) such that, for aLL H = 1,
#X “=“”(QI A) $ c(lag#)’

To date, this conjecture has been established for curves and for sur-
faces with mild parameterization [13], for which certain explicit examples
are known [18, 61. In addition, several results establishing the polylogarith-
mic bound for other examples of definable sets are now known, for example
for IR,„-definable Pfaffian surfaces [13, 8] or sets definable in the expansion
of the real field by restricted elementary functions [3]

The connection to mild parameterization can be seen by considering the
proof strategy outlined above. In [181, PHd proved a result which could
provide an analogue to Step 2 in this context, namely that if X g [0, 1]“
has a mild parameterization, then X (Q, H) lies in the union of O((log fT)11 )
zero sets of polynomials of degree O((log #)u), for constants 71 = 11(X),
72 = 72(X). In order to make use of this fact, however, it remains to establish
mild parameterization in a sufficiently uniform way (in order to carry out the
induction) in settings in which w'e may also obtain Step 3.

Let us summarise what is known about mild parameterization for sets
definable in o-minimal structures. We say that a structure has (depnabley
mi/d parameterization if all of its definable sets have a mild parameterization
(given by parameterizing functions definable in the same structure)

On account of uniformization, the structure IR,„ has mild parameteriza-
Lion, but it moreover can be seen to have definable mild parameterization [11] ;
this fact also holds true for any reduct of IR,„ by the same argument. Indeed,
if one considers the expansions of the real field by the quasi-analytic classes
C of restricted Gm functions studied by Rolin, Speissegger and Wilkie [24],
expansions which they proved to be o-minimal and polynomially bounded,
then n’e sho\vcd that an definable sets in such an expansion Rr have a “C-
parameterization“; this has the natural definition in our context as a finite
covering for which the parameterizing functions lie in the class C. One in-
stance of such a quasi-analytic class C is the class of restricted analytic func-
tiOIls; another is the class of all restricted fUIlctions definable in a fixed o-
nrinirnal, polynomially bounded structure. Since restricted analytic functions
are mild, the aforementioned results of [Ill follow,.

N'lore recently, Rolin and Ser\'i considered expansions of the real field
by generalised quasi-analytic classes .A, likewise proving that they are o-
minirnal and polynoIrlially bounded 123]. In addition, they established a

5



'paraInetrisatlion theorem“ for sets definable in such structures using func-
tions from the class A, wllich can be adapted to form what may be called
an “ a-parameterization“ in our setting. Consequently, classes A consisting
of mild functions also give rise to o-minimal structures with definable mild
paramctcrization. One new example given in this way, settling a question
of [11], is iRa, the expansion of the real field by a certain class of Gevrey
functions, a structure which was shown to be o-minimal (and polynolnially
bounded) by van den Dries and Speissegger [9]

Unfortunately, there is no hope for definable mild parameterization to be
obtained for all o-minimal expansions of the real field, even ones which are
polynomial ly bounded and have strong analytic properties. There exists an
o-minimal, polynomially bounded expansion of the real field, IRh, by a one-
variable function h such that the structure IRb has analytic cell decomposition
but the graph of h does not have a mild parameterization definable in IRb;

in fact, it does not have a mild parameterization which is definable in any o-
minimal, polynomially bounded expansion of the real field [261. By different
methods, the graph of a single irrational power function z“ restricted to (0, 1) ,
for a C IR \ o - which is not mild but does have a mild parameterization
given by the three functions (exp (i), exp (–})), ((1 – t)e–1/“ + t, ((1 –
t)e-1/“ + t)a) and (e–1/', e–1) defined on (0, 1) - is also known not to have a
Inild parameterization by functions definable in any o-minimal, polynomially
bounded expansion of the real held [71, This means in particular that no
o-minimal, polynomially bounded expansion of the real field with field of
exponents strictly larger than Q can have definable mild parameterization

One feature unfortunately lacking from the mild parameterizations ob-
tained thus far is the uniformity required to exploit fully Pila’s analogue to
Step 2 in the above proof strategy. \Ve therefore close by noting the re-
cent development of a modified form of parameterization known as analytic
quasi-parameterizdtion [8], which involves many-variable complex analytic
maps given in terms of both Weierstrass polynomials and mild maps. It has
been shown that in suitable reducts of IR,„ such parameterizations may be
obtained with a certain uniformity, although at the expense of increasing the
size of the set being parameterized to a larger one of the same dimension.
This improves the result of l13] concerning IR,„-definable Pfaffian surfaces,
mentioned above, to one wlliclr is uniform in families. However, this approach
still does not provide suaicient uniformity to complete the proof sketch, and
so it does not provide any new higher dinrensional instances of sets attain-
irrg tIre polylogarithnric bound, even where Step 3 is known. Exploitilrg this
strategy of parameterization to approach \Vilkie’s Conjecture therefore re-
nrailrs a highly active area of investigation
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A SUBSTITUTION THEOREM FOR RINGS OF
SEMIALGEBRAIC FUNCTIONS AND APPLICATIONS

JOS£ F. FERNANDO, J.M. GAMBOA

ABSTRACT. The present paper is a survey collecting the main results exposed by the first
author in a talk presented in the seminar “Structures Alg6briques Ordonn6es” on May 31st,
2016. Let R C F be an extension of real closed fields and SCM, R) the ring of (continuous)
semialgebraic functions on a semialgebraic set M C R’". We show that every R-homomorphism
p : SCM, R) d F is essentially the evaluation homomorphism at a certain point p C Fm
adjacent to the extended semialgebraic set Mr. This type of result is commonly known in Real
Algebra &s Substitution Theorem. In case M is locally closed, the results are neat, whereas the
non locally closed case requires a more subtle approach and some auxiliary results of geometric
nature (weak continuous eztension theorem, appropriate immersion of semialgebraic sets) that
have interest on their own. We also afford the same problem for the ring S'(M, R) of bounded
(continuous) semialgebraic functions getting ruults of a rather different nature. Finally, we use
substitution theorems to understand better some prime and maximal ideals of the rings SCM, B)

j S' ( A'f , R)

1, INTRODUCTION

A very general question in Mathematics is to find, given a nonempty set X, a distinguished
subset S C X such that the elements of suitable class of maps cp : X –> Y are determined by the
restriction pls : S –> Y. With this generality the unique option is to choose S := X, but if we
restrict ourselves to the case in which X is a vector space and P is linear, everybody knows that
\ve can choose as S an arbitrary basis of X. This kind of results is ubiquitous in mathematics;
as a very basic one recall that if A is a commutative ring the images p(ul), . . . , p(Um) determine
every A-algebras homomorphism p : A[ul , . . . , u,n] –> B. In the same vein, let IK := IR or C
and denote am, indistinctly, the rings IK{x} or IK[[x]] of convergent and formal power series in
m variables x := (XI, . . . , x,„). Let A and B be two analytic or formal algebras, that is, two
quotients A := Am/a and B := X„/b where a and b are, respectively, ideals of Hm and /Ln. Then
it follows from Krull’s intersection theorem that every homomorphism cp : A -+ B is completely
determined by the images ?(xi + a) for i = 1, . . . , m.

In a different context the maximal ideals of the ring C(K) of IR-valued continuous functions
on a compact topological space K have the form mp := U c C(K) : /(p) = 0} for some p c if
as a direct consequence of Uryshon’s theorem. Consequently, all ring homomorphisms CCf) –> IR
are evaluations at a suitable point.
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to senrialgebraic and formal paths.
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In Real Algebra this kind of results are usually called 'Substitution Theorems’ in honour to
G. Efroymson’s theorem [El that we recall here. Let N(M) denote the ring of Nash functions
on a Nash manifold A/ C Rm and let F be a real closed field containing IR. Consider the {th
projection

ni : if –> IR, z := (nl, . . . , Zn,) b> =i

for i = 1, . . . , m (which is trivially a Hash function) , Efroymson Theorem sho\\’s that the images
p(xI ), . . . , p(Xm) determine every IR-homomorphism y : X(M) –> F. This result was extended
in [FGI, 56,1] to the case in which R is a real closed field and M c Rm is a semialgebraic
set, that is, a boolean combination of sets defined by polynomial equations and inequalities. In
particular it applies if M is a Nash set, that is, the zero set of a Nash function f : U –> R where
U is an open semialgebraic subset of Rm that contains A/,

Along this work a function f : A/ d R is a semiulgebraic function if its graph is a semialgebraic
subset of Rm+1 and in addition it is continuous, whereas f : M d IR is a Nash function if M is a
Nash manifold and i is a semialgebraic function of class Cm. We denote the ring of (continuous)
semialgebraic functions on M by SCM, R) and its subring constituted by those that are bounded
by S*(M, R). We use the notation S'(M, R) when referring to both of them indistinctly,

To explain the name SUbstitutioTr (th,Lt can be replaced by EvaLuation) \ve recall an elementary
but useful construction in semialgebraic geometry.

1. A. Extension of coefficients. Let A/ C Rm be a semialgebraic set and let F be a real closed
field containing R. There exists a unique semialgebraic subset Mr C Fm called the ea;tension
of M to F such that M = Mr n RT". The set Mr is the subset of Fm satisfying the same
equalities and inequalities that occur in a definition of M and by Tarski-Seidenberg Theorem
(or equivalently by ArUn-Lang Theorem) it does not depend on the chosen representation of M.
All what is needed concerning extension of coefficients appears in [DKl] and [BCR, gS]

Given another semiaIgebraic set N C R" and a sernialgebraic map f ; M –> iV, there exists
a unique semialgebraic map fr : Mr –> Nr called e=tension of j to P that fulfills /rIM = I
This follows applying the extension of semialgebraic scts to the graph of f

By [BCR, 7.3.1], the extension of semialgebraic functions induces a n’eII-defined injective
/?-homomorphism

tMjF : SCM, R) q SLMF, F), fH IF
For each point p C n/F let us denote the evaluation at p as the R-homomorphism

ev M , ., : StMFl F) o F, g -+ g(P)

This way one gets the f{-hornornorphism Op := evMrlp o iM,r : SCM, R) –> F. With this
terminology and taking into account that /V(M) C s(nf, R) Efroymson’s Theorem quoted above
says that if if C Rm is a Nash manifold and p : /V( Af) –> F is an R-homornorphism, then the
point p := (p(xl), . . . , p(nm)) e A/r and for each function I e N(M) the equality P(/) = h(p)
holds, that is, p = Op. Thus every IR-homomorphism p : N(M) –> F is the evaluation at a
suitable point in XI F

It seems wortlrwhile mentioning tIle existence of other classes of R-algebras homomorphisms
that are evaluations at some point. For example, all IR-homonrorphisms of the ring of SInooth
functions Cm(X, R) on d differentiable inanifold X (or an open subset of a Ban ach sp,lcc) int-o
IR (see [BLI, KMS]) or the already mentioned above between analytic or formal K-algebras. In
[BL] the authors proved that many sub,ilgebras A of the R-algebra C(X) of R-valued continuous
functiorrs on a completely rcg11lar topological space X enjoys the following evaluative property
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for each IR-homomorphism y : A q IR and every sequence {/„} c A there exists a point p e X
such that p(/„) = /„(p). Under mild conditions, the IR-homomorphisms of the ring Ck(U)
of Ck functions on an open subset U of a Banach space into IR are evaluations at some point
[ecJ, GL, J]

1.B. Core of a homomorphism. The situation in the semialgebraic context is harder. FR
an R-homomorphism p : SCM, R) –> F. Its core is defined as pg := (p(xI), . . . , p(Xm)) e Fm
and, in general, it does not belong to A/F. This is a first obstruction to get a Substitution
theorem, that is, the equality p = @pp. In addition, in dealing with the ring S*(M, R), the set
M is bounded if and only if all projections xi : M –> R belong to S*(M, R). Consequently, the
equality p(/) = /r(pg) for each R-homomorphism p : 8*(M, R) + F and all f c S*(M, R)
makes sense only if M is bounded. This can always be assumed because the map

O : CBm(0, 1) –> Rm, nod
Z

where CBn,(0, 1) denotes the open ball of Rm of radius 1 centered at the origin, is a semialgebraic
homeomorphism and O–1(M) is a bounded semiaJgebraic set. Thus, we can replace M by the
bounded sernialgebraic set a–1(M) if needed

1.C. Adjacency. Let M c Rm. A point p e Fm is adjacent to M if pe Nr for each locally
closed semialgebraic set N c Rm that contains M. The adiuncencu of M in Fm is the pro-
constructible set Mr of points of Fm that are adjacent to M. Notice that Mr c Mr c CI(M)F
If M is locally closed or if R = F, then Mr = Mr. The set Mr is carefully studied in [S3,
1.3.20] and it holds that for each /?-homomorphism p : 8(M, R) –> F its core pv e Mr. In
particular, if M is locally closed in Rm, we have py e MF

It urust be pointed out that if M is bounded and p : 8*(M, E) –> F is an R-homomorphLsm
we can only say that pg e CI(M)F. This is the price we pay because the ring S*(M, R) contains
functions with empty zero set that are not units,

Proof. Write CI( M ) := U:=1{al ? 0, . . . ,a, Z 0} with ga e R[x] and assume by contradiction
that pv, { Cl(M)r. As M is bounded, each ha := guI,w C S*(M, R), so we may assume
hn,r(pv) < 0 for each index i = 1, . . . , r. The product h := [1:=1(b1 – jbnl)2 is the zero
function on M, so p(h) = 0. As p(1/zi II) = jhillr(pg)1, we conclude

O = g(h) = 11(g(hH) – 9(jh£11))2 = II(hH,F(P,) – 1l'II,PCP,)t)2 > OI
i=1

which is a contradiction. D

In addition, some kind of converse is true. Namely, given a point p C Cl(M)r there exists
by the Curve Selection Lemma [BCR, 2.5.5] a semialgebraic path a : [0, 1]r –> FT" such that
a(0) = p and a((0, 1]r) C Mr. Then

p 1 S*(M, R) –> F, / +> lim (fF o a)(t)-}

is a \veIl-dcnrred homomorphism whose core is p
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2. N'IAIN RESULTS

\Ve introduce right now the necessary ingredients to state the Substitution Theorem in the
semidlgebraic setting [Fe2]. This result implies that if Af is a locally closed semialgebraic set,
then pkf) = /r(pv) for each R-homomorphism p : S( M, E) –> F and each i e S( M, R)
(see Corollary 2.8). Theorem 2.10 affords the Substitution Theorem for R-homomorphisms
S*(Af, R) –> F. It is harder to prove Theorem 2,11 that gives the best possible result about the
behaviour of the R-homomorphisms SCM, R) –> F when M is an arbitrary semialgebraic set.
The full proofs of these results appear in [Fe2].

As the coordinate projections are involved in its definition, the core of a homomorphism
LP ; SQ(M, R) –> F depends on how M is embedded in R’n. Consequently, 'a good immersion’
increases the possibility to have a Substitution Theorem. As a general real closed Held R is
not complete (that is, Cauchy sequences in R need not to be convergent in R) as it happens
with the field IR of real numbers, there are few compact semialgebraic sets in R”. For instance,
if R := R({t*}) is the field of merorrlorphic Puiseux series with coefficients in R, the circle
Sl := {( 1, g) C fi2 : #2 + 92 = 1} is not compact, although it is bounded and closed in a2. The
notion that substitutes compact;ness is bOunded-ctosedTbess

\Ne say that a subset S C IR’” is bounded-closed if it is bounded and closed in FUn and it is
locally bounded- closed if each point in S has a bounded-closed semialgebraic neighborhood in S,
In addition, S is locally closed in Rm if there exist an open subset U of Rm and a closed subset
C of Rm such that S = U n C. If S is locally closed in Rm, then po(S) := Cl(S) \ S is a closed
subset of Rm and $ = (S \ po (S)) nCI(S). Thus, if M is a locally closed semialgebraic subset of
Rm, then it is the intersection of an open and a closed semialgebraic subsets of Rm. In addition,
one can check that local closedness and local bounded-closedness are equivalent notions,

The ring SCM, R) has a nice behaviour if M is locally closed. One of the main reasons is that
in thIs case Lojasiewicz’s inequality holds [BCFt, 2.6.7]. To treat the general situation a useful
approach is to compare SCM, R) and S( Ml„ R) where

MIc := Cl(M) \ Cl(po(M))
is the largest locally closed and dense subset of NI . It holds that A/1. is an open semialgebraic
subset of A/ and it can be characterized as the set of points of M that have a bounded-closed
neighborhood in Af .

Definitions 2.1. Let M C Rm be a sernidlgebraic set and let ?(M) C Rm be the semialgebraic
subset consisting of those points g e Pa(M) such that either 0 S dim(po(M)a) < dim(M,1) – 1 or
NI q is not semialgebraically connected. A semialgebraic set NI C Rm is appropriately embedded
if 77( Af) is empty

Next theorem guarantees that an appropriate embedding with certain additional properties
always exists

Theorem 2,2 (Appropriate embedding). Assume that if C Rm is a bounded semirrlgellrtLjr.
set. Then there e=ist s a semintgebraic neighborhood U of n(M) in Rm such that the dijTerence
N := if \U is appropriately embedded and cl surjectiue semiulgebrutc map h = CI(iV) & CI(1/)
such that /IIAr r N –> hI is a semiatgebrchc homeomorphism.

To state the Substitution Lemma in the semialgebraic set we need sonic additional definitions
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Definition 2.3. Let p c Fl" and denote cM ,p the family of all closed semialgebraic subsets N
of M with p e NF. The semiaLgebraic length of p is the nonnegative integer

fM (P) := min{dim(N) ; Nc cM,p}I
Remarks 2.4 The previous invariant has different algebraic and geometrical meanings,

dM(p) := lrlirl{dim(gM(/)) : f c P} I

where Z M ( f) := {n c M : /(n) = 0}, and it plays in semialgebraic geometry a similar role to
that of dimension of zero sets of prime ideals in Algebraic Geometry. As each closed semialgebraic
subset a of M is the zero set of the semialgebraic function M –> R, n o dist(z, C), ive have

dM(k''(%)) = mi'={dim(ZM(D) : f C k„(.P,)} = „,i;={dim(ZM(/)) ; /F(P) = 0}
= =r'i=={dim(ZM(/)) : P e (ZM(/))F} = mi-{dim(N) : N c cAf„} = gM(P)

(i) The semiatgebraic depth of a prime ideal p of SCM, R) was introduced in [FeI] as

(ii) in [SS] it is proved that the quotient field F := qf (SCM, R)/p) is real closed for each prime
ideal p in 8(M, R). Let pv e pm be the core of the canonical homomorphism

p : 8(M; R) A 8(MIR)/p q Pl i A / + P

Assume that pg c Mr. Then p = if C SCM, R) : /r(pv) = 0} and /M(py) = dM(p)

(iii) Suppose that M is bounded-closed and let RCp) be the smallest subfleld of F that contains
R and the coordinates of the tuple p c F'. Denote h(p) the quotient field of SCM, R)/ ker(#p).
Then

eM CP) = dM (ker( dp)) = tr dega(„(P)) = tr degN(qf (R[x] /(ker( Pp) n R[x1 ))) = tr degn(RCP))

Next example illustrates the relationship between both invariants we have introduced

Example 2.5. Let F := R({t*}) be the field of meromorphic Pulseux series with coefficients
in IR. Consider the point p := (t, et) C F2. Then IR(p) = IR(t, et), so tr debt(RCp)) = 2.

Pr'oof. Let us check that %2(p) = 2. We have to prove that no one-dimensional closed semi-
algebraic subset N of IR2 satisfies p e NF. Suppose by contradiction that there exists a one-
dimensional closed semialgebraic subset N such that p C Nr. By [BCR, 2,9.10] we may assume
N is the union of two points and a Nash manifold that is Nash diffeomorphic to the open interval
(0, 1). Thus, there exists a non-zero polynomial P e IR[t, x] such that iV C ap ( P) . Conse-
quently, Nr c Z1,2(Pr), so Prd, et) = 0 and this implies Pd, et) = 0 for each t C IR (because
I : tR –> IR, t o et is an analytic function). Hence, f : IR –> IR, t A et is a semialgebraic function
and by [BCR, 2.6.1] its growth is upperly bounded by certain monornial dk for t large, which is

afals€

Lemma 2.6 (Substitution Lemma). Lel pe Fm be adjacent to M and denote X := Cl(M)

(i) Suppose that p e MF. Then+? I SCM, R) F is the unique homomorphi sm SQM, R) e
F whose core is p,

(ii) // Zx(p) = dim(Mcp) Men p e MI,lr
(iii) Suppose that Af is appropfLuteLu eTrLbedded, gx(p) = dim(Mep) – 1 and pg Mr. Then

dp = SCM, R) –+ F is the unique homomorphism tvhose care is p. In a(iclition, given
fc SO,1, R) there casts a semiaLgebmic set Mf C X containing M swell that p e Mf sF

and f admits an e£tension f C S(Mf , R) satisfying the equality op(n = /r(p)
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(iv) Suppose that p e Xlr and {.\-(p) $ dim(MRp) – 2,
homomorphisms SCM, R) q F whose core is p

Then there ezist infjniteLy many

The proof of the Substitution Lemma is based on a fruitful use of universal properties of
the real closure of the ring of polynornials with coefficients in R (see [52, 53, 54, SSI) and the
following weak continuous extension property that has its own interest,

Theorem 2.7 (Weak continuous extension property). Suppose that the germ Af,7 is semialge-
braically connected for each point qC CI(M) . Then for each j e IS(M, R) there e££st an open
serniatgebraic neighborhood U of M in CI(M) and a semialgebmic set Y c Cl(M) \ M such that
dim(Yq) $ dim(Mg) – 2 for all g e Y and f can be eltended continuousLy to U \ Y

Notice that Lemma 2.6 provides a very satisfactory Substitution Theorem for R-homomorphisms
S( Af, R) –> F in case M is locally closed

Coronary 2.8. If M is Locally closed, then every homomorphism p : SCM, R) + F is an
evaluation homomorphism,

Proof. As M is locally closed, the core pv e Mr. Thus, p = evAI„pp a iMP because both are
homomorphi sms whose core is pg. Consequently, for each f e SCM, R),

v(/) = (eva/„p, ' iM/)(/) = h(pv) = f Ft.pl"\I1 . - . 1 r("m))i
as required

In the proof of Lemma 2.6 one supplies the lack of local closcdness of a semialgebraic set M
by substituting it by the largest locally closed and dense subset MI. of M. Another approach,
that is nrainly fruitful in dealing with the ring S*(M, a) of bounded semialgebraic functions, is
to rIse semi.aLgebraic bounded-closures

Definition 2.9, A sernialgebraic bounded- closure of M is a pair (X, j) where X is a bounded-
closed semialgebraic set contained in some R” and j : M A R” is a semialgebraic homeomor-
phisrn onto j(M) c X c CI(j(M)),

A distinguished class of semialgebraic bounded-closures u'as introduced in [FG3] . A brimTning
scmiuLgcbraic bounded-closure of M for a prime ideal p of SO(M, R) is a semialgebraic bounded-
closure (X, j ) of M such that the real closed quotient fields h(p) := qf(S'(M, R)/p) and n(px) =
qf (S(X)/px), where px := pns(X), are isomorphic. It was proved in [F(13] that for each prime
ideal p there exists a brimming semialgebraic bounded-closure of M with respect to p

We are ready to understand how the homomorphisms p : 8-(M, R) –> F look like. The
statement of the foliolyjng result holds also for the ring S( Af, R)

Theorem 2.10 (Substitution Theorem 1). Let p : S'(M, R) –> F be an R-homomorph£sm and
let (X, I) be a brimrning bounded-closure of M for p == ker(p) . Let ? be the core of $ 1= v o i*
and denote A == S(X, R)/px , Then + induces the homomorphism

a ; qf(a) = qt(s'('v, it)/p) q A Ed A W = n
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and the follotuing diagram is cornmutat£ve

qf('4)

1‘
T

s(x, By

qf(S'CAfi R)/p)c

U S O ( A/ 1 ;$

P

i

f(M, R)

Thus p is completeLy determined by p= for each j e SQ kM, R), there eM st al, a2 e S(X, R) such

M„t a2,F(p) # OF a2/ – a1 C P and g(/) = :n-
PTOOj. Recall that qf (,4) is a real closed field, By Lemma 2.6 we have O = evxrl? a ix/, so
Ill ; qf (A) –> F is the unique homomorphism bet\veen the real closed 6elds qf ( A) and F. On
the other hand, the injective homomorphism ? ; S'’(M, R)/p L> F induced by p extends to the
quotient field in a unique way:

f : qf(5'(M, a)/P) q & B H #B,
As claimed in the diagram above, qf (A) = qf(S'(M, a)/p) because (X, j) is a brimrning
bounded-closure of M, so O = a. In addition, for each i e S'(M, R) there exist al, a2 e
S(X , R) such that a2 q px and atf – al e p. In particular, p(at) = +(%) = at,rCp) and
a2,F(p) = 'r(„2) + O. Thus,

a2,F(p)'?(/) – a1,F(p) = w(„2)y(/> – g(„1) = v(a2/ – al) = O,

th,t i,, y(/) = n, a, „q„i„d, D

As one can expect, the most involved and interesting situation concerning Substitution the-
orems for the ring SCM, A) appears when M is not necessarily locally closed. The precise
statement in this general context is the following.

Theorem 2.11 (Substitution Theorem II). Let p : SCM, R) –> F be an Fi-homomoTThism
Then there e£ist an appropriately embedded semiatgebraic subset N C Rn , a sewnalgebraic em.
bedding h -. N q M such that No == hkNb is closed in M and a point p c sF with either p e NF
or £cl(N)(p) = dim(Nrl1,) – I, such that the foILowing diagram is commutative

StM,R) p ) F

j • I
OP

SqNt>, R) n 1 SLN, R\

where 3 : No L+ M is the inclusion, Ip? : S(N, R) d F is the unique homomorphism whose core
is p, h- I SkNo, R) > SQN, R), f of a tb and i’ : SCM, R) + S(iVo, R), fw fa i

Sketch of proof . The proof of this rcsult is rather involved (see [Fe2] for full details) and we only
present a brief sketch

Step 1. Construction of Lhc seTrtiuLgt'ebraic set No in the statement. Let po := ker(p) and let
(X, j) be a brimming semialgcbraic bounded-closure of Al for po, Suppose that X C am and
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let Z be the slnallest algebraic subset of Rm containing X. Let P(Z) be the ring of polynornial
functions on Z and denote Spec„(S(X, R)) the real spectrum of S(X, R) (the reader can find
in [BCFt, VII] the background concerning real spectra of comrnutath'e rings with unity). The
inclusion P(Z) q S(X, R) induces a continuous map

(b : Spec,(S(Xiii)) d Spec,(P(Z))

between the real spectra of both rings, whose image is the constructible subset X of Spec,(P(Z))
associated to X. A basic but essential property of rings of semialgebraic functions is that the
support map

supp : Spec,(S(X, E)) –> Spec(8(X, R)), a 4 Suppa ;= a n (–a)
is a homeomorphism when Spec,(S(X, R)) and Spec(S(X, R)) are respectively endow'ed with
the usual and the Zariski topologies. By [CC, 83]

is a homeomorpbism. Let ao := p(po). As All, is dense in X
A4\' in X. Thus do is adherent to the constructible set a4.

P := d . stlPP–1 Spec(S(X, R)) –> X

so is by Art;in-Lang’s Theorem

By [Fb, ThIn. I] it holds

so Age contains d points a1 ,

d := dim„o(M,) – dim(ao) ? 0,

, ad such that ad g - ' ' ; al S ao
Pi := P–1 (ai)S(Mt,I R) n StM, R), for i = 1

satisfy pd g - - - S Pr S po. Pick f C Pr such that dim(ZM (f)) = dM(pl)
set No := ZA£(f) satisfies the required properties

(2.1)

The prime ideals

Then the semialgebraic

Step 2. Construction of the serniulgebruic set iV in the statement. The ideal pl contains the
kernel of the surjective homomorphism + ; SCM, R) –> SLNa, R), f n /1/vo. Thus ker(@) c po
and the quotient go := po/ker(+) is identified as a prime ideal of S(No, R). By Theorem 2.2
there exists an appropriately embedded semialgebraic set N c am and a surjective semialgebraic
map IT ; Y := CI(N) –> Yo := Cl(No) whose restriction h := XIN : N –> No is a semialgebraic
homeomorphism. Let h* : S(No, R) –> SQN , R), g b+ gatt be the homomorphism induced by
the map h. It holds that Y is a brimming semialgebraic bounded-closure of iV for h*(go), so iV
satisfies the conditions in the statement.

Step 3+ Construction of the point p € F" in the statement. Consider the R-homomorphism
I : St N, R) –> F such that p = p o h* Q i* where i* : SCM, R) + S(No, R), g H> g!/vo is
the homomorphism induced by the inclusion i : No L> M. Let p := (P(#1), . , . , p(#„,)), where
Tri : R’n d R is the projection onto the i-th coordinate. By Proposition 2.4 we have

dimeJVF„) = dim(Yr.> ? dr (P) = tr degR qf(S(Y, X)/(h* (qD) nS(Y, X)))
= dim( No) – 1 = dim( N ) – 1 ? dim(Alrl1,) – 1

If P e Nr. which includes the case dr(p) = dim(Nep), or if dr (p) = dim(Nrlp) – 1 and p g NF ..
it follows from Lemma 2.6 that P = +p : StN , R) –> F is the unique R-homomorphism from
St N . R) to F whose core is p, lu required. n

3. APPLICATIONS

The use of infinitesirnals in Real Algebraic Geometry comes back to pioneer works of A
Robinson, G. Kreisel and G. Efroymson among others. The trick is to introduce in the arguments
a positive infinitesimal element s > 0 with respect to R, that is, to work over the field IR(e) where
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c is smaller than each positive real numer and afterwards to consider lim£ IO. In more recent
articles, see for instance [B, R], the method is employed in a more refined way to study the
complexity of algorithms in semialgebraic geometry.

Let X[[t]] stands for the ring of formal power series in one variable with coefficients in R and
R((t)) for its quotient field. A formal power series is algebraic if it is algebraic over the field
of rational functions Rd) := qf(E[t]). The subring (resp. subfield) of R[[t]] (resp. R((t)))
of all algebraic series is denoted with R[[t]], Ig (resp. R((t)),lg). Given a formal power series
{ c R((t)), \ve denote its order with u({). We endow the previous rings with their respective
unique orderings $ in which t is positive and infinitesimal with respect to R (here appears the
connection with the classical procedures). We denote the real closed field of Puiseux series with
FI := R((t*)) and the real closed field of algebraic Puiseux series with Fo := R((t*)),Ig, see
BCR, 1.3.6]. Basu and Roy employ in [B, R] the Held FI to get information about semialgebraic

subsets of Rm. We will use in this section substitution theorems applied to homomorphisms
SO(M, R) –> Ft for i = 0, 1, to produce prime and mhximal ideals of SO(M, R) with nice
properties,

Definition 3.1. A formal path is a tuple a := (al, . . . , am) e R[[t]]m. If a e R[ It]];Tg, there
exists c > 0 such that the map [0, el –> Em, t o ad) is semialgebraic. Conversely, each
semialgebraic map [0, 1] –> Rm defines an element a c R[[t]];Tg. The elements of R[[tIILTg are
called semiatgebraic paths. If aCFim for i = 0, 1 we denote

iDa == evA£F.1„ o ix//, : SCM, R) –} Fi and

Pa := evo ' % Is-(M,R) : S*(Ml R) + Rp i o +a(/)(0)

We recall some concepts, notations and elementary results that will appear in the sequel (see
[FG3] for further details). An ideal a of S'(M, R) is JTee if n/c, ZI,Itf) = g. Otherwise it is
called a Bled ideal. Given a point pe M the bred maTimut ideal associated to p is the kernel
mg of the surjective homomorphism S'(M, R) # R, f n /(P). We denote

mp := m; if S'(M, R) = SCM, R) and m; := m; if 8'(M, R) = S*(M, R)
An ideal a of SCM, R) is a z-ideal if given f , g e SCM, R) such that ZM(f) C zM(g) and
g e a, then f e a. It \vas proved in [CJ] that the ring of continuous functions on a completely
regular topological space is a Geljanc1 ring, that is, each prime ideal is contained in a unique
maximal ideal. Essentially the same proof shows that S'(M, R) is a Gelfand ring. Let m be
a maximal ideal of SCM, R). Then mn S*(M, R) is a prime ideal of S*(M, R) and we denote
m.* the unique maximal ideal of S*(M, R) containing mn S*(M, R). The set of prime ideals of
S' tM , R) containing a prime ideal p in S'(M, R) is a finite chain.

Remarks 3.2. Let M c Rm be a semialgebraic set, let a e Mrl be a formal path and denote
p := a(0) e Cl(M)

(i) There exists a unique homomorphism tba ; SCM, R) –> Fr such that @a(ai) = ai, that is,
whose core is a. Let us check that a,(s*(M, R)) C R[[t*]]. Given I e S*(M, R) and L C R
such that I/(n) < L for each z c M we have L – /(r) > 0 and /(z) + L > 0 for each point
n e M. Thus there exist hI , hI c S' LM , R) such that hf = L – / and h: = j + L. Consequently,

L – h(/) = h(hf) = %(hl)2 = 0 and Ocr(/) + L = $a(hB) = al(i12)2 ? 07
SO EPa (/) $ E- Hencel @a( iI C R[Ft+]]
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(ii) With the notations in 3.1, mi := ker(Pa) is a maximal ideal of 8*(M, R). Note that if
P e M, then m X = m;, whereas mi is a free maximal ideal of S*(M, R) if P C CI(M) \ M. In
the latter case we call mi the free maz£ma/ ideal of S' (NI, R) associated with a

(iii) Let a e R[[t]]„Ign Mr, be a non-constant semialgebraic path. We have tr degl{(RCa)) = 1
Then p„ := ker( Oa) is a prime z-ideal and by [FG3, Thin. 1.3] qf(S'(Af, R)/p„) is isomorphic
to R((t*))'lg, because qf (S*(M, R)/Pa) is a real closed Held of transcendence degree 1 over R.

Proposition 3.3. Let p e CI(M)\M and Let a e Fl be such that p = a(0) , Then ma := ker($a)
is the free maMmal ideal of S (M, R) satisfying m„ n S*(M, R) C mI. In addition,

(i) The real closed held SCM, R)/ma has transcendence degree dM(m„) = tr deg;z(RCa)).
(ii) There is no prime ideal between ma n S*(M, R) and mi

Proof. Suppose ma is not a maximal ideal. Then there exists a prime ideal q of SCM, R) such
that m„ S q and we choose I C q\me. Substituting f by //(1 + 1/1) if necessary \ve may assume
that i is bounded. Write

jad) – pl := ct'1 + ' ' ' where c # 0 and d := u( jad) – pI) e Q+

As Pa(/) e R[[t*]] \{0} we can write @„(/)(t) == citb+' ' ' where a / 0 and b := nC@a(/)) e Q+
The closed semialgebraic subset

Z := {- e M : l„I . II„ –P LIV' $ 2'b/d . If(„)I}

of M satisfies Z = ZM(g), where g := dist(-, Z) c SCM, R). Observe that

so a C Zr,. Consequently, @„(g) = gr,(a) = 0 or, equivalently, g C m„ C q

Then h := /2+q2 e q. Asp a M, \ve have ZM(b) = g, so h C q is a unit in SCM, R), which is a
contradiction. Thus, ma is the unique maximal ideal of SCM, R) satisfying m„ nS* (M, R) c m=.

jai ' IIa(t) –pllVd = pdjajtD + - ' ' and da(IfI)(t) = jajtb +

(i) it follows from Proposition 2.4 (iv) that the real closed field SCM, R)/m„ has transcendence
degree dM(ma) = trdegx(RCa))

Next we prove statements (i) and (ii)

(ii) Let po := m„ nS• (M, R) g . - ' S p, = m; be the collection of all prime ideals of S* (M, R)
containing Pa. Let (X, j ) be a semialgebraic bounded-closure of M such that there exists a chain
of prime ideals go S - - - S q, of S(X, R) with qi = pi ns(X, R). \Ve may assume X C Rr" and
notice that qa = ker( Oj.a), where j o a C R[[t*]]m. After reparameterizing a if necessary, we
may assume j o a e R[[t] jm. Proceeding as in (i) one finds a semialgebraic function h e ql such
that Zx (h) = {q), where q == j (p), so qr = mg, that is, r = 1 as required. I

Proposition 3.4. Suppose that A/ is non bounded- closed and pure dimensional and let a C MF"
be a formal path such that p == am e M

(i)
(ii)

Then Pa == ker( Oa) is a prime z-ideal of SCM, R) of coheight I contained in mp
For each Z = 1, . . . , d := dini(M) there erists a free rrrartmal ideal in„ of 8(M, R)
associated to a formal path a e R[[t]]m such that the transcendence degree OIler R oj I.he
Teal cLosed fIeld S(II, R)/m„ equals e

Proof. (i) Using a semialgebraic triangulation of Al \ve construct a bounded-closed semialgebraic
subset I< of NI such that pcI( and a e I< F\ . As I< is closed in a/ the Ironlornorphism
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(+> : S( M, R) –> St K , R) induced by the inclusion of X in M is surjective by Tietze’s semialgebraic
theorem [DK2]. Thus q = d–1( d(q)) for each prime ideal q of SCM, R) that contains Pa
Proceeding similarly to part (i) in Proposition 3.3 one finds h e q such that ZA/(h) = {p}
Consequently, q = mp, so Pa is a prime z-ideal of coheight one

(ii) Using a semialgebraic triangulation of M, we can choose a formal path a e IR[[t]]'” n Mr,
such that a(0) C Cl(M) \ M and tr deg/t(RCa)) = g. D

Proposition 3.5. Suppose that M C Rm is bounded and Let p be a prime z-ideal of SCM, R*I

such that dM(p) = 1. Then p = ker( Oa) JoT a suitable semialgebraic path a : [0, 1] –> Rm with
a((0, 1]) C M. In addition, R((t)),Ig = qf(SCM, R)/p). In particular, i/ p is free then it £s a
maMmal ideal of SkM , R)

It is possible to describe all prime z-ideals p of SCM, R) with dM(p) = 1

To finish we present two easy consequences of the substitution theorems in case R := ]R is the
field of real numbers.

Example 3.6. Let X be a closed disc centered at the origin p := (0, 0) of R2, which is a
semialgebraic bounded-closure of the semialgebraic set M := X \ {p} and, for a suitable positive
real number e, let a : (0, e) –> M, t b> (t, ec – 1). As a c Fl, the ideal m: = ker(%)
is a maximal ideal of S+ (M, R) and m„ = ker( Oa) is the unique maximal ideal of 8(M, IR)
such that mR n S*(M, R) C mi. In addition, m„ is a minimal prime ideal of 8(M, IR) because
d,v(ma) = 2. As the chain m„ n S*(M, IR) ; m; does not admit refinaments, ht(mi) = 1
However ht(m: n SkX, IR)) = 2, because mi n S(X, IR) = mi,

Let us present a Nullstellensatz for the ring S*(M, IR) whose statement is reminiscent of
clhssical Hilbert’s Nullstellensatz. It just involves the set aM of maximal ideals of S*(M, R)
associated to semialgebraic paths a e MFn . We omit the proof, which is based on the density
of aM in the space p,*M of maximal ideals of S*(M, IR) endowed with its Zariski topology (see
[FG2]). For each f e S'(Af, R) let Z*(/) ;= {m: e aM : f e m;} and for each ideal a of
S*(M, IR) let us denote

\Ve have the following result

Z*[a] := {Z*(/) : i e a} „=d J(Z* ral) := {1 e S*(M, R) : Z' (/) C Z*[a]}

Theorem 3.7 (Nullstellensatz). For each ideal a in 8*(M, R) we have J(Z*[a]) = va
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